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The Legendre symbol of a modulo p is
1 if ais a QR,

a
(> =< -1 ifaisaNR,
b

0 if a is a multiple of p.

Theorem (Euler’s Criterion)
If p is an odd prime then

(p-1)/2 _ a>
a = .
p<p

Corollary (Quadratic reciprocity, Part —1 and 2)
Let p be an odd prime. Then
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Theorem (Euler’s Criterion)
If p is an odd prime then

_ a
Q12 = (p).

Corollary (Quadratic reciprocity, Part —1 and 2)
Let p be an odd prime. Then

(—1) 1 ifp=41, <2> 1 ifp=g +1,
= ] and - = ]
D -1 ifp=4—1. D -1  ifp=g +3.

Strategy: use (%’) = (%) (%) and compute (%) for small values, like
primes.



(O35 |7 [u][13[17]19]23]
3fol=1]1[-1]1]=1]1]=1
5 -1l o=1]1|=1]-1]1]=1
71101 |-1]-1]-1]1
w11 ]=1]of[-1]-1]-1]1
B 1 [-1]-1]=1]0o |1 [=1]1
17 -1 -1]=1]=1]1]o0]1]-1
-1 1 1] 1]-1]1]o0o]1
23 1 |-1[-1]-1]1[-1]-1]0




TTeee|r]el -
eer|Ii|e| =
B|@E|Ee] =|e|d
=]l lnREl S
fjee| =|d|H e
e |1 =|H|T|[ e
| =[je|r|He]r]
=d|delede




-t
-1

®
@®

0

@
@

1]

@

0

1]

)

0

@
=1] ] [=1]

@

=1] | [=1]

== =] ©

0

1]

=]
@

O | = | == @

0

@
(=1]

0

1

=

0

ORRORRO)

0

1]

=1 [=1]
Q| O®

@ | =] =1 | [=1]

1]

@ =] =) =] @

3
5
7
11

13

17 || =0 = = =] ©

19
23

I

p
|



i Bl - Lo |
@@ Ne -
[ | f
Lol [ Rl | Rl
(— () @ <
N N W |
Ll | Rl | Ranl | Rl
e -0
N N BN R |
Ll (Bl | Rl
() - @ ®
N NN f
i
@@ e i
| | | | |
—

@ S0 I
| N N W |
] | = BN |
§-Hcdic
v W - Ll | R
g e o e

— | M| D~ O] N
LI IS IR Sl IR [l i il BN
«— [ —>

red: (2) = —(2)

blue: (%) = (g)



™ N Lo |
@ee@Ne® -
| | f
Lol [ Rl | Rl
@ e @ <
| | | |
Ll | Rl | Ranl | Rl
e -0
f | | | |
Ll (Bl | Rl
() - @@
| | | f
i
Q@ < idi® i
| [ f |
—
@ > b e B
| | | f |
] | = BN |
i-dedided
v W - Ll | R
-dideodide
— | M| D~ O] N
LI IS IR Sl IR [l i il BN
«— [ —>

red: (2) = —(2)

)

P
q

(

)

q
p

blue: (
Cols/rows that are all blue:

p,q=95,13,17



™ N Lo |
@ee@Ne® -
| | f
Lol [ Rl | Rl
@ e @ <
| | | |
Ll | Rl | Ranl | Rl
e -0
f | | | |
Ll (Bl | Rl
() - @@
| | | f
i
Q@ < idi® i
| [ f |
—
@ > b e B
| | | f |
] | = BN |
i-dedided
v W - Ll | R
-dideodide
— | M| D~ O] N
LI IS IR Sl IR [l i il BN
«— [ —>

red: (2) = —(2)

)

P
q

(

)

q
p

blue: (
Cols/rows that are all blue:

41

p.q=5,13,17,29,37.41, - -



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,
p -1 ifp=4 —1, p —1  ifp=g +3,

and
<q> B ifp=ilorg=41,
p _(g) ifp=4—1=4q.

P

(Presented without proof)



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,
p -1 ifp=4 —1, p —1  ifp=g +3,

and
<q> B ifp=ilorg=41,
p _(g) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 137



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,
p -1 ifp=4 —1, p —1  ifp=g +3,

and
<q> B ifp=ilorg=41,
p _(g) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 137 We have

350 =2-5%.7



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,
p -1 ifp=4 —1, p —1  ifp=g +3,

and

<q> B ifp=ilorg=41,
p _(1%) ifp=4—1=4q.

(Presented without proof)
Example: Is 350 a perfect square modulo 137 We have

350 =2-5%.7,
SO

() - (5@ &)



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,
p -1 ifp=4 —1, p —1  ifp=g +3,

and

<q> B ifp=ilorg=41,
p _(1%) ifp=4—1=4q.

(Presented without proof)
Example: Is 350 a perfect square modulo 137 We have

350 =2-5%.7,
SO

) -BE) () -coer(s)



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,

and

(g) ifp=41orq=41,

(Z) - {—(‘1) ifp=4 —1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 137 We have

350 =2-5%.7,

() - B)E) () -coer(s)

Since 13 =4 1, we have

(5)- ()

SO



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,

and

(g) ifp=41orq=41,

(Z) - {—(‘1) ifp=4 —1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 137 We have

350 =2-5%.7,

() - B)E) () -coer(s)

Since 13 =4 1, we have

(5)-(7)-G)

SO



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,

and

(g) ifp=41orq=41,

(Z) - {—(‘1) ifp=4 —1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 137 We have

350 =2-5%.7,

() - B)E) () -coer(s)

Since 13 =4 1, we have

(5)-(7)-()-(7)

SO



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,

and

(g) ifp=41orq=41,

(Z) - {—(‘1) ifp=4 —1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 137 We have

350 =2-5%.7,

() - B)E) () -coer(s)

Since 13 =4 1, we have

(5)-(7)-()-(7)-()6)

SO



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,

and

(g) ifp=41orq=41,

(Z) - {—(‘1) ifp=4 —1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 137 We have

350 =2-5%.7,

() - B)E) () -coer(s)

Since 13 =4 1, we have

D 0-0-6)- Ao

SO



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

(—1) )1 ifp=41, (2) )1 ifp=g +1,
p -1 ifp=4 -1, p —1  ifp=g +3,

and

(g) ifp=41orq=41,

(Z) - {—(‘1) ifp=4—1=44q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 137 We have

350 =2-5%.7,

(2)- ()(6) ) e (3) -0

Since 13 =4 1, we have

D 0-0-6)- Ao

SO



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

p) |-1 ifp=4—1, p) |-1 ifp=g+3,

and

(%) ifp=41orq=41,

(Z) - {—(q) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 117



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

p) |-1 ifp=4—1, p) |-1 ifp=g+3,

and

(%) ifp=41orq=41,

(Z) - {—(q) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 117 We still have
350 =2-5%.7



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

p) |-1 ifp=4—1, p) |-1 ifp=g+3,

and

(%) ifp=41orq=41,

(Z) - {—(q) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 117 We still have
350 = 2-5%- 7, so

() - () &) ()



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

p) |-1 ifp=4—1, p) |-1 ifp=g+3,

and
(q> B ifp=ilorg=41,
p _(g) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 117 We still have
350 = 2-5%- 7, so

() - B () -coer(s)



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

p) |-1 ifp=4—1, p) |-1 ifp=g+3,

and
(q> B ifp=ilorg=41,
p _(g) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 117 We still have
350 = 2-5%- 7, so

() -0 () -coer(s)

Since 7=4 —1 and 11 =4 —1, we have

(1) --(7)



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

p) |-1 ifp=4—1, p) |-1 ifp=g+3,

and
(q> B ifp=ilorg=41,
p _(g) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 117 We still have
350 = 2-5%- 7, so

() -0 () -coer(s)

Since 7=4 —1 and 11 =4 —1, we have

(1) --(5)- ()



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

p) |-1 ifp=4—1, p) |-1 ifp=g+3,

and
(q> B ifp=ilorg=41,
p _(g) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 117 We still have
350 = 2-5%- 7, so

() -0 () -coer(s)

Since 7=4 —1 and 11 =4 —1, we have

(5)--G)-0-0



Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

p) |-1 ifp=4—1, p) |-1 ifp=g+3,

and
(q> B ifp=ilorg=41,
p _(g) ifp=4—1=4q.

P

(Presented without proof)
Example: Is 350 a perfect square modulo 117 We still have
350 = 2-5%- 7, so

() -0 () -coer(s)

Since 7=4 —1 and 11 =4 —1, we have

()=~ 0)- @) -
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Theorem (Quadratic reciprocity, primes)
Let p and q be odd primes. Then

-1 1 ifp=41, 2 1 ifp=g +1,
(p) - {—1 ifp=4 1, (p) - {—1 ifp=s +3,
and
<q> B { (®)  ifp=slorg=41,
p) —(#) ifp=1-1=sq.
(Presented without proof)

(i)

(31, 137, and 179 are prime)

You try: Compute

() ()



Thm. For a composite number b = p1ps - - - pg, we have

()= GGG



Thm. For a composite number b = p1ps - - - pg, we have

()= GGG

Theorem (Quadratic reciprocity, composites)
Let a and b be odd positive integers. Then

(—1)_ 1 ifb=41, <2>_ 1 ifb=g =+l
b ) -1 ifb=y 1, b —1  ifb=g +3,

and
<CL> - (%) ifb =4 1ora =4 1,
b) —(%) ifb=4 —1 =4 a.






