Warmup

Fill in the blank'

1. S|nce — cos(

+1) =
/ dx = cos(x? + 1) + C.

d
2. Since %In|cos(x)\ =

so / dx =In|cos(z)| + C.

(Example: fLade = 322, so [3a%dz =2+ C.)
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Undoing chain rule

In general:

Example: Calculate the (extremely suggestively written) integral

/cos(ac3 + 52 —10) * (322 4+ 5% 1 4 0)dx = sin(z® + 52 — 10) + C

Check: L sin(23 + 5z — 10) = cos(2?® + 5z — 10) * (32% + 5)v’
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Less obvious chain rules.

Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx:

Examples:

/smdx :/Sm(;)H ¥ cos(z) do

1
/:E\/l'2+1d$:/2\/$2+1*2$ dx

/COS%E) dz = /cos(ﬁ) * 2\1/5 dx
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Method of Substitution

Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
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be paired with dzx.

Example: /COb(JL)dx

sin(z) + 1
Let u = g(z). Let v = sin(z) + 1
Calculate du. Z—Z = cos(z) so du = cos(x)dx

1
—du
U

Clear out all of the z's,
replacing them with u's.
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Method of Substitution

Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx.

Example: /COb(JL)dx

sin(z) + 1

Let u = g(z). Let u = sin(x) + 1
Calculate du. Z—Z = cos(z) so du = cos(x)dx
Clear out all of the z's, 1

. . } —du
replacing them with u's. U
Calculate the new integral. [idu=nlul+C
Substitute back into z's. In|u|+C =In|sin(z) + 1|+ C

Check L 1In|sin(z) + 1| + C = m * cos(x)v’
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Method of Substitution

Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx.

Example: /;1;\/ 2 +1dx

Let u = g(x). Let u=2%+1
Calculate ¢ * du. % = 27 so %du =z dx
Clear out all of the z's, 1

) ) Vux sdu
replacing them with u's.

ful/Qdu = % (%11,3/2) +C

D=

Calculate the new integral.

Substitute back into z's. =i+ 132+ C
Check £1(2?+1)%24+C =13(22+1)V/2x22v
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Calculate ¢ * du. Z—; = ﬁ so 2du = ﬁ dx
Clear f)ut all of the T s ot % 9w

replacing them with u's.

Calculate the new integral. 2 [e'du =2¢e"+C

Substitute back into z's. =2eV% 4+ O



Method of Substitution

Look for a buried function ¢g(z) and it's derivative ¢'(x) which can
be paired with dzx.

eVe
Example: / \/de

Let u = g(x). Let u = /x

Calculate ¢ * du. % = ﬁ so 2du = ﬁ dz
Corsa Ay [

Calculate the new integral. 2 [e'du =2¢e"+C
Substitute back into x's. =2eVT 4 C

Check %26‘/5 4+ O = 2eV7 % %%\/
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Calculate the new integral.
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Method of Substitution

Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
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2
Example: /SZEd:c

2+ 1
Let u = g(z). Let u =22+ 1
Calculate ¢ * du. d—“ =2r so du=2xdx
Clear .out all of the T s L= w3y
replacing them with u's. f
Calculate the new integral.  [u™1/3du = 3u%/3 4+ C
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Method of Substitution

Look for a buried function ¢g(z) and it's derivative ¢'(z) which can

be paired with dzx.

2
Example: /R)xd:c
2 +1
Let u = g(x). Let u=2%+1
Calculate ¢ * du. d“ =2r so du=2zdx

Clear out all of the z's,
replacing them with u's.

Calculate the new integral.

Substitute back into z's.

/fdu—/ 134y

JuV3du = 3u*3 4 C

=3 +1)*P+C

Check 3 (2* +1)%% + C = §3(2* + 1) /P2y




Same integral, different substitution!
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Calculate ¢ * du.
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Same integral, different substitution!
Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx.

2
Example: / Sixdm
Va? 41
Let u = g(z). Let u= va2+1

Calculate ¢ * du. du — 132 +1)72/%2z

Uh oh? Let's try to force it!! Cross-multiply:
du

2xdr = 4%(1,2 +1)-2/3



Same integral, different substitution!
Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx.

Example / 2
xample: ———dx
P Va2 +1

Let u = g(z). Let u= va2+1

Calculate ¢ * du. Z—Z =1(a® + 1)-2/32z
Uh oh? Let's try to force it!! Cross-multiply:

d
ordy = ——0 = 3(a2 +1)*3du

%(lz + 1)72/3



Same integral, different substitution!
Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx.

Example / 2
xample: ———dx
P Va2 +1

Let u = g(z). Let u= va2+1

Calculate ¢ * du. Z—Z =1(a® + 1)-2/32z
Uh oh? Let's try to force it!! Cross-multiply:

d
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%(lz + 1)72/3
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Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx.

Example / 24
xample: ——dzx

P Va2 +1
Let u = g(z). Let u= va2+1
Calculate ¢ * du. zll” = (22 +1)" 239

Uh oh? Let's try to force it!! Cross-multiply:

du 2 2/3 2

Yay!! So
2x 3u?



Same integral, different substitution!
Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx.

Example: / Qixdm
renaT
Let u = g(z). Let u= va2+1
Calculate ¢ * du. Z—Z =1(a® + 1)-2/32z
Uh oh? Let's try to force it!! Cross-multiply:
2xdr = e 3(z? 4+ 1)*3du = 3u’du.

%(lz + 1)72/3
Yay!! So

2 3u? 3,



Same integral, different substitution!

Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx.

Example / 24
xample: ——dzx

P Va2 +1
Let u = g(z). Let u= va2+1
Calculate ¢ * du. zll” = (22 +1)" 239

Uh oh? Let's try to force it!! Cross-multiply:

du 2 2/3 2

Yay!! So
3u? 3 5
/de /udU—3/udu—2u +C



Same integral, different substitution!

Look for a buried function ¢g(z) and it's derivative ¢'(z) which can
be paired with dzx.

Example / 24
xample: ——dzx

P Va2 +1
Let u = g(z). Let u= va2+1
Calculate ¢ * du. zll” = (22 +1)" 239

Uh oh? Let's try to force it!! Cross-multiply:

du 2 2/3 2

Yay!! So
3u? 3 5
/de /udU—3/udu—2u +C

just like before!



You try: Compute the following using substitution. Check your
answer each time by taking a derivative.

5 z?
1. /(3x+7) dz 9,/ dz
1+ 26
2. Vox —9 dx
/ 10. /(1—3:)\/1+xd:v
1
3. —d
/\/4:L‘+3 .
1 ; 11. sin 3z dx
4, —_—
/\/3—4:U .
5/ r+1 o 12. /csc (22 +5)
' 24+ 22 —3
4z — 5
6. Y dr 13. [ sinxzcosx dx
222 —5x +1
2x+ 3
m 14. /sm zcosx dx
8.

/\/1—333—\/5 3z 15. /Cosf



