Recall: the definite integral f; f(x) dx is the "signed” area under
the curve y = f(x) (If the curve is above the x-axis, you get a positive

number; and if the curve is below the z-axis, you get a negative number.)
Let f(z) = —22 + 52 — 6.
1. Calculate the area between the x-axis and the curve y = f(x)
between x =1 and = = 2.

2. Calculate the area of the region enclosed between the curve
y = —x? + bx — 6 and the x-axis.

3. Calculate the area contained between the curve
y = 2> — 5x + 6 and the z-axis.

Tip: Before you start, sketch y = — (22 — 52 + 6). Also, all of your
answers should be positive-we want area not “signed” area.)

Compute the following.

4. /xsin(x2) dx 5. /x\/?)—x dx

6. /tan(m) dr  [Hint: rewrite tan(z) = 22 ]

cos(z)



Quick note: Putting FTC and substitution together
\/T/2
Q. Calculate zsin(z?) d.

0
A. Separate your solution into two steps.

Step 1: Find the antiderivative F'(z) of f(x) = x sin(z?).

Let w = 22. So du = 2z dx, and % du = x dz.
Therefore

/xsin(xQ) dx = /Sin(u) *% du
1 1,
=3 cos(u) + C = D) cos(z”) + C

Step 2: Use your answer to compute

/\/m

0

rsin(z?) do = F(\/7/2) — F(0).

/OW/%:siIl(x?) dr = —% cos(( 7r/2)2) _ <_% COS(OQ)) —1/2

You try:

Compute the following.

(a) /7 (32 +1)° dx

1

(b) /1_2xm dx

w/3
(c) /77/4 tan(z) dr  [Hint: rewrite tan(z) = :2;((2)) ]

Answers: (a) = (22° — (—2)°); (b) *?2(3(2)3/2 —4); (c) £ 1n(2).



Areas Between Curves

We know that if f is a continuous nonnegative function on the

interval [a, b], then ff f(x)dx is the area under the graph of f and
above the interval.

Now suppose we are given two continuous functions, f(x) and
g(z) so that g(z) < f(x) for all x in the interval [a, b].

How do we find the area bounded by the two functions over that
interval?

f = top function

g = bottom function

N N




a b

f = top function

g = bottom function

N
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Area between f and g / f(gj)dgj—/ g(x)dx = ()—g(z)dz
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/ab f(x)dx—/abg(x)dx = /abf(x)—g(x)dx



Looking back at Riemann sums:

Upper curve

y =f(x)

Lower curve
y =g

y
y =)
a=xg | Xpt-1 |
e - =
i
- o y=2gW




Example

Find the area of the region between the graphs of y = x? and
y::I:3 for0 <z <1.

So

3

Top: 22 Bottom: x

Intersections: where does 22 = 237

1
1 1 41
Area = / 22 —addey = —a— =2t
0 3
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Example

Find the area of the region bounded by the two curves y = 23 — 9z
and y =9 — 22

1. Check for intersection points (Solve 23 — 9z = 9 — x2).

2. Area = Area A + Area B

~1 —1
Area A = / (23 —92)—(9—2?)dx / 3422 —92—9 dx
-3 -3

3 3
Area B = / (9—2?)—(23—9z)dx = —/ 3422 —92—9 dx
—1 —1



Functions of y

We could just as well consider two functions of y, say,

T = greft(y) and & = frignt(y) defined on the interval [c, d].

y y
[ d|
- x =f()
x = f(y) dF = o(y)
iA( )
Ay
N2 _ v A
x = g(y) < N
:TA(y) TA(y) 0 *
x=gy| € B ol x = f(y)
X > X
0
d
Area = [ £(5) - 9(u) dy
C
Area Between the Two Curves
Find the area under the graph of y = Inz and above the interval
[1, €] on the x-axis.
Ay :
1° | o x=e
T2 E x=e
1! y=In(x) :
o L 1y 0o 1 ,
/ R ' y
Uh oh...we don't know [ In(x) dz.
1
Area:/ e—eydy:(e*y—ey)\;zoz(e—e)—(O—l)zl.
y=0



You try

1. Compute the following shaded areas.
y

(-3.5 ,
y y=x—4 I
y=Xx

1 y=1 L 5y

B -3 O\ 1
%2 y=—x2—2x Vat+Vy=1

y: —_—
4
! L oy (=3,-3) d,=3)
0 1 2 —4 0 1

2. Draw the corresponding pictures and compute the areas of the
described regions.

(a) The region bounded by y = 22 — 2z and y = 4 — 2.

(b) The region(s) between sinx and cos z over [—3m/4, 57 /4].
(c) The region under the curve y = arcsin(x) over [0, 1].



