Warm up

Recall from last time, given a polar curve r = r(6),
dy dy /[dx L(r(0)sin(9))  +'(0)sin(9) + r(6) cos(h)
r

dr —df/ db  L(r(0)cos(h)) () cos(d) —r(6)sin(6)’

1. Last time, we calculated that for the cardioid
r(0) =1+ sin(6),

dy . dx . .
i cos(0)(1 4 2sin(0)) 5= (1 +sin(0))(1 — 2sin(0)).

For what 6 are the tangent lines to this cardioid horizontal?

vertical?
2. Calculate dy/dx for the following polar curves. What are the
slopes at which each curve crosses the x and y axes?
(a) r(0) =2
(b) r(0) =0
(c) r(0) = cos(20)



Area

Recall that the area of a wedge of a circle with angle 6 is given by

r

/0

Let » = f(0) be a positive continuous function for 6 over [a, b], and
let R be the region bounded by r and the rays § = a and 6 = b.

A =mr?(0/2m) = 1602

We can approximate the area of R by slicing it into wedges!

Area

Let » = f(0) be a positive continuous function for 6 over [a, b], and
let R be the region bounded by r and the rays § = a and 6 = b.

We can approximate the area of R by slicing it into wedges! The
area of each wedge is approximately

b b
AA = IriA0 =L f(07)°A0. So A = / sr?df = / 1£(0)* df.



Example

b
For r = r(0) positive, | A = / %T2 do

Find the area enclosed by one loop of the curve r = cos(26).

b
A :/%rzdﬁ

r=c0s(20)

One choice of a and b: a = —7/4, b= —7 /4.

m/4 /4

A= / % cos?(20) df = %/ 2(1 4 cos(40)) df
—m/4 —7/4

/4

= §(0+}sin(a))["_ = §(m/4+0)~§(-m/4+0) = 27/16 = /3.



You try b
For r = r(0) positive, | A = / sr? do

1. Calculate the area enclosed by the cardioid » = 1 + sin(x).
2. Graph the curve r = sin(26) and calculate the area enclosed
by this curve. (Careful! The function sin(26) isn't always
positive, and we want area! Look at the picture and decide

how to break up the problem.)



Area beween curves

Area beween curves

Let R be the region bounded between curves r = f(#) and
r = g(0) (where 0 < g(0) < f(#)) and rays § = a and 6§ = b.
r=£(0)

b
For 0 < 7ip < 7out, | A = / %((rgut - ri2n)) do
a

Example: Find the area of the region that lies inside the circle
r = 3sin(f) and outside the cardioid » = 1 + sin(#).
Answer: First, graph the functions.

Next, identify the region

r=3 sin(6) and the bounds.

Intersection points:

3sin(f) = 1+sin(h), so sin(f) =
so|0 =m/6, 5w /6|.

Setting up the integral:
Tout = BSin(Q), Tin =14+ Sin(e)

anything?) v/

So A = / " (3sin(0))? — (1 -+ sin(0))?) o
w/6

1
2 1

(Check! Are both r's positive over
the interval? If not, do we have to fix



You try:

b
For r = r(0) positive, | A = / %rz do

b
For 0 < 7in < 7out, | A = / %((rgut - 7aiQn)) do
a

1. We showed that the area of the region that lies inside the
circle r = 3sin(#) and outside the cardioid r = 1 + sin(f) is
given by the integral

N[

5m/6
A= / ((3sin(6))? — (1 + sin(6))) db.
/6
Check that this integral evaluates to .

2. For the following regions, (i) graph the functions and identify
the region, (ii) decide how to break your integral up using the
above area formulas, (ii) calculate the area of the region.

(a) Let R be the region inside r = (1/2)sin(26) and outside
r=1/4.

(b) Let R be the region enclosed by both r = 1 + sin(#) and
r=1—sin(f).



Arc length (again!!)
Again! We start with

(= /df, where df = \/dx? + dy?.

When we had y = f(z), we multiplied by dx/dx to get
dl = /1 + (dy/dz)? dz.

When we had z = f(y), we multiplied by dy/dy to get
dt = +/(dz/dy)? + 1 dy.

When we had z(t) and y(t), we multiplied by dt/dt to get

at =/ (%) + (%)* at.
Now we have

x(0) =r(f)cos(d) and y(f) = r(0)sin(0),
so multiply by df/df to get

dz\ 2 dy 2
dw(@) ()

(exactly the same as the t case above)

Arc length (again!!)
Again! We start with

(= /df, where df = \/dx? + dy?.
Now we have
x(0) =r(f)cos(d) and y(0) =r(0)sin(0),
so multiply by df/df to get

dz\ 2 dy 2
dgm) ()

(exactly the same as the t case above), now where

de. _ d
a0~ do’
dy _ d
40~ do

(0) cos(0) =|r'(0) cos(8) — r(6) sin(f) |, and

r(0)sin(f) = [7'(0) sin(0) + r(0) cos(H) |.




Arc length of parametric curves

b 2 2
dx dy
=)&) (@) »
Qa\/ do do
Example: Again! Let's calculate the arc length of an arc of angle

A of a circle of radius R. The circle of radius R is given by the
polar curve () = R. So

(6) cos(6),
(0) sin(0).

r
where
r

—~
S
N—
I

z(0) = Rcos(f) y(0) = Rsin(h),
and an arc of angle A is the curve traced from 6 =0 to § = A:
dx/df = —Rsin(0)

dy/df = R cos(6)
AW dt = \/(—Rsin(9))% + (Rcos(9))? df = VR? dt

A
soz:/ cw:/ R d6 = RY|)_, = RA—0=|RA]|
0=0 0

You try

b 2 2
dx dy
=) + (@)
0—a \/ do do
1. Set up and simplify an integral that gives the length of the
curve r = 6 from 0 = 7/2 to 6 = 7.
2. Calculate the length of the curve r = cos(f) from 6 = 0 to
0 = w. (Hint: after doing derivatives, before setting up, recall

double angle formulas.)
3. Calculate the length of the curve r = e, from §# =1 to 6 = 2.

(6) cos(0),
(0) sin(6).

r
where
r
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