
Polar coordinates

A coordinate system represents a point in the plane by an ordered

pair of numbers.

Cartesian coordinate system: start with x and y axes

(perpendicular); points given by (x, y), where x is the the distance

to the right of the y-axis, and y is the distance up from the x-axis.

Polar coordinate system: start with positive x-axis from before;

points given by (r, ✓), where r is the distance from the origin, and

✓ is the angle between the positive x- axis and a ray from the

origin to the point, measuring counter-clockwise as usual.

54. A cow is tied to a silo with radius by a rope just long
enough to reach the opposite side of the silo. Find the area
available for grazing by the cow.
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52. A curve called Cornu’s spiral is defined by the para-
metric equations

where and are the Fresnel functions that were intro -
duced in Chapter 5.
(a) Graph this curve. What happens as and as 

?
(b) Find the length of Cornu’s spiral from the origin to

the point with parameter value .

53. A string is wound around a circle and then unwound
while being held taut. The curve traced by the point at
the end of the string is called the involute of the circle. If
the circle has radius and center and the initial posi-
tion of is , and if the parameter is chosen as in
the figure, show that parametric equations of the involute
are
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9.3 POLAR COORDINATES
A coordinate system represents a point in the plane by an ordered pair of numbers
called coordinates. Usually we use Cartesian coordinates, which are directed distances
from two perpendicular axes. Here we describe a coordinate system introduced by
Newton, called the polar coordinate system, which is more convenient for many 
purposes.

We choose a point in the plane that is called the pole (or origin) and is labeled .
Then we draw a ray (half-line) starting at called the polar axis. This axis is usually
drawn horizontally to the right and corresponds to the positive -axis in Cartesian
coordinates.

If is any other point in the plane, let be the distance from to and let be
the angle (usually measured in radians) between the polar axis and the line as in
Figure 1. Then the point is represented by the ordered pair and , are called
polar coordinates of . We use the convention that an angle is positive if measured
in the counterclockwise direction from the polar axis and negative in the clockwise
direction. If , then and we agree that represents the pole for any
value of .

We extend the meaning of polar coordinates to the case in which is nega-
tive by agreeing that, as in Figure 2, the points and lie on the same line
through and at the same distance from , but on opposite sides of . If ,
the point lies in the same quadrant as ; if , it lies in the quadrant on the
opposite side of the pole. Notice that represents the same point as .
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Polar coordinates

Polar coordinate system: start with positive x-axis from before;

points given by (r, ✓), where r is the distance from the origin, and

✓ is the angle between the positive x- axis and a ray from the

origin to the point, measuring counter-clockwise as usual.

54. A cow is tied to a silo with radius by a rope just long
enough to reach the opposite side of the silo. Find the area
available for grazing by the cow.
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52. A curve called Cornu’s spiral is defined by the para-
metric equations

where and are the Fresnel functions that were intro -
duced in Chapter 5.
(a) Graph this curve. What happens as and as 

?
(b) Find the length of Cornu’s spiral from the origin to

the point with parameter value .

53. A string is wound around a circle and then unwound
while being held taut. The curve traced by the point at
the end of the string is called the involute of the circle. If
the circle has radius and center and the initial posi-
tion of is , and if the parameter is chosen as in
the figure, show that parametric equations of the involute
are
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9.3 POLAR COORDINATES
A coordinate system represents a point in the plane by an ordered pair of numbers
called coordinates. Usually we use Cartesian coordinates, which are directed distances
from two perpendicular axes. Here we describe a coordinate system introduced by
Newton, called the polar coordinate system, which is more convenient for many 
purposes.

We choose a point in the plane that is called the pole (or origin) and is labeled .
Then we draw a ray (half-line) starting at called the polar axis. This axis is usually
drawn horizontally to the right and corresponds to the positive -axis in Cartesian
coordinates.

If is any other point in the plane, let be the distance from to and let be
the angle (usually measured in radians) between the polar axis and the line as in
Figure 1. Then the point is represented by the ordered pair and , are called
polar coordinates of . We use the convention that an angle is positive if measured
in the counterclockwise direction from the polar axis and negative in the clockwise
direction. If , then and we agree that represents the pole for any
value of .

We extend the meaning of polar coordinates to the case in which is nega-
tive by agreeing that, as in Figure 2, the points and lie on the same line
through and at the same distance from , but on opposite sides of . If ,
the point lies in the same quadrant as ; if , it lies in the quadrant on the
opposite side of the pole. Notice that represents the same point as .
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For example,

(r, ✓) = (1, 5⇡/4) (r, ✓) = (2, 3⇡) (r, ✓) = (2,�2⇡/3)

EXAMPLE 1 Plot the points whose polar coordinates are given.
(a) (b) (c) (d)

SOLUTION The points are plotted in Figure 3. In part (d) the point is
located three units from the pole in the fourth quadrant because the angle is in
the second quadrant and is negative.

■

In the Cartesian coordinate system every point has only one representation, but in
the polar coordinate system each point has many representations. For instance, the
point in Example 1(a) could be written as or or

. (See Figure 4.)

In fact, since a complete counterclockwise rotation is given by an angle 2 , the
point represented by polar coordinates is also represented by

where is any integer.
The connection between polar and Cartesian coordinates can be seen from Figure 5,

in which the pole corresponds to the origin and the polar axis coincides with the pos-
itive -axis. If the point has Cartesian coordinates and polar coordinates ,
then, from the figure, we have

and so

Although Equations 1 were deduced from Figure 5, which illustrates the case
where and , these equations are valid for all values of and
(See the general definition of and in Appendix A.)

Equations 1 allow us to find the Cartesian coordinates of a point when the polar
coordinates are known. To find and when and are known, we use the equations
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EXAMPLE 1 Plot the points whose polar coordinates are given.
(a) (b) (c) (d)

SOLUTION The points are plotted in Figure 3. In part (d) the point is
located three units from the pole in the fourth quadrant because the angle is in
the second quadrant and is negative.

■

In the Cartesian coordinate system every point has only one representation, but in
the polar coordinate system each point has many representations. For instance, the
point in Example 1(a) could be written as or or

. (See Figure 4.)

In fact, since a complete counterclockwise rotation is given by an angle 2 , the
point represented by polar coordinates is also represented by

where is any integer.
The connection between polar and Cartesian coordinates can be seen from Figure 5,

in which the pole corresponds to the origin and the polar axis coincides with the pos-
itive -axis. If the point has Cartesian coordinates and polar coordinates ,
then, from the figure, we have

and so

Although Equations 1 were deduced from Figure 5, which illustrates the case
where and , these equations are valid for all values of and
(See the general definition of and in Appendix A.)

Equations 1 allow us to find the Cartesian coordinates of a point when the polar
coordinates are known. To find and when and are known, we use the equations
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EXAMPLE 1 Plot the points whose polar coordinates are given.
(a) (b) (c) (d)

SOLUTION The points are plotted in Figure 3. In part (d) the point is
located three units from the pole in the fourth quadrant because the angle is in
the second quadrant and is negative.

■

In the Cartesian coordinate system every point has only one representation, but in
the polar coordinate system each point has many representations. For instance, the
point in Example 1(a) could be written as or or

. (See Figure 4.)

In fact, since a complete counterclockwise rotation is given by an angle 2 , the
point represented by polar coordinates is also represented by

where is any integer.
The connection between polar and Cartesian coordinates can be seen from Figure 5,

in which the pole corresponds to the origin and the polar axis coincides with the pos-
itive -axis. If the point has Cartesian coordinates and polar coordinates ,
then, from the figure, we have

and so

Although Equations 1 were deduced from Figure 5, which illustrates the case
where and , these equations are valid for all values of and
(See the general definition of and in Appendix A.)

Equations 1 allow us to find the Cartesian coordinates of a point when the polar
coordinates are known. To find and when and are known, we use the equations
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Polar axes

-2 -1 1 2
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-1

1

2

We plotted:

(1, 5⇡/4), (2, 3⇡), (2,�2⇡/3)

You try:

(1/2,⇡/6), (3/2, 2⇡/3)

(2,�⇡/4), (1,�5⇡/4)

Polar axes

Negative radius: If r is negative, move backwards along the ray of

angle ✓.

For example, plot (r, ✓) = (�3, 3⇡/4).

-2 -1 1 2

-2

-1

1

2

3!/4

(-1, 3!/4)



Polar axes

-2 -1 1 2

-2

-1

1

2

We plotted:

(1, 5⇡/4), (2, 3⇡), (2,�2⇡/3)
(1/2,⇡/6), (3/2, 2⇡/3)

(2,�⇡/4), (1,�5⇡/4)
(�1, 3⇡/4)

You try:

(�1, 0), (�2,⇡/3),
(�3/2,�⇡/4)

Notice we have some relations:

(r, ✓) = (r, ✓ + k · 2⇡) for k = 0,±1,±2, . . . ;

(�r, ✓) = (r, ✓ ± ⇡).

Polar axes

-2 -1 1 2

-2

-1

1

2

(2, !) = (2, 3!) = (2, -!)

(-1, 3!/4) = (1, -!/4) = (1, 7!/4)

We plotted:

(1, 5⇡/4), (2, 3⇡), (2,�2⇡/3)
(1/2,⇡/6), (3/2, 2⇡/3)

(2,�⇡/4), (1,�5⇡/4)
(�1, 3⇡/4)

You try:

(�1, 0), (�2,⇡/3),
(�3/2,�⇡/4)

Notice we have some relations:

(r, ✓) = (r, ✓ + k · 2⇡) for k = 0,±1,±2, . . . ;

(�r, ✓) = (r, ✓ ± ⇡).



Graphing

Just like we used to graph y = f(x) or x = g(y), now we graph

things like r = f(✓) or ✓ = g(r).

Constant graphs:

r = constant

-3 -2 -1 1 2 3

-3
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-1

1

2

3

r=2
r=1

r=3
r=-3

Note:

r = c

is the same as

r = �c

Graphing

Just like we used to graph y = f(x) or x = g(y), now we graph

things like r = f(✓) or ✓ = g(r).

Constant graphs:

✓ = constant

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

θ=-!/3

θ=!/4

θ=!/2

θ=4!/3

Note:

✓ = c

is the same as

✓ = c+ 2k⇡



Graph the function r = 2 cos(✓).

First, on a Cartesian (✓, r) plot, this function looks like
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(1) Plot points, (2) piece together segments

,

(3) stop at the end of one full period.
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Graph the function r = 2 cos(✓).

First, on a Cartesian (✓, r) plot, this function looks like
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(1) Plot points, (2) piece together segments,

(3) stop at the end of one full period.
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You try:

Note that on a ✓-r axis, the curve r = 1 + sin(✓) looks like

0

1

2

3"/2""/2 2"

r

θ

Sketch a graph of r = 1+ sin(✓) on an x-y axis by plotting points,

and piecing together segments as in the last example.
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Note:

This graph is called the

cardioid.



You try:

Note that on a ✓-r axis, the curve r = cos(2✓) looks like
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Sketch a graph of r = cos(2✓) on an x-y axis by plotting points,

and piecing together segments as in the last example.
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Converting between Cartesian and polar

EXAMPLE 1 Plot the points whose polar coordinates are given.
(a) (b) (c) (d)

SOLUTION The points are plotted in Figure 3. In part (d) the point is
located three units from the pole in the fourth quadrant because the angle is in
the second quadrant and is negative.

■

In the Cartesian coordinate system every point has only one representation, but in
the polar coordinate system each point has many representations. For instance, the
point in Example 1(a) could be written as or or

. (See Figure 4.)

In fact, since a complete counterclockwise rotation is given by an angle 2 , the
point represented by polar coordinates is also represented by

where is any integer.
The connection between polar and Cartesian coordinates can be seen from Figure 5,

in which the pole corresponds to the origin and the polar axis coincides with the pos-
itive -axis. If the point has Cartesian coordinates and polar coordinates ,
then, from the figure, we have

and so

Although Equations 1 were deduced from Figure 5, which illustrates the case
where and , these equations are valid for all values of and
(See the general definition of and in Appendix A.)

Equations 1 allow us to find the Cartesian coordinates of a point when the polar
coordinates are known. To find and when and are known, we use the equations
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x = r cos(✓) y = r sin(✓)

To get back, we must solve for r and ✓. To solve for r, we have

the Pythagorean identity:

x

2
+ y

2
= (r cos(✓))

2
+ (r sin(✓)) = r

2
(cos

2
(✓) + sin

2
(✓)) = r

2 · 1.

So

r =

p
x

2
+ y

2
.

To solve for ✓, we eliminate r by dividing:

y/x = (r sin(✓))/(r cos(✓)) = sin(✓)/ cos(✓) = tan(✓).

So

✓ = arctan(y/x) .

Converting between Cartesian and polar

x = r cos(✓) y = r sin(✓)

r =

p
x

2
+ y

2
✓ = arctan(y/x)

You try: Convert the following points by filling out the rest of the

table. Check by plotting.

(x, y) (r, ✓)

(1,

p
3)

(2,⇡/3)

(�
p
2/2,�

p
2/2)

(�1,⇡/4)
(1, 0)

(1, 0)

(1,�1)

(

p
2,�⇡/4)
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-2
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Writing polar functions in terms of x and y

x = r cos(✓) y = r sin(✓)

r =

p
x

2
+ y

2
✓ = arctan(y/x)

Example: r = 2 cos(✓). From x = r cos(✓), we get cos(✓) = x/r.

So

r = 2 cos(✓) = 2x/r.

So

2x = (2x/r)r = (r)r = r

2
= x

2
+ y

2
. Thus 0 = x

2 � x+ y

2
.

Completing the square gives

(x� 1)

2
+ y

2
= 1,

which is a unit circle shifted right by 1, as we saw.

You try: Write the following polar functions in terms of x and y.

(1) r = 3, (2) ✓ = ⇡/3, (3) r = sin(✓).

Write the following Cartesian functions in terms of r and ✓.

(1) x

2
+ y

2
= 4, (2) (x/3)

2
+ y

2
= 1, (3) x = 2.



Calculus with polar curves

Recall from last time, if I have a parametric curve x = x(t),

y = y(t), then the slope of the line tangent to the curve plotted on

an x-y axis is

dy

dx

=

dy

dt

,
dx

dt

.

We can use this result if we think about a polar curve as a

parametric curve in parameter ✓:

r = r(✓)  ! x = r(✓) cos(✓)

y = r(✓) sin(✓)

Example: r = e

✓
is the same as the parametric curve

x = e

✓
cos(✓), y = e

✓
sin(✓).

So now

dy

dx

=

dy

d✓

,
dx

d✓

=

d
d✓ (r(✓) sin(✓))

d
d✓ (r(✓) cos(✓))

=

r

0
(✓) sin(✓) + r(✓) cos(✓)

r

0
(✓) cos(✓)� r(✓) sin(✓)

.

Calculus with polar curves

dy

dx

=

dy

d✓

,
dx

d✓

=

d
d✓ (r(✓) sin(✓))

d
d✓ (r(✓) cos(✓))

=

r

0
(✓) sin(✓) + r(✓) cos(✓)

r

0
(✓) cos(✓)� r(✓) sin(✓)

.

Example: Let r = 1 + sin(✓), the cardioid. We have

dr
d✓ = cos(✓),

so that

dy

d✓

= cos(✓) sin(✓) + (1 + sin(✓)) cos(✓) = cos(✓)(1 + 2 sin(✓))

dx

d✓

= cos(✓) cos(✓)+(1+sin(✓)) sin(✓)

= (1� sin

2
(✓)) + (1+ sin(✓)) sin(✓) = (1 + sin(✓))(1� 2 sin(✓)) .

So

dy

dx

=

⇣
cos(✓)(1 + 2 sin(✓))

⌘
/

⇣
1 + sin(✓))(1� 2 sin(✓)

⌘

You try: For what ✓ are the tangent lines to this cardioid

horizontal? vertical?



r = 1 + sin(✓)

-1 1

1

2


