Recall
o(n) = #{1 <a<n| ged(a,n) = 1}

satisfies

o) =p* —p*1 and  g(mn) = $(m)p(n)
if p is prime, and ged(m,n) = 1.
Define
F(n) =) ¢(d)
d|n
to be the sum of ¢ applied to all of the divisors of n (including 1

and n).
Ex: The divisors of 12 are 1,2, 3,4,6, and 12, so

F(12) = ¢(1) + ¢(2) + ¢(3) + ¢(4) + ¢(6) + $(12)
=14+14+24+(4—-2)+1%2+(4-2)%2
=1+1+2+2+2+4=12

b(n) = #{1 <a <n | ged(a,n) = 1}
o) =p* —p*71 and  g(mn) = ¢(m)é(n)
for p is prime, and ged(m,n) = 1.
Define F(n) = Z o(d).
d|

Ex: The divisors ofriQ are 1,2,3,4,6, and 12, so
F(12) = ¢(1) + ¢(2) + ¢(3) + ¢(4) + ¢(6) + ¢(12) = 12

Theorem
Forn € Z~g, we have F(n) = n.

Prove in two parts:

Lemma (1)

If p is prime, then F(p*) = pF.
Proof. The divisors of p¥ are 1,p,p?,...,p*. So

k
Fp*)=> o) =1+ >0 —p"™") =14+p" —1=7p"
) =1

J/

~
telescoping sum!



o(p*) =p" =P and  g(mn) = ¢(m)(n)
for p is prime, and ged(m,n) = 1.

Define  F(n) = ) ¢(d).
d

Theorem
Forn € Z~g, we have F(n) = n.

Prove in two parts:

Lemma (1)
If p is prime, then F(p¥) = p*.

Lemma (2)
If gcd(m,n) = 1, then F(mn) = F(m)F(n).
(F, ¢ are multiplicative)

Proof. Let dy,...,d; be the divisors of m and eq,..., ey the
divisors of n. Then gcd(d;, e;) = 1, and the divisors of mn are

die; for1<i<k,1<j</.
Compute F(m)F(n). ..



Back to Fermat's little theorem

We computed that for a prime p and integer a with p { a, we have
a? =1 (mod p).
Question: What is the least (positive) power k with a* =, 17

a® (mod 5) :
—k—

1 2 3 4

11 1 1 1
22 2 4 3 1
l3 3 4 2 1
414 1 4 1

115 =1
25 =4
3|5 = 4
45 = 2

—

a® (mod 7) :
— k-

1 2 3 4 5 6
141 1 1 1 1 1
212 4 1 2 4 1
313 2 6 4 5 1
414 2 1 4 2 1
5116 4 6 2 3 1
6116 1 6 1 6 1

117 =1
27 =3
13]7 =6
4|7 = 3
5|7 =6
167 =

Define: The order of a (mod p), written |a| or |a|p, is the smallest
positive integer k such that a* =

Order

(mod p).

(Book: ¢,(a) = [alp)

Define: Fix n, and let a be an integer with gcd(a,n) = 1. The
order of a (mod n), written |a| or |al,, is the smallest positive
integer k such that ¢* =

Facts:

(1) |a| =1 if and only if a = 1.

2) 1< |al, < o(n).

(3) |al, divides ¢(n).
)

(

(mod n).

(Book: e, (a) = |al,)

(4) If |a|, = k, then 1,a,a?,...,a" ! are all pairwise distinct
(mod n). In particular, for p prime, we have |a|, = p — 1 if

and only if

{1,2,...,p—1} =, {1,a,a%, ...,a°P"%}.

We call a a primitive root (mod n) if |al,

Define

%(k’) = #{ <
You try: Compute ,(k) for

a
k

¢(n).

<n|la| =k}

<p—1forp=3,5 and 7.



