Lecture 13: Matrix multiplication

Warmup. For each of the following, think of «;, 8;,~;,d;,w; € F' as constants.

Lolet £ R2R? defined by (x) - (O‘lﬂﬁly), and
(0 a2z + P2y

g:R?2 > R? definedby (%) — (71:1: N 51y>.
Y Yo + b2y
(a) Compute (go f)((z,y)"). [This is just function composition—nothing
fancy. Plug f((x,y)") into g and simplify/collect like terms.]
(b) Write down the matrices representations of f, g, g o f, all with respect to
the standard basis £ = {e1, e2}.
2. Let . x az + by
f:R? — R? defined by (y) — | awx + Boy |, and

o3 + P3y

x
g: R* —> R? definedby [y]|— (7133 + 01y +w1z).
> Yo + 02y + waz

(a) Compute (g0 f)((z,y)") and (f o g)((x,y,2)").
(b) Write down the matrices representations of f, g, go f, f o g, all with
respect to the standard bases & = {e1, ez} and €3 = {e1,ez,e3} .
3. For any vector space, we have id : V — V sending id : v — v. For each
of the following vector spaces V' and ordered bases BB, compute Repg(id).

(a) V = Rg, B = <e1,e2>, (b) V = RQ, B = <(17 1)T7 (3? 5)T>'
(C) V= P3(F)v B = <1,SC,:L’2,.133,:E4>,
(d) V =P3(F), B={{+2x,1—x+233—22,1+x+zb).

(See last pages for solutions to 1 & 2)



Recall: The set of linear functions f : F* — F¥ are in bijection with k x ¢
matrices: for

a1 ar2 -~ Qlpe
21 Q22 -+ A2y

A= . . . i € Mk’g(F),
Qg1 Qg2 - Qkgy

we associate a function A : F* — F* given by

V1 (@11, a10) - (V1,...,00) row; - v>»
Vo (@21, a2,0) - (v1,...,v0) . rows - v>
— ) le. A:ve
vy (@k1y- - sake) - (V1,...,00) rowy - v,
We saw that

A :e; — col;,

the ith column of A.

Question. Given A: F™ — F* and B: F* — F* how do we compute the
matrix associated to B o A7 Notation: We write BA := Bo A.

Answer:
Compute the image of e;, and insert the result into the jth column of BA.

Question. Given A: F™ — F* and B : F* — F* how do we compute the matrix
associated to Bo A? Notation: We write BA := B o A.

Answer:
Compute the image of e;, and insert the result into the jth column of BA.

Note that

A:F™ — F* means A€ My, (F)
and

B: F®— F* means B € My 4(F).

[Reality check: BA: Fm -2 F* B, Pk so BA e Mj,n.]
Now, to compute the function B A, let's compute the image of e; for
j =1,...,m (the result is the jth column of BA):
Ae; = colj(A); sothat BAe; = B(Ae;) = B(col;(A))

row; (B) - (col;(A))T
rows(B) - (col;(A))T

rowy(B) - -(COIJ(A))T

In particular, the entry in the ith row and jth column of BA (with 1 < i <k
and 1 <j<m)is

(BA)i,; = row;(B) - (col;(A))",




Example:

a1q = (1,-1,2.3) - (=4,1,0,3)

é 9
)
o Q1,1 Q12
! ! - Q21 Q22
’ ! Q3,1 (32
3 2
/
—
—41 0 L o
1|1 _ ) ass
! ! Q3,1 (32
22

g1 = (0,3,1,0) - (—4,1,0,3)




o 3 1 0 -
010

5 0 1 -1
3| 2
———

a2 = O 3 1, 0) (0 1,0,2)

a1q = (1,-1,2,3)-(=4,1,0,3) = 1(—4) + —1(1
agq = (0,3,1,0)- (=4,1,0,3) = 0(—4) +3(1) +
Oé3’1 = (5/ 07 17 _1) ' (_47 1707 3) = 5(_4) + 0(1) +
are=(1.—-1,2.3)-(0,1,0,2) = 1(0) + —1(1) +
Example:
1 -1 2 3
o 3 1 0
[ 5 0 1 —1]
a1.1 = (1 *1 2 ) (—4,1,0,3)
az1 = (0,3,1,0) - (—4,1,0,3)
Q31 = (5 0 1, —1) ( 4,1,0,3)
aro = (1,-1,2,3)-(0,1,0,2)
(
(5

a3 o = D, 0 1, —1) (0,1,0,2)




Matrix multiplication

Just like we define addition and scaling of matrices to agree with addition and
scaling of the associated functions, we define a “product” on matrices that agrees
with composition of the associated functions.

Definition. For matrices X € My ((F') and Y € M,, ,,(F), if { = m we define
the product of X and Y to be XY € My, ,, the matrix with (¢, j)-entry
(meaning the entry in row ¢ and column j) to be

V4
(XY);; =row;(X) - (col;(Y)" = Y X; .Y, ;.

If £ # m, we say XY is undefined. (Just like function composition is only
defined when the domain/codomain match up appropriately.)

Since matrix multiplication is really just function composition, we have already
shown that it satisfies the following:
1. Left distributive: X(Y +27) = XY + XZ
for any X € My, o(F) and Y, Z € M, ,,(F);
2. Right distributive: (X +Y)Z =XZ+YZ
for any X,Y € My, o(F) and Z € My, (F);
3. Associative: X(YZ) = (XY)Z
for any X € My, o(F), Y € My, (F), and Z € M,, »,(F).



LECTURE 13 EXERCISES

A:<_31 g) B:@), C=(1 1), D:(é i _01).

(a) For each of the following, decide whether or not the product is defined. If so, compute it; if not, say
why not. (i) AB, (ii) BA, (iii) AC, (iv) CA, (v) BC, (vi) CB, (vii) CD, (viii) DC.

(b) Compare (CA)B (multiply CA and B) and C(AB) (multiply C' and AB).

£ terms
(c) Forn € Z>1, we denote Al .= AA ... A. For each of the following, decide whether or not the product
is defined. If so, compute it; if not, say why not. (i) A? (ii) B2 (iii) C? (iv) D?

2. Recall F; ; denotes a matrix with a 1 in row ¢, col j and 0’s elsewhere.
(a) Working in M3(F) = M3 3(F), let
X1 Xip X3
X =|Xo1 Xoo Xs3

)

X31 X322 X33
Compute (1) ELQX, (11) XELQ, (111) E373X, (IV) XE373.

(b) Working more generally over M, (F) = My ,(F), let X € M, (F) and let 1 <4,j,k, £ < n.
Describe/conjecture the following| (i) Ei; X, (i) XE;;, (iii) EijXEge, (iv) EijEke.

3. The identity matrix I, is the n x n matrix with 1 and (¢,7)-entry for i = 1,...,n, and 0’s elsewhere.
For example,

Lo 100
L=(1), 12:<0 1>, and I3=|0 1 0
001

(a) If f: F® — F3 is the function associated to I3, compute f((z,y,2)7).

(b) Let V be a finite-dimensional vector space over F' with dim(V') = n. Let B = (by,...,by,) be an
ordered basis of V. Compute Repg(id)7 the matrix representation of the identity map id: V — V,
and verify that it’s equal to I,,. [See warmup #3.]

(c) Use the fact that I, is the encoding of the identity map in any ordered basis to explain why X1, = X
and [;; X = X for any X € My, ((F).

(d) Verify |3c|specifically for the following example, where B and D are from Problem
Compute (i) IB, (ii) BI, (iii) 2D, (iv) DIs.

(e) Note that I3 = E1 1 + Ea2 + E33. Reconcile your answers to with the fact that I3 X = X and
X1I3 =X for all X € M3(F).

(f) CAUTION!! The identity function is only represented by the identity matrix when the domain
and codomain bases are the same Consider the following ordered bases of R3:

1 0\ /0 0\ /0 1 1 1 1
5—<0,1,0>,A—<1,0,0>,and3—<0,1,1>.
0/ \o 1 0 1 0 0/ \o 1

Compute the following. (i) RepA(id), (ii) Rep%(id), (iii) RepZ2(id), (iv) Repg(id).

(UYour answers may depend on whether some of i, j, k, ¢ are equal or not. “Describe” might be something like “the n x n
matrix whose ith column is....”

[2]1 promise that there will be good reasons to study the identity map expressed in mixed bases.



Solutions to warmup 1 & 2

1. f: <§) — <O‘1m+31y) is associated to the matrix A = (al ﬁl); and

oo + ﬁzy

Y Y2x + 02y

Y2 02

So

(37) o (oam+ By o (vionx+ Biy) + 01 (00x + o)
Y a2z + oy Yooz + B1y) + d2(cew + Fay)

< Y101 + (51042 SIZ' + (’71 31 + (51 32)
72CY1 + o) + (721 + 022)y

N———

71751 (a1, 00))x + ((1,01) - (B1, F2)
(%1

)y>
((v2,02) - (a1, )@ + ((72,02) - (51, 52))y
<(r0 1(B) - coly (A)T)x + (row:(B) - colg(A)T)y>
(rows(B) - col (A)T)x + (rows(B) - coly(A) 1)y

So g o [ is associated to the matrix

0 A= row;(B) - col; (A)T  row;(B) - coly(A)T
Bo A <r0W2(B) -col; (AT rowy(B) - C012(A)T>

oz [

g: (33) s <’Y1x + (51y) is associated to the matrix B = (’h 51).

. arx + Sy a1
f: ( ) — | aox + oy | is assoc. to the matrix A= |ax [ |;
Yy

asz + [y az B3

N

asx + [3y

and

X
YT+ 01y + wiz . . v 61 wi
: —> is assoc. to the matrix B = )
g (y) (’YZ$ + 02y + wgz) (72 d2  wo

z\ f gli i gly 9, (r(enz + Fiy) + d1(eza + foy) +wiasz + Fsy)
e 2y Y201z + Bry) + G202 + Poy) + we(asz + fsy)

("}/2041 + docvs + CUQOég)LC + (72/)’1 + 022 + WQfD)g)

_ (((’71,51,6&1) : (Oé1,0[2,a3))$ + ((71,51,(,01) [)’1, Bg,
(2,02, w2) - (o1, 2, )z + ((72, 62, w2) - (B, P2,

_ ((row1(B) - coly (A)z + (row;(B) - cola (A
(rows(B) - coli (A)" )z + (rows(B) - cola (A
So g o f is associated to the matrix

0 A= row;(B) - col;(A)T row;(B) - coly(A)T
vl <r°W2<B)-coh<A>T roW2<B>-co12<A>T>'

<(")/1Oé1 + 01000 + CU1O(3)IE + (’Ylﬂl + 0102 + w16’5)y>
Yy

)
Yy

)
5)

T
)

T .
)y



And

N g YT+ 01y + wiz
y |
), Yo + 0oy + woz
7 a1(71x+51y+w1z) +ﬁ1(’72$‘+52y+WQZ)
|

az(mx + 01y + w12) + Ba(72x + doy + w2 z)
az(Mz + 01y + wi2) + Ba(V2x + doy + woz)

(Oél")/l + 61’}/2):13 + (Oé151 + Bléz)y + (alfm + BloJQ)Z

(21 + B2y2)x + (201 + B202)y + (qewi + Paws)z

(043’71 + 5372)30 + (Ot351 + ,3352)3/ + (Oé3w1 + 53602)2

((a1,8 71 v2))2 + (1, B1) - (01, 52)) ((ar, B1) - (wi,w2))2

= | (e, ﬁz '71 Y2))@ + ((ov2, B2) - (61,602))y + ((az, B2) - (w1, w2))z

((Oé3 53 ’Y1 72))33 + ((043,63) . (51 ) ((063 53 (wl,w2))z

(row;(A) - coly (B)")z + (row;(A) - coly(B)")
(rowz(A) - coly (B)")z + (rows(A) - cola(B)" )y + (rowsz(A) - cols(B)")z
(rows(A) - coly (B)")z + (rows(A) - cola(B)" )y + (rows(A) - cols(B)")z

y + (row(A) - colg(B)T)z)

So f o g is associated to the matrix

(row1(A) - coli(B)") (rowi(A)- colg(B):lj) (row:(A) - colz(B)")
AoB (rows(A) - coli (B)") (rowa(A)- colg(B)rl‘) (rowz(A) - colz(B)") |-
(rows(A) - coly; (B)") (rows(A)-cols(B)") (rows(A)-cols(B)")



