
Functions
Some functions you might be familiar with:

fpxq “ x2, fpxq “ 3x´2, fpxq “
?
x, fpx, yq “

ˆ

x

y

˙

.

A couple more we’ll need:

§ For x P R, the floor of x is the greatest integer that is less
than or equal to x, written txu. For example,

t1{2u “ 0, t´1{2u “ ´1, t13u “ 13, tπu “ 3.

§ For x P R, the ceiling of x is the least integer that is greater
than or equal to x, written rxs. For example,

r1{2s “ 1, r´1{2s “ 0, r13s “ 13, rπs “ 4.

§ The absolute value of a real number x is

|x| “

#

x if x is nonegative,

´x if x is negative,

so that |x| is always nonnegative. For example,

|1{2| “ 1{2, | ´ 1{2| “ 1{2, |0| “ 0, |π| “ π.
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What makes a function?

§ You need a domain (input).

§ The function should be well-defined (part 1): for every input,
there is exactly one output. Namely,

if fpaq “ b1 and fpaq “ b2, then b1 “ b2.

a

b1

b2

?
“ Bad: 4

´2

2

?

?

The domain together with a function determines a range or image
(output).

Example

Consider fpxq “ x2.
If the domain is R, then the range is Rě0.
If the domain is t´1u, then the range is t1u.
Either way, f is well-defined “on its domain”.
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Like we can pick a universal set, we can also pick a codomain, a
set containing the range of f .

If f is a function with domain A and codomain B, we say f is a
function or map or transformation from A to B, and we write

f : AÑ B.
For a P A, we write

f : a ÞÑ fpaq,

where “ ÞÑ” reads “maps to”.
If you have a function f : AÑ B, and A1 Ď A, you can restrict f
to the domain A1, written

f |A1 : A1 Ñ B.
This means that the definition of the function doesn’t change, you
just consider its image on fewer elements.
If you pick a bad codomain, your expression is no longer a function
(not well-defined, part 2).

Example

f : RÑ Z defined by x ÞÑ x
is not a function.
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Example

Consider the function

f : RÑ R
x ÞÑ x2.

Then the image of f is Rě0.

If we restrict f to t´1u Ď R, the
image of f |t´1u : t´1u Ñ R is t1u.
The functions

g : RÑ C
x ÞÑ x2

and
h : RÑ CY C15

xÞÑ x2

both have image Rě0.
The map

ϕ : RÑ Z
xÞÑ x2

is not well-defined, since the image is not contained in the
codomain.
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The image of an element a P A is just fpaq.

The preimage is
defined on any element of subset of the codomain. Namely, the
preimage of b P B is the set of elements a P A such that fpaq “ b:

f´1pbq “ ta P A | fpaq “ bu.

f´1pyq

A B

f

a

b

c

x

y

The preimage of a subset B1 Ď B is defined similarly, only using
containment:

f´1pB1q “ ta P A | fpaq P B1u.

Notice, either way, a preimage is a set!!
A function f : AÑ B is invertible if for every b P B, f´1pbq has
exactly one element.
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A function is called one-to-one or injective if every element in the
range has at most one element in its preimage.

Some examples of injective functions:

fpxq “ 3x´ 5 with domain C, fpxq “ x2 with domain Rě0,

fpxq “ txu with domain Z,

A

B

f

a

b

c

0

1

2

3
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A function is called onto or surjective if the codomain and the
image are the same thing.
Some examples of surjective functions:

fpxq “ 3x´ 5 with domain and codomain C,

fpxq “ x2 with domain R and codomain Rě0,
fpxq “ txu with domain R and codomain Z,
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A function that is both injective and surjective is bijective or a
one-to-one correspondence.
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Theorem
A function f : AÑ B is bijective if and only if it is invertible.

You try: Exercise 8.
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Let
f : AÑ B and g : B Ñ C.

Then the composition of g and f is

g ˝ f “ gpfpaqq : AÑ C.

Example

Let

A
B

f

a

b

c

0

1

2

3

and

B C

g

0

1

2

3

x

y

z

.

What is g ˝ f?
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Let
f : AÑ B and g : B Ñ C.

Then the composition of g and f is

g ˝ f “ gpfpaqq : AÑ C.

Example

Let fpxq “ x2 ` 1 and let gpxq “ txu, both with domain and
codomain R.

Since the domain and codomain are equal for both, I
can consider both f ˝ g and g ˝ f . We have

f ˝ g “ txu2 ` 1 and g ˝ f “ tx2 ` 1u.

You try: Exercise 9.

Theorem
Let f : AÑ B and g : B Ñ C be functions. If both f and g are
one-to-one functions, then g ˝ f is also one-to-one.

You try: Exercise 10.
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