
Recall
φpnq “ #t1 ď a ď n | gcdpa, nq “ 1u

satisfies

φppkq “ pk ´ pk´1 and φpmnq “ φpmqφpnq

if p is prime, and gcdpm,nq “ 1.

Define

F pnq “
ÿ

d|n

φpdq

to be the sum of φ applied to all of the divisors of n (including 1
and n).
Ex: The divisors of 12 are 1, 2, 3, 4, 6, and 12, so

F p12q “ φp1q ` φp2q ` φp3q ` φp4q ` φp6q ` φp12q
“ 1` 1` 2` p4´ 2q ` 1 ˚ 2` p4´ 2q ˚ 2

“ 1` 1` 2` 2` 2` 4 “ 12
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Lemma (2)

If gcdpm,nq “ 1, then F pmnq “ F pmqF pnq.
(F , φ are multiplicative)

Proof. Let d1, . . . , dk be the divisors of m and e1, . . . , e` the
divisors of n. Then gcdpdi, ejq “ 1, and the divisors of mn are

diej for 1 ď i ď k, 1 ď j ď `.

Compute F pmqF pnq. . . ˝
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Back to Fermat’s little theorem

We computed that for a prime p and integer a with p - a, we have

ap´1 ” 1 pmod pq.

Question: What is the least (positive) power k with ak ”p 1?

Ò

a

Ó

ak pmod 5q :

Ð k Ñ

1 2 3 4

1 1 1 1 1

2 2 4 3 1

3 3 4 2 1

4 4 1 4 1

|1|5 “ 1

|2|5 “ 4

|3|5 “ 4

|4|5 “ 2

Ò

a

Ó

ak pmod 7q :

Ð k Ñ

1 2 3 4 5 6

1 1 1 1 1 1 1

2 2 4 1 2 4 1

3 3 2 6 4 5 1

4 4 2 1 4 2 1

5 5 4 6 2 3 1

6 6 1 6 1 6 1

|1|7 “ 1

|2|7 “ 3

|3|7 “ 6

|4|7 “ 3

|5|7 “ 6

|6|7 “ 2

Define: The order of a pmod pq, written |a| or |a|p, is the smallest
positive integer k such that ak ” 1 pmod pq. (Book: eppaq “ |a|p)
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Order
Define: Fix n, and let a be an integer with gcdpa, nq “ 1. The
order of a pmod nq, written |a| or |a|n, is the smallest positive
integer k such that ak ” 1 pmod nq. (Book: enpaq “ |a|n)

Facts:

(1) |a| “ 1 if and only if a “ 1.

(2) 1 ď |a|n ď φpnq.

(3) |a|n divides φpnq.

(4) If |a|n “ k, then 1, a, a2, . . . , ak´1 are all pairwise distinct
(mod n). In particular, for p prime, we have |a|p “ p´ 1 if
and only if

t1, 2, . . . , p´ 1u ”p t1, a, a
2, . . . , ap´2u.

We call a a primitive root (mod n) if |a|n “ φpnq.
Define

ψnpkq “ #t1 ď a ă n | |a| “ ku

You try: Compute ψppkq for 1 ď k ď p´ 1 for p “ 3, 5, and 7.
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