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The Area Problem



Upper and Lower Sums

Suppose we want to use rectangles to approximate the area under

the graph of y = x + 1 on the interval [0, 1].

Upper Riemann Sum Lower Riemann Sum

31/20 > 1.5 > 29/20

As you take more and more smaller and smaller rectangles, if f is

nice, both of these will approach the real area.



In general: finding the Area Under a Curve

1. Let y = f (x) be given and defined on an interval [a, b]. Subdivide
the interval [a, b] into n pieces. Label the endpoints:

a = x0  x1  x2  · · ·  xn = b.

Define P = {x0, x1, x2, . . . .xn}.

2. Let �xi = xi � xi�1 be the width of the i

th
interval, 1  i  n.

3. Form the Upper Riemann Sum U(f ,P): let Mi be the maximum

value of the function on that i

th
interval, so

U(f ,P) = M1�x1 +M2�x2 + · · ·+Mn�xn.

4. Form the Lower Riemann Sum L(f ,P): let mi be the minimum

value of the function on that i

th
interval, so

L(f ,P) = m1�x1 +m2�x2 + · · ·+mn�xn.

5. Take the limit as n ! 1 and the maximum �xi ! 0.
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Sigma Notation

If m and n are integers with m  n, and if f is a function defined

on the integers from m to n, then the symbol

nX

i=m

f (i), called

sigma notation, is means

nX

i=m

f (i) = f (m) + f (m + 1) + f (m + 2) + · · ·+ f (n)

Examples:

nX

i=1

i = 1 + 2 + 3 + · · ·+ n

nX

i=1

i

2
= 1

2
+ 2

2
+ 3

2
+ · · ·+ n

2

nX

i=1

sin(i) = sin(1) + sin(2) + sin(3) + · · ·+ sin(n)

The Area Problem Revisited

U(f ,P) =

nX

i=1

Mi�xi

L(f ,P) =

nX

i=1

mi�xi ,

where Mi and mi are, respectively, the maximum and minimum

values of f on the ith subinterval [xi�1, xi ], 1  i  n.
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n = 5



Riemann Sums

Given a partition P of [a, b], P = {a = x0, x1, x3, . . . , xn = b}, and
�xi = xi � xi�1 the width of the ith subinterval, 1  i  n;

Let f be defined on [a, b].

Then the Right Riemann Sum is

nX

i=1

f (xi )�xi ,

and the Left Riemann Sum is

n�1X

i=0

f (xi )�xi .
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The Definite Integral

Let P be a partition of the interval [a, b], P = {x0, x1, x2, ..., xn}
with a = x0  x1  x2 . . . xn = b.

Let �xi = xi � xi+1 be the width of the ith subinterval, 1  i  n.

Let f be a function defined on [a, b].

We say that f is Riemann integrable on [a, b] if there exists a

number A such that L(f ,P)  A  U(f ,P) for all partitions of
[a, b]. We write the number as

A =

Z b

a
f (x)dx

and call it the definite integral of f over [a, b].



Theorem

If f is continuous on [a, b], then f is Riemann integrable on [a, b].

Theorem

If f is Riemann integrable on [a, b], then

Z b

a
f (x)dx = lim

n!1
||P||!0

nX

i=1

f (ci )�xi

where ci is any point in the interval [xi�1, xi ] and ||P || is the
maximum length of the �xi .

Example

Use an Upper Riemann Sum and a Lower Riemann Sum, first with

8, then with 100 subintervals of equal length to approximate the

area under the graph of y = f (x) = x

2
on the interval [0, 1].



Properties of the Definite Integral

1.

Z a

a
f (x)dx = 0.

2. If f is integrable and

(a) f (x) � 0 on [a, b], then
R b
a f (x)dx equals the area of the region

under the graph of f and above the interval [a, b];

(b) f (x)  0 on [a, b], then
R b
a f (x)dx equals the negative of the

area of the region between the interval [a, b] and the graph of f .

3.

Z a

b
f (x)dx = �

Z b

a
f (x)dx .

4. If a < b < c ,

Z b

a
f (x)dx +

Z c

b
f (x)dx =

Z c

a
f (x)dx
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5. If f is an even function, then

Z a

�a
f (x)dx = 2

Z a

0
f (x)dx .
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6. If f is an odd function, then

Z a

�a
f (x)dx = 0.
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Example

If f (x) =

8
><

>:

x , x < 0,p
1� (x � 1)

2, 0 � x  2,

x � 2, x � 2,

what is

Z 3

�1
f (x)dx?
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Mean Value Theorem for Definite Integrals

Theorem

Let f be continuous on the interval [a, b]. Then there exists c in

[a, b] such that Z b

a
f (x)dx = (b � a)f (c).

Definition

The average value of a continuous function on the interval [a, b] is

1

b � a

Z b

a
f (x)dx .


