Today: 5.6 Hyperbolic functions
Warm up: Let
fl@)=g(e" —e™™) and  g(z) = 5(e"+e77)
Verify the following identities:
(1) f'@)=g(z) (2) g'(z) = f(=)
(3) f(z) is an odd function (i.e. f(-x) = -f(x))

(4) g(x) is an even function (i.e. g(-x) = g(x))

Expand and simplify the following expressions
(1) ¢*(z) - f*(2)
(2) f(x)g(y) + fg(x)  (3) 9(x)g(y) + f(z)f(y)

(express the last two as f(stuff) or g(stuff))



Define
“hyperbolic sine” or “sinch”  “hyperbolic cosine” or “cosh”

sinh(z) = (" —e™™) cosh(z) = 3(e” +e™7)



Define

“hyperbolic sine” or “sinch”
sinh(z) = (" —e™™)
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“hyperbolic cosine” or “cosh”

cosh(z) = 3(e” +e™7)




Define

“hyperbolic sine” or “sinch”  “hyperbolic cosine” or “cosh”

sinh(z) = (" —e™™) cosh(z) = 3(e” +e™7)

A

4 .
y=5 X y=sinh(x)

y=-5¢X

For x >> 0 (large),
sinh(z) ~ Je” cosh(z) ~ 1e”

and for x << 0 (large but negative),

1

sinh(z) =~ —5e™”



Define

“hyperbolic sine” or “sinch”  “hyperbolic cosine” or “cosh”
sinh(z) = (" —e™™) cosh(z) = 3(e” +e™7)
N
y=5 oX y=sinh(x)
' - y=.5eX
] y=-5¢€
2
We showed:

sinh(—xz) = — sinh(x) cosh(—z) = cosh(z)

d d
T sinh(x) = cosh(x) e cosh(x) = sinh(x)

cosh(z)? — sinh?(z) = 1
sinh(z + y) = sinh(z) cosh(y) + sinh(y) cosh(z)
cosh(z + y) = cosh(x) cosh(y) + sinh(x) sinh(y)



Comparing trig and hyperbolic functions

sinh(z) = £(e” — ™)

cosh(z) = 2(e" +e7¥)

Trig Hyperbolic
even/odd: sin(—z) = — sin(x) sinh(—z) = —sin(x)
cos(—z) = cos(x) cosh(—z) = cosh(z)
additive: | sin(x + y) = sin(z) cos(y) | sinh(z + y) = sinh(z) cosh(y)
+ sin(y) cos(z) + sinh(y) cosh(z)
additive: | cos(x 4 y) = cos(z) cos(y) | cosh(z + y) = cosh(z) cosh(y)
— sin(x) sin(y) + sinh(x) sinh(y)
Pyth.: cos?(x)+sin?(z) = 1 cosh?(z)— sinh?(z) = 1
ders: % sin(z) = cos(x) % sinh(z) = cos(z)

4 cos(z) = —sin(z)

4 cosh(z) = sinh(x)




Comparing trig and hyperbolic functions

sinh(z) = £(e” — ™)

cosh(z) = 2(e" +e7¥)

Trig Hyperbolic
even/odd: sin(—z) = — sin(x) sinh(—z) = —sin(x)
cos(—z) = cos(x) cosh(—z) = cosh(z)
additive: | sin(x + y) = sin(z) cos(y) | sinh(z + y) = sinh(z) cosh(y)
+ sin(y) cos(z) + sinh(y) cosh(z)
additive: | cos(x 4 y) = cos(z) cos(y) | cosh(z + y) = cosh(z) cosh(y)
— sin(x) sin(y) + sinh(x) sinh(y)
Pyth.: cos?(x)+sin?(z) = 1 cosh?(z)— sinh?(z) = 1
ders: % sin(z) = cos(x) % sinh(z) = cos(z)

4 cos(z) = —sin(x)

4 cosh(z) = + sinh(z)




Other hyperbolic functions

For trig functions, we defined

sin(x)

tan(z) = cos(z)’

sec(x) = 1/cos(x), csc(z) =1/sin(z), cot(z) = 1/tan(x).



Other hyperbolic functions

For trig functions, we defined

fan(z) = sin(x)

cos(x)’
sec(x) = 1/cos(x), csc(z) =1/sin(z), cot(z) = 1/tan(x).
For hyperbolic functions, similarly define

x —x

e’ —e€

tanh(z) = sinh(z)/ cosh(x) = prp—

sech(z) = 1/cosh(z), csch(x) =1/sinh(x), coth(x) = 1/tanh(x).

(“tanch”, “sech”, “cosech”, “cotanch”)



Graphs

sinh(z) = 5(e” —e™7) cosh(z) = 3(e” +e7?)
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y=5 X y=sinh(x)
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Graphs

sinh(z) = 3(e” — e™?) cosh(z) = 3(e” +e7?)
y=.56x 1 y=sinh(x)
7 y:--s e_x Y=5 eX
tanh(z) sinh(z) e*—e™®
anh(z) = =
cosh(z) e +4e®



Graphs

sinh(z) = 3(e” — e™?) cosh(z) = 3(e” +e7?)
2
y=.56x 1 y=sinh(x)
t _ £ oX
4 y=-5¢* e
2

sinh(z) e*—e™®
tanh(z) = =
anh(z) cosh(z) e +4e®

Notice

et —e "
lim tanh(z) = lim ———
T—00 z—o0 et 4 e~ 7T
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sinh(z) = 3(e” — e™?) cosh(z) = 3(e” +e7?)
2
y=.56x 1 y=sinh(x)
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4 y=-5¢* e
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Graphs

Notice

tanh(z) sinh(z) e*—e
nh(z) = =
cosh(z) e*+e®
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Graphs

Notice

tanh(z) sinh(z) e*—e
nh(z) = =
cosh(z) e*+e®
X —X —T

e’ —€

lim tanh(z) = lim

T—r0o0

z—oo el 4+ e~ 7T
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Graphs

—T

iih _
tanh(z) = sinh(z) _ e
cosh(z) e*+e®
Notice
xr __ ,—x —x 1— —2x
lim tanh(z) = lim S = lim =1
=00 z—00 T 4 e~ \ =% z00 1 4 =27
et —e T (u=-z) e —e"

lim tanh(z)= lim —— lim ——
T——00 z—oo et 4+ e~ 7 u—oo e~ U 4+ et




Graphs

z00 1 4 =27

inh T _ -
tanh(z) = sinh(z) " —e
cosh(z) e*+e®
Notice
T _ - —x
lim tanh(z) = lim i (e > = lim
T—00 z—oo el +e T \ e
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Graphs

Notice
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Graphs

inh T _ -
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Graphs
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Notice

xr __ ,—x —x 1— —2x
lim tanh(z) = lim S (e > = lim 767

T—00 z—o0 e + e % \ e T z—o0 1 4 e~ 22
X xT u u
. . e’ —e (u=-z) .. e —e
lim tanh(z)= lim —— lim ———
T——00 z—oo et 4+ e~ 7 u—oo e~ U 4+ et
—2u
e -1
= —1

lim ——— =
u—oo e 4% 1

o) = d sinh(z) qu. rule cosh?(x) — sinh?(z)
~ dx cosh(z) cosh?(x)




Graphs
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Graphs
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Graphs

sinh(z) e"—e™®

cosh(z) e* +e®
lim tanh(z) =1, lim tanh(z) = —1,

T—r00 T—r—00

tanh(z) =

a tanh(z) = sech?(z) > 0,
dx



Graphs

sinh(z) e"—e™®

cosh(z) e* +e®
lim tanh(z) =1, lim tanh(z) = —1,

T—r00 T—r—00

tanh(z) =

%tanh(m) =sech?(z) >0, tanh(0)=(1-1)/(14+1)=0



Graphs

inh
tanh(z) = o

(r)  e*—e™®

cosh
lim tanh(z) =1,

(r) et 4e @
lim tanh(z) = —1,

T—r00 T—r—00

% tanh(z) = sech?(z) > 0,

tanh(0) = (1 - 1)/(1 +1) =0
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Inverse hyperbolic functions
Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z



Inverse hyperbolic functions
Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for 3y = sinh ™! (z):



Inverse hyperbolic functions
Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for 3y = sinh ™! (z):
x = sinh(y)



Inverse hyperbolic functions

Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for 3y = sinh ™! (z):

z = sinh(y) = 1(e¥ —e7Y),



Inverse hyperbolic functions

Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for 3y = sinh ™! (z):

z =sinh(y) = (¥ —e™¥), sothate’ —2z—e ¥ =0.



Inverse hyperbolic functions

Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for y = sinh ™! (z):
x = sinh(y) = %(ey —e ), sothate —2z—eY=0.
Thus, multiplying both sides by e¥,

0=e® —2ze¥ — 1



Inverse hyperbolic functions

Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for y = sinh ™! (z):
x = sinh(y) = %(ey —e ), sothate —2z—eY=0.
Thus, multiplying both sides by e¥,

0=e% —2ze¥ —1=u?—2zu—1, whereu=¢".



Inverse hyperbolic functions

Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for y = sinh~!(x):
z =sinh(y) = (¥ —e™¥), sothate’ —2z—e ¥ =0.
Thus, multiplying both sides by e¥,
0=e% —2ze¥ —1=u?—2zu—1, whereu=¢".

SoeY=u



Inverse hyperbolic functions

Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for y = sinh ™! (z):
x = sinh(y) = %(ey —e ), sothate —2z—eY=0.
Thus, multiplying both sides by e¥,

0=e% —2ze¥ —1=u?—2zu—1, whereu=¢".

So e¥ =u= 2z £ V4x? +4)/2



Inverse hyperbolic functions

Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for y = sinh ™! (z):
x = sinh(y) = %(ey —e ), sothate —2z—eY=0.
Thus, multiplying both sides by e¥,

0=e% —2ze¥ —1=u?—2zu—1, whereu=¢".

So eV =u= 2z £ V42 +4)/2 0+ Va1




Inverse hyperbolic functions
Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for y = sinh~!(x):
z =sinh(y) = (¥ —e™¥), sothate’ —2z—e ¥ =0.
Thus, multiplying both sides by e¥,
0=e% —2ze¥ —1=u?—2zu—1, whereu=¢".

So eV =u= 220+ Va2 +4)/2 222 2 + Va2 1 1, so that
sinh™}(z) =y = In(z + Va2 + 1).




Inverse hyperbolic functions
Define
sinh™'(z) =y << sinh(y) ==

cosh™(z)=y & cosh(y) ==
tanh ™ '(z) =y < tanh(y) ==z

Solving for y = sinh~!(x):
z =sinh(y) = (¥ —e™¥), sothate’ —2z—e ¥ =0.
Thus, multiplying both sides by e¥,
0=e% —2ze¥ —1=u?—2zu—1, whereu=¢".

SoeV =u=(20+viz? +4)/2 222 » + VaZ + 1, so that
sinh™}(z) =y = In(z + Va2 + 1).

x

You try: Use cosh(z) = 3(e® 4+ e7%) and tanh(z) = £S5 to

er+e T

calculate a formulas for cosh™!(z) and tanh™!(z).



Graphs
y = sinh(z) = 1(e® — e7®)

A\ 4
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Graphs

y = sinh(z) = 3(e% — ™)
y = sinh ™! (z) = In(z + V22 + 1)

Domain: (—o0, 00)



Graphs

y = sinh ™! (z) = In(z + V22 + 1)

A

A

Domain: (—o0, 00)

\4

Range:(—o0, 00)



Graphs
y = cosh(z) = L(e” +e77)

\4
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Graphs

y = cosh(@) = 3(e* + ¢ )
y = cosh ! (z) = In(x £ V22 — 1)

Domain: 1 <z



Graphs

y = cosh ! (z) = In(x £ V22 — 1)

Domain: 1 <z



Graphs

y = cosh™(z) =In(z + V22 — 1)

A4

Domain: 1 <z Range: 0 <y
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Graphs

y = tanh(z) = (e

(e + )
y = tanh™!(x)

sIn((1+2)/(1-2))

A o

Domain: (—1,1)



Graphs

Tn((1+2)/(1 - )

A

Yy = tanhil (:I“)

\\\\\\\\\\\\\\

Range:(—o0, 00)

Domain: (—1,1)



Derivatives and integrals
Using
sinh~!(z) =In(z + V22 4+ 1), cosh™!(z) =In(z + V22 — 1)
tanh ™! (z) = tIn((1+2)/(1—2)) = i(n(l + ) — In(1 — z))

we have

d
o sinh~!(z) =



Derivatives and integrals
Using
sinh~!(z) =In(z + V22 4+ 1), cosh™!(z) =In(z + V22 — 1)
tanh ™! (z) = tIn((1+2)/(1—2)) = i(n(l + ) — In(1 — z))

we have

iblh L) = Ite/vei+l
dx T+ V2 +

d -1 1 + $/ V CC2
— cosh™ " (z) =
dx x4+ Va2 —

d 1 1
— tanh Yz) =1
dz () 2(1+x+1—x>



Derivatives and integrals
Using
sinh~!(z) =In(z + V22 4+ 1), cosh™!(z) =In(z + V22 — 1)

tanh ™! (z) = %ln((l +z)/(1—x)) = %(ln(l + ) —In(1 —x))

we have
ibl hl(z) = 1+ z/Va?+ 1 Vaz+1+zx
dx $—|-\/$2+1 \/a:2+1 r+Va?+1

d -1 1 + $/ V CC2
— cosh™ " (z) =
dx x4+ Va2 —

d 1 1
— tanh Yz) =1
dz () 2(1+x+1—x>



Derivatives and integrals
Using
sinh~!(z) =In(z + V22 4+ 1), cosh™!(z) =In(z + V22 — 1)

tanh ™! (z) = %ln((l +z)/(1—x)) = %(ln(l + ) —In(1 —x))

we have

iblh 1) = 1+ z/Va?+ 1 Vaz+1+zx

dx $—|-\/$2+1 \/a:2+1 r+Va?+1
=1/vVaz?2+1

d -1 1 + $/ V CC2
— cosh™ " (z) =
dx x4+ Va2 —

d 1 1
— tanh Yz) =1
dz () 2(1+x+1—x>



Derivatives and integrals
Using
sinh~!(z) =In(z + V22 4+ 1), cosh™!(z) =In(z + V22 — 1)

tanh ™! (z) = %ln((l +z)/(1—x)) = %(ln(l + ) —In(1 —x))

we have
d .. 1+z/V22+1 1 Ve +1+a
@Smh (@) = z+ Va2 +1 :\/a:2+1<x+\/m>
BWras
d . 1+z/V22—1 1 Va2 =1+
%COSh (@) = r4+Vr2 -1 :\/:Ez—l(x—}—m)

d 1 1
— tanh Yz) =1
dz (@) 2(1+x+1—x>



Derivatives and integrals
Using
sinh~!(z) =In(z + V22 4+ 1), cosh™!(z) =In(z + V22 — 1)

tanh ™! (z) = %ln((l +z)/(1—x)) = %(ln(l + ) —In(1 —x))

we have
isinhfl(:p) Cltx/Ve2+l 1 Vaz+1+zx
dx x+vVrZ+1 V241l \e+ Va2 +1
=1/vVaz?2+1
icosh_l(m) Cl+x/Ve2-1 1 Va2 —1+x
dx r+vVrZ -1 Vz—1\z+vVa2 -1
=1/vVaz?2 -1

d 1 1
— tanh Yz 1
dz (@) 2(1+x+1—x>



Derivatives and integrals
Using
sinh~!(z) =In(z + V22 4+ 1), cosh™!(z) =In(z + V22 — 1)

tanh ™! (z) = %ln((l +z)/(1—x)) = %(ln(l + ) —In(1 —x))

we have
isinhfl(:p) Cltx/Ve2+l 1 Vaz+1+zx
dx x+vVrZ+1 V241l \e+ Va2 +1
=1/vVaz?2+1
icosh_l(m) Cl+x/Ve2-1 1 Va2 —1+x
dx r+vVrZ -1 Vz—1\z+vVa2 -1
=1/vVaz?2 -1

d 1 1 l—z+l+a
=1 = 1 Ly i (lzetlte
g b (@) 2(1+x+1—x> 2((1+x)(1—x)>



Derivatives and integrals
Using

sinh~!(z) =In(z + V22 4+ 1), cosh™!(z) =In(z + V22 — 1)
tanh ™! (z) = tIn((1+2)/(1—2)) = i(n(l + ) — In(1 — z))

we have
d .. 1+z/V22+1 1 Ve +1+a
@Smh (@) = z+ Va2 +1 :\/a:2+1<x+\/m>
BWras
d . 1+z/V22—1 1 Va2 =1+
%COSh (@) = r4+Vr2 -1 :\/:Ez—l(x—}—m)

=1/Va?2-1

d 1 1 l—z+l+a
=1 = 1 Ly i (lzetlte
g b (@) 2(1+x+1—x> 2((1+x)(1—x)>

=1/( - )




In summary:

sinh(z) = 1(e” —e™™), cosh(z) = 3(e” +¢e7¥)
sinh(x) 1
tanh(z) = h(z) = tc.
anh(z) cosh(z)’ sech(z) cosh(z)’ ere
oL sinh(z) = cosh(z), - cosh(r) = sinh(x)
o sinh(z) = cosh(z),  —— cosh(z) = sinh(),
4 tanh(z) = sech?(z)
dz B
d 1 d .1
%smh (x) = = %cosh (x) = =
d 1
. tanh™ (z) = .2



You try: See integration worksheet at
https://zdaugherty.ccnysites.cuny.edu/teaching/m202s16/
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5.7: More on limits, indeterminate forms, and L'Hospital's
rule

Consider the function




5.7: More on limits, indeterminate forms, and L'Hospital's
rule

Consider the function
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5.7: More on limits, indeterminate forms, and L'Hospital's
rule

Consider the function

As z — 1, both the numerator and the denominator approach O.
Both approach somewhat slowly, but does one go faster than the
other? Or does it approach some interesting ratio? Similar
question for x — oo, where both the numerator and denominator
approach oo.

Indeterminate forms are ratios where the numerator and the
denominator each either approach 0, or each approach +oc.

So far, we've been able to calculate limits with indeterminate forms
through algebraic tricks or substitution, or recognizing limits as
derivatives.
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L'Hospital’s rule relates the limit of the ratio of two functions to
the limit of the ratio of their derivatives.
Consider differentiable functions f(z) and g(x) such that

lim f(z) =0 = lim g(z),
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and ¢'(z) # 0 for z close to but not equal to a.



L'Hospital's rule

L'Hospital’s rule relates the limit of the ratio of two functions to
the limit of the ratio of their derivatives.
Consider differentiable functions f(z) and g(x) such that

lim f(z) =0 = lim g(z),

T—a T—a

and ¢'(x) # 0 for z close to but not equal to a. Then

) -t 1) S@) @

T—a r—a rT—=a X — a

, and

g (a) = lim 79(33) —9(a) = lim M

r—a xr—a T—=a T — Q

(If f or g are not defined at a, we can work around this: see appendix C in book)



L'Hospital's rule

L'Hospital’s rule relates the limit of the ratio of two functions to
the limit of the ratio of their derivatives.
Consider differentiable functions f(z) and g(x) such that

lim f(z) =0 = lim g(z),

T—a T—a

and ¢'(x) # 0 for z close to but not equal to a. Then

f@) =@ _ @)

/ T
f(a)_}:l—rgz Tr—a x—>aaj—a’ and
g(a) = lim @) =90 _ . 9@)

r—a xr—a T—=a T — Q

(If f or g are not defined at a, we can work around this: see appendix C in book)

o L@ _ fa)
v—a g'(z)  g'(a)




L'Hospital's rule

L'Hospital’s rule relates the limit of the ratio of two functions to
the limit of the ratio of their derivatives.
Consider differentiable functions f(z) and g(x) such that

lim f(z) =0 = lim g(z),

T—a T—a

and ¢'(x) # 0 for z close to but not equal to a. Then

f@) =@ _ @)

/ T
f(a)_}:l—rgz Tr—a x—>aaj—a’ and
g(a) = lim @) =90 _ . 9@)

r—a xr—a T—=a T — Q

(If f or g are not defined at a, we can work around this: see appendix C in book)

@) _ fle) . J@)e=a)

oo g(x)  gla)  ava (z—a)g(a)




L'Hospital's rule

L'Hospital’s rule relates the limit of the ratio of two functions to
the limit of the ratio of their derivatives.
Consider differentiable functions f(z) and g(x) such that

lim f(z) =0 = lim g(z),

T—a T—a

and ¢'(x) # 0 for z close to but not equal to a. Then

f@) =@ _ @)

/ T
f(a)_}:l—rgz Tr—a x—>aaj—a’ and
g(a) = lim @) =90 _ . 9@)

r—a xr—a T—=a T — Q

(If f or g are not defined at a, we can work around this: see appendix C in book)

f@) _ fla) . flz)(x—a)

= lim 22— = Jim 22
o g(z)  gla)  ave (z—a)g@)  aag(a)




L'Hospital's rule

Theorem

Suppose f and g are differentiable functions and ¢'(x) # 0 for x
close to but not equal to a. Suppose that
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You try

For each of the following, verify that you can use L'Hospital’s rule
to calculate the limit, and then do so.

sin(x) _ x
1) m =l ) i & (@) tim 2E)

T—=T X — T r—00 I T—00 I

Each of the following has some reason why you can't use
L'Hospital's rule. For each, what is the reason?
( x x ) sin(x)

1) i%m (2) xE&E (3) lim

z—m 1 — cos(x)
(Recall, |z ] is the floor function, and gives back the biggest
integer less than or equal to z, i.e. [2.1] =2, |-2.1] = =3,
1] =1, etc..)






