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8 W REVIEW OF CONIC SECTIONS

ANSWERS

[s] Click here for solutions.

4. (0,0), (3,0),x = =3

y y

x=-3
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24. (-5, —5) and (1, —5),
(=7, =5) and (3, —5),

— 44 )
yHS5=23(x+2) (2+3,-5+4)

e (3,-5)
25. Parabola, (0, —1), (0, —3) 26. Hyperbola, (*1,0), (++/2,0)
27. Ellipse, (++/2, 1), (+1, 1) 28. Parabola, (0, 4), (3, 4)
29. Hyperbola, (0, 1), (0, —3); (0, —1 + \/5)
30. Ellipse, (=5, =1), (=3, =/3/2)
3. x?= -8y 32. y2=24(x — 1) 33 yr=—-12(x+ 1)
4. (x —3)=16(y — 2) 35. y2 = 16x
36. 2x2 + 4 7.
L2xP+4x—y+3= e
X x—y+3=0 25 o
oy 2 -4
L= 39—

38 144 169 3 12 16

— 4)? + 1)? _ )2 _ 92
o GO a2 =2

25 9 9 5

2 2

a2 2y

+ =
9+ V17 1+ 17

43.

45.

46.
48.

49.

50.

51.

54,
55.

56.
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y:—ixt=1 4, tx*— 5y =1
(-4 G-

4 5
é(y*3)zfﬁx*2)2=l 47. *x *%y2=1
W =4 -2 =1

2 2

X N y _
3,763,600 3,753,196
(@ p=132,y"=10x (b) 2/110
@ 121x2 121y? | () ~248 mi
a - = ~ mi

1,500,625 3,339,375
3x7 —2xy + 3y?=38
(a) Ellipse  (b) Hyperbola (c) No curve

57. 9.69 58. 3.64 X 10" km

(b) —xo
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SOLUTIONS

1Lx=27 = ¢y’ =3z4p=3sop=4. The 24y+ 22 =0 = 2= 4y 4p=—4,50
vertex is (0, 0), the focus is (3, 0), and the p = —1. The vertex is (0, 0), the focus is (0, —1),
directrix is z — — é- and the directrix is y = 1.

y
y. . y=1
; (59)
;
i 0,-1)
! X
L
X = gi

34’ =—y = 2P=-lydp=-1so 4. y* = 122. 4p = 12, s0 p = 3. The vertex is (0, 0),
p= _%, The vertex is (0, 0), the focus is the focus is (3, 0), and the directrix is z = —3.

(0, — 35 ), and the directrix is y = 7. Y
y
y % x=-3
x (3,0
| X
©0-%)

5. (x+2)> =8(y —3). 4p = 8,50 p = 2. The 6.2 —1=(y+5)° 4p = 1,50 p = 1. The vertex is
vertex is (—2, 3), the focus is (—2,5), and the (1,—5), the focus is (5, —5), and the directrix is
directrix is y = 1. 3

Yy xTr = e
y y 5
(—2,5)e T
\_// X
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1. y°+2y+120 +25=0 =

10.

1.

2y +l=—-122-24 =
(y+1)* = -12(z+2). 4p = —12,50 p = —3.
The vertex is (—2, —1), the focus is (—5, —1), and

the directrix is x = 1.

12 = 4p(—1), so 4p = —1 and an equation is y* =

while the directrix is z = 1.

REVIEW OF CONIC SECTIONS m 11

8.y+12x—2x2:16 =

202 — 122 =y —16 =

2022 —6x+9)=y—16+18 =
2z-3)=y+2 = (z-3°=3(y+2).

4p = %, s0p = . The vertex is (3, —2), the focus

is (3,—22), and the directrix is y = —4'.
y
0 X
17
Y= (3'_%)

. The equation has the form 4> = 4px, where p < 0. Since the parabola passes through (—1, 1), we have

—worz = —y>. 4p = —1,s0 p = —1 and the focus is (—1,0)

The vertex is (2, —2), so the equation is of the form (z — 2)® = 4p(y + 2), where p > 0. The point (0, 0) is on the

parabola, so 4 = 4p(2) and 4p = 2. Thus, an equation is (z — 2)° = 2(y + 2). 4p = 2, s0 p = 1 and the focus is

(2, —2) while the directrix is y = —3.

:UQ y2
?4—?:1 = a=\/§=3,b=\/5=

c=+va? —b?=+/9 — 5 = 2. The ellipse is
centered at (0, 0), with vertices at (3, 0). The
foci are (£2,0).

4
<+

-3 of 3x

2

T y2
12 - +=—=1 = a=+100=10,

64 = 100
b=164=8,c=+a2—b2 =100 — 64 = 6.
The ellipse is centered at (0, 0), with vertices at
(0, £10). The foci are (0, £6).

y
10

focus

[=)}

—6 ¢ focus

—10
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2

2
B4’ +y°=16 = —+L -1 = 14, 42° + 25¢° = 25 C
e +y 4+16 T” + 20y = 25/4+1
a=VIE=4b=vi=2, a=E=fb=vi-1
¢ =+va2 — b2 = /16 — 4 = 21/3. The ellipse is
centered at (0, 0), with vertices at (0, +4). The c=va -2 =,/% =\i= @
foci are (0,£2/3). ellipse is centered at (0, 0), with vertices at
(+2,0). The foci are (:t@,O).
y
1
,z\\o'/z x
2 2
-1
15. 922 — 182+ 4y> =27 & 9(2* —22+1)+ 4> =27T+9 < " )
)2 2
9w —1)2+ 42 =36 <« %+%:1 = a=3b=2, .
c=+/6 = center (1,0), vertices (1, £3), foci (1, +V/5) 1o 3 x
(1,-3)
16. 22 — 62 +2° +4y=—-7 < Y
22 —6r+9+201°+2y+1)=-7T+9+2 < | s
(z—3)24+20y+1)02=4 & o >
9 9 . . L]
(2 43) +(y—;1) =1 = a=2b=+v2=c¢ = center (3,-1)
(3,—1), vertices (1, —1) and (5, —1), foci (3 £ v/2, 1)
2 P
17. The center is (0,0), a = 3, and b = 2, so an equation is i + 9= 1. ¢ = Va2 — b2 = /5, so the foci are
(0,£5).
2 2
18. The ellipse is centered at (2, 1), with @ = 3 and b = 2. An equation is (@ 92) + (y 1 ) =1
¢ = Va2 — b2 = /5, so the foci are (2+ V/5, 1).
PR
19. — —==1 = a=12,b=5,c=+/144+25=13 = y
144~ 25 ;
center (0, 0), vertices (£12, 0), foci (+13,0), )7 2% 12,5 Y ;1} *
asymptotes y = . 130N T | ~_(13,0)

Note: 1t is helpful to draw a 2a-by-2b rectangle whose center is the
center of the hyperbola. The asymptotes are the extended diagonals

of the rectangle.




Thomson Brooks-Cole copyright 2007

20.

21.

22.

23.

24,

25.

2 2

y _r _ =4,b=

%" 36 1 = a=4b=6,

c=+a2+ b2 = /16 + 36 = /52 = 2/13. The center is (0, 0),

the vertices are (0, +4), the foci are (0,+2+/13 ), and the

asymptotes are the lines y = 7z = :i:%:c.

[

T

4
c=+v4+4=2+/2 = center (0,0), vertices (0, £2),
foci (0, £2 V2 ), asymptotes y = £

Vv¥-2*=4 & =1 = a=+4=2=0,

IS

2 2
922 — 42 =36 < %-%:1 = a=+vi=2

b=v9=3,c=vVI+9=+/13 = center (0, 0),
vertices (42, 0), foci (+1/13,0), asymptotes y = +3z

2% —4y — 32+ 122 = -8 &
207 =2y +1) —3(2® —4dzx +4) = -8+2-12 <&

(@-2? (-1 _
& 5 =1

center (2, 1), vertices

2y —1)* = 3(x —2)* = —18

= a=v6,b=3,c=V15 =
(24£+/6,1), foci (2 4+ +/15,1), asymptotes y — 1 = £ (z — 2)

NG
V6

0ry—1:i7(:c—2)

1622 + 64z — 9y% — 90y = 305 <
16(x® + 4z +4) — 9(y* + 10y + 25) = 305 + 64 — 225 &

2 2
16(x+2)° —9(y+5)> =144 & <$;2) _ U Jlr65) =1
= a=3b=4,¢c=5 = center (—2,—5), vertices (—5, —5)
and (1, —5), foci (—7, —5) and (3, —5), asymptotes

y+5=+3(z+2)
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(0,2413)

B e g

(0 —4)

(0.242)>
0.2)

(0,—24/13)

0,-2)

(0,~2y2) 5

(=V13,0)

(=2,0)

2.1)

(2+6,1+3)

\
.
\
\
,
\
.
\ |
s, 0
\ %
o

¥,

04

s

. .
/ \

7 (2+J6)

./,(2+\/15,1)

X

/
/
J
/
7
/

x
(—2+3,-5+4)

e (3,-5)

2> =y+1 < 2°=1(y+1). This is an equation of a parabola with 4p = 1, so p = 1. The vertex is (0, —1)

and the focus is (0, —3).
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26.

21.

28.

29.

30.

31

32,

33.

34.

35.

36.

37.

22 =92 +1 <« 2?—y? = 1. This is an equation of a yperbola with vertices (&1, 0). The foci are at

(£VI+1,0) = (£v2,0).

P?=4y—2y & 2P+ —4dy=0 & 2*+20 -2y+1)=2 & 22+2y-1°=2 &

a? | (y-1)?
Tt

(£v2—1,1) = (£1,1).

= 1. This is an equation of an ellipse with vertices at (+v/2, 1). The foci are at

¥ —8y=6xr—16 < y>—8y+16=6z < (y—4)%> = 6. Thisis an equation of a parabola with

4p = 6,50 p = % The vertex is (0, 4) and the focus is (%,4).

1)? -

VP H2y=4r’+3 o P+2uy+l1=424+4 & (Y+1)°’—-4?=4 & % — 2% =1. Thisis
an equation of a hyperbola with vertices (0, —1 & 2) = (0, 1) and (0, —3). The foci are at
(0,-1+£V4+1) = (0,-1+5).

> (z+3)°
4+ +y°" =0 & 4(@P+2+5)+v"=1 & 4(=z+3) )+ =1 Tj +y? = 1. This
is an equation of an ellipse with vertices (—3,0 4 1) = (—3,=£1). The foci are at
(—%,Oi 1- i) = (-1, +v3/2).
The parabola with vertex (0, 0) and focus (0, —2) opens downward and has p = —2, so its equation is

x? = 4dpy = —8y.

The parabola with vertex (1,0) and directrix = —5 opens to the right and has p = 6, so its equation is

y? =dp(x — 1) = 24(x — 1).

The distance from the focus (—4, 0) to the directrix z = 2 is 2 — (—4) = 6, so the distance from the focus to the
vertex is 1(6) = 3 and the vertex is (—1, 0). Since the focus is to the left of the vertex, p = —3. An equation is

Vv =dplz+1) = ¥ =-12(z+1).

The distance from the focus (3, 6) to the vertex (3,2) is 6 — 2 = 4. Since the focus is above the vertex, p = 4. An

equationis (z — 3)2 = 4p(y —2) = (z—3)> =16(y —2).
The parabola must have equation y? = 4pz, so (—4)> =4p(1) = p=4 = ¢> =16z

Vertical axis = (x — h)® = 4p(y — k). Substituting (—2, 3) and (0, 3) gives (—2 — h)> = 4p(3 — k) and
(=h)? =4p(3—-k) = (-2—h)>=(-h)? = 44+4h+h*=h> = h=-1 = 1=4p(3—k).
Substituting (1,9) gives [1 — (=1)]> =4p(9 — k) = 4 =4p(9 — k). Solving for p from these equations gives

1 1

20 + 4z —y+3=0.

The ellipse with foci (2, 0) and vertices (£5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and

2 2

c=2,50b=+/a? — ¢2 = +/21. An equation is ;—5 + % =1.
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38.

39.

40.

a.

42,

43.

44,

45,

46.

47.

48.

49

50.

51.
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The ellipse with foci (0, £5) and vertices (0, +13) has center (0, 0) and a vertical major axis, with ¢ = 5 and
2 2

_ i 2y
a=13,s0b=+/a%? —c 12. Anequat10n15144+169

Since the vertices are (0, 0) and (0, 8), the ellipse has center (0, 4) with a vertical axis and a = 4. The foci at (0, 2)

and (0, 6) are 2 units from the center, so ¢ = 2 and b = /a2 — ¢ = /42 — 22 = 1/12. An equation is

(z—0)7°  (y—4)? @ (y-4)?
T 2 = 12t 16

Since the foci are (0, —1) and (8, —1), the ellipse has center (4, —1) with a horizontal axis and ¢ = 4. The vertex

(9, —1) is 5 units from the center, so @ = 5 and b = v/a2 — c2 = /52 — 42 = /9. An equation is

(x—4)°  (y+1)? (z—4?>  (W+1)°>
2z e Tl T o g b

Center (2,2),c=2a=3 = b=v5 = L@-27+1i(y-27°=1

2 2

Center (0,0), ¢ = 2, major axis horizontal = m— + b_2 =land b = a® — ¢ = a® — 4. Since the ellipse

passes through (2, 1), we have 2a = |PFy| + |PFa| = V1T +1 = a2 = 28347 and % = 2527 50 the

2y2

222 i .
9+17  1++17

Center (0,0), vertical axis,c =3,a =1 = b=+8=2v2 = ¢°—1a®=1

ellipse has equation

Center (0,0), horizontal axis,c =6,a =4 = b=2V5 = £a’— Ly’ =1

Center (4,3), horizontal axis,c =3,a =2 = b=+5 = L(z—-4)>-1(y—3)*’=

Center (2,3), vertical axis,c=5,a =3 = b=4 = $(y—3)°—&(x—-2)°=

Center (0, 0), horizontal axis, a = 3, % =2 = b=6 = éxQ - %zﬁ =1

Center (4, 2), horizontal axis, asymptotesy —2 = +(z —4) = c¢=2,b/a=1 = a=b =

C=4=a"+b0"=2d" = ’=2 = (z-4°-3@y-2°=1

In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a distance a — ¢

from it) while the farthest point is the other vertex (at a distance of @ 4 ¢). So for this lunar orbit,

(a—c)+ (a+c) =2a= (1728 + 110) 4+ (1728 4+ 314), or a = 1940; and (a + ¢) — (a — ¢) = 2¢ = 314 — 110,
2 2

= 102. Thus, b* = a® — 2 = 1 the equation is —— y __ _
orc 0 us, b a C 3,753,196, and the equation is 3.763.600 + 3.753.196

(a) Choose V to be the origin, with z-axis through V and F. Then F'is (p,0), A is (p, 5), so substituting A into the
equation 3> = 4px gives 25 = 4p® sop = % and 3* = 10z.

b z=11 = y=+110 = |CD|=2y110
(a) Set up the coordinate system so that A is (—200,0) and B is (200, 0).
|PA| — |PB| = (1200)(980) = 1,176,000 ft = 2450 mi = 2a = a = 1225 and ¢ = 200 so

11 2

12122 12142
b2 — 2 _ 2 — 3,339,375 = _ —
c-a 121 1,500,625 3,339,375
(121)(200)? 121y 133,575

(b) Duenorthof B = =z =200 = 248 mi

1,500,625 3,339,375 - ¥= 539
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52. |PFi| — |PF| = 20 & \/(ac—|—c)2—|—y2—\/(z—c)2+y2:i2a &

\/($+c)2+y2:\/(z—c)2+y2i2a & (z+)?+9y? =(x—0)? +9° +4a® £4a\/(x — )* + 32
& dex —4a® = Hay/(x — )’ + 2 & 62x2—2a26x+a4:az(x2—2cx+cz+y2) &

(c2 — az):c2 —a®y? = a? (62 - a2) < b2a? —a*y? = a?? (where b’ = —d?) < A -
a

53. The function whose graph is the upper branch of this hyperbola is concave upward. The

function is y = f(z) = ay/1 + \/b2+—ac2 oy Ew(b2 +a%) 7 and

y' = % [(b2 + x2)_1/2 -2 (b® +27)" 3/2] ab(b® + )~ /2 5 0 for all , and so f is concave upward.

54. We can follow exactly the same sequence of steps as in the derivation of Formula 4, except we use the points

(1,1) and (—1, —1) in the distance formula (first equation of that derivation) so

V=124 (y—1)2++/(z+1)2+ (y + 1)2 = 4 will lead (after moving the second term to the right, squaring,

and simplifying) to 2 \/(z + 1)2 + (y + 1)2 = = + y + 4, which, after squaring and simplifying again, leads to
3x2 — 2zy + 3y? = 8.
2 2
55. (a) Ifk > 16, then kK — 16 > 0, and Z = + A g T = 1 is an ellipse since it is the sum of two squares on the
left side.

2

2
(b) If 0 < k < 16, then k — 16 < 0, and — +

A A Y i 1 is a hyperbola since it is the difference of two squares

on the left side.

(c) If k < 0, then k — 16 < 0, and there is no curve since the left side is the sum of two negative terms, which
cannot equal 1.

(d) In case (a), a® = k, b*> = k — 16, and ¢®> = a® — b*> = 186, so the foci are at (£4,0). In case (b), k — 16 < 0, so
a® =k, b> =16 — k, and ¢® = a® + b = 16, and so again the foci are at (£4, 0).

2 .
56. (a) y® =4pzr = 2y’ =4dp = Y = P 5o the tangent line is ’
Yy
_ 2 2 _ g
Y—Yo= y—(:c —x0) = Yyo—Ys =2p(x —z0) & (xo, Yo)
0 4
yyo — dpro = 2pxr — 2pro =  yyo = 2p(x + o). X ON_ %o x
=4px
(b) The z-intercept is —xo.

57. Use the parametrization x = 2 cos ¢,y = sin £,0 < t < 27 to get

L =47 \/(dx/dt)? + (dy/dt)? dt = 4[]/ \/4sin® t + cos? tdt = 4[7/*\/3sin® t + 1 dt
Using Simpson’s Rule with n = 10, At = % = 2, and f(t) = \/3sin® ¢ + 1, we get

L=~ 3(35) [f(0) +45(55) +2/(55) + -~ +2/(55) + 4/ (55) + /(5)] = 9.69
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58. The length of the major axis is 2a, so a = %(1.18 X 1010) = 5.9 x 10°. The length of the minor axis is 2b, so

2 2

b= $(1.14 x 10'°) = 5.7 x 10°. An equation of the ellipse is 2—2 +Z

b2 = 1, or converting into parametric

equations, z = a cosf and y = bsin 6. So

L =4f7"?\/(dr]dO)? + (dy/df)? db = 4[]"*\/a? sin? 6 + b2 cos? 6 df

Using Simpson’s Rule with n = 10, A6 = ”/fof 0 — = and f(0) = v/a2sin? 0 + b2 cos? 0, we get

20°

L=~4-5S
=4 575 [f0) +4f (%) +2f(55) + - +2f(55) +4F(55) + £(5)]

~ 3.64 x 10*° km

2 2 2 2w’ 2 . .
5. = L 1 = = + Y9 _ o = y = b (y # 0). Thus, the slope of the tangent line at P is
a? b2 a? b2 a?y
52171 Th . Y1 . Y1
—— e slope of F1 P is and of F5 P is . By the formula from Problems Plus, we have
a“1y1 xr1+c Tr1 —cC
Y1 + bQCL'l
r1+c  a?y a*y? +b%z1 (21 +¢) a?b? + b2exy using b?z? + a®y? = a2b?
tan o = 2 =3 2 = 2 2 2 2 _ 2
b*x1y1 a?y1(xz1 +¢) — b2xiyn ziyr + aleyr anda? — b2 =c¢
a?y1(z1 + )
b (ex1 +a®) i
- cy1(cx1 + a?) T an
and
_ Y1 _ b2$1
r1—c a2y fa2y% — b2z (x1—10¢) —a?b® + b2e b2(cx1 — a2) b>
tanﬂ = > = 5 5 = 5 5 = 5 = —
1 b*r1y1 a?yi(z1 —c) = b2xiy1r  Axyr —a?eyr eyi(exr —a?)  cpr
a?y1(z1 — )
Soa =p.
60. The slopes of the line segments F; P and F» P are y_li_ and CE , where P is (z1,y1). Differentiating
1 C X1 —C
.2 2yy , bz . bPay
implicitly, — — =0 = y = —— = theslope of the tangent at P is , 50 by the formula from
a? b? a?y a?y
Problems Plus,
b21L'1 _ Y1
tan o — a2y 2x1 +e _ b2x1(x1 + ¢) — a®yi
n b*x1y1 a?y1(z1 + ¢) + b2z1yn
a?y1(z1 +c)
_ V(cxr+a®) |usingai/a® —yi/? =1 _ b
T an (cx1 + a?) and a2 + b2 = 2 T oan
and
_b2€131 + Y1
tan § — a2y w1 —c  —bri(z1—c)+a’yi b (cw1—ad®) ﬁ
bz a2y (r1 — ) + b2x1y1  cyi(ear —a?) ey

a?yi(z1 —c)

Soa =p.



