Today: 5.3 The Natural Exponential Function (continued)

Warm up:
Recall that e is the number defined by In(e) = 1, so that

In(y) ==z if any only if y=e".

Further, recall In(ab) = In(a) + In(b) and In(a”) = pln(a).
Solve the following equations for x.

(1) In(z) = 10

(2) e* =3

(3) 10e!76 45 =125

(4)

2In(z)+In(5z) — 40

4) e



Today: 5.3 The Natural Exponential Function (continued)

Warm up:
Recall that e is the number defined by In(e) = 1, so that

In(y) ==z if any only if y=e".

Further, recall In(ab) = In(a) + In(b) and In(a”) = pln(a).

Solve the following equations for x.

(1) In(z) = 10 Ans: |z = el?
2) =3 Ans: |z =1In(3)

(2)
(3) 10e!76 45 =125 Ans: |z = £(17 — In(2))
(4)

4 e2ln(:p )+In(5z) _ 40 Ans: |z =2
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Exponential functions facts

Recall from last time: | Corresp. exp facts: | Why:
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Exponential functions facts

Recall from last time: | Corresp. exp facts: | Why:
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Logarithmic diff'n

Let y = €®. Then In(y) = z. Thus

d

—(LHS) = In(y)

dzx

_ldy _ d
 ydr dx

(RHS)ix =1.

dx




Exponential functions facts

Recall from last time: | Corresp. exp facts: | Why:

In(ab) = In(a) +In(b) |eAtE = edeB In(edef) = ..
In(a?) = pln(a) (P =eP4 | In((eh)P) = .
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Let y = €®. Then In(y) = z. Thus

9 (HS) = In(y) = 1 W — 4

d
10 (RHS)—=x = 1.

_gdx_dx dx

So



You try:







d
eMB =B (eMF =P aTex =", e’ dx =e" +C
x

1. Differentiate the following functions.
ecs(@) e’ sin(z), 3% In(sin(z)).

2. Find the antiderivative of the following functions.

2
6317 re® ,

3. Sketch a graph of ze®.
(Calculate intervals of pos./neg., incr./decr., concave up/down.)

WARNING: Study problems 5.3 #11-14. On syllabus, but not on
webassign! Use graph transformations, not calculus.
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Limits

lim, , e =0 lim, o ¥ = o ‘
Example:
lim e = lim =0 (let y = —x)
T—00 Y——00

et -1 et =1 /e " . 1—e"
lim = lim — ] lim
e %)zl +e 7T
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Limits

lim, , e =0 lim, o ¥ = o ‘
Example:
lim e = lim =0 (let y = —x)
T—00 Y——00

et -1 et =1 /e " . 1—e" 1-0
lim = lim — | lim = =1.
z—=oo et +1 z—oooe?4+ 1 \e ™ /rscol4e 1+0

You try:
Calculate the following limits:
I 6e’ + e *
so0 26F 1 1
lim e/(#=5) lim e*”
5~ T——00

WARNING: Study problems 5.3 #17-20. On syllabus, but not on webassign!
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Fix a number a > 0. We can already say things like

a’ =axa, a’ =axax*a, and so on.
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5.4: General logarithmic and exponential functions

Fix a number a > 0. We can already say things like
a’ =axa, a’ =axax*a, and so on.
We've defined things like
al=1/a, a'? = \/a, and so on,
and found rules like
aPal = aPt, (aP)? = aP4, and so on.
So | know things like

a3 = (a1/3)4 = Vax Jax Jax Ja.
But what could | possibly mean by something like a™ 777

Answer: Since

6ln(A) = A,

we can define
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Exponential function with base a
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Exponential function with base a

For a > 0, define

a® = eln(a)r‘

This definition still preserves all the rules we know and love, like

a*tV =a%a¥, (a®)! =a", a"b" = (ab)".

Why? For example,

=Y = eln(a)(:p+y) — eln(a)m+ln(a)y — eln(a)xeln(a)y — ad av.

Derivatives: Using chain rule, we have

d T _ d In(a)r _ In(a)z _ T
0= e =In(a)e = In(a)a”.

Integrals: Similarly, using substitution, we have

X . ax
/a dr = n(a) +C




You try:

a*tV =a"a¥, (a")! =a™, a"b" = (ab)",
x

In(a)

d
%aw = In(a)a®, and /a“” dr =

1. Write the following expressions as st (simplify).
27 0 72

2. Differentiate the following functions.

2", 3sin(:c)7 (1/2)5111(2:)—5 In(z)

3. Find the antiderivative of the following functions.
5(13
5% —1

WARNING: 5.4 #3, 5, 21-27 (odd), 39 on syllabus but not on webassign.

3%, 2% cos(2%),
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General logarithmic function
Since e is invertible, so is €’*, and thus so is a®. Define log,(x) by

ay =z if and only if y = log, (7).
So, for example, since
logo(10%) = 3, 3980) =5 etc.
Note that = = a¥ also implies (take natural log of both sides)
In(x) = In(a?) = In(e™Y) = In(a)y,

SO

log, (z) = y = In(x)/In(a). |

Thus log,(x) satisfies the same algebraic rules as In(z), and

d
% loga (.73) =

In(a)x |




You try:

d 1

log,() = In(x)/In(a) - Tlog, (x) =

In(a)z

1. Evaluate the following functions.
logs(25) logz V7 log, 8 — log, 2
2. Differentiate the following functions.
logy xlogy () 9vHlogs ()

3. Sketch graphs of the following 3 functions on the same set of
axes.

y = In(x), y = logy(z), y = logs(x).

(Recall 2 < e < 3.)






