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The derivative of sine

d

dx
sin x =

lim
h→0

sin(x + h)− sin(x)

h

= lim
h→0

sin(x) cos(h) + cos(x) sin(h)− sin(x)

h

= lim
h→0

sin(x)(cos(h)− 1) + cos(x) sin(h)

h

= sin(x) lim
h→0

cos(h)− 1

h
+ cos(x) lim

h→0

sin(h)

h

Recall: cos(0) = 1 and sin(0) = 0
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Near x = 0, sin(x) ≈ x : Graph of
sin(x)
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Near x = 0, cos(x) ≈ 1: Graph of
cos(x)−1

x :

-0.025 0.025

0.975

1

1.025

-8 -6 -4 -2 2 4 6 8

-0.5

0.5

lim
x→0

cos(x)− 1

x
= 0



The derivative of sine

d

dx
sin x = lim

h→0

sin(x + h)− sin(x)

h

= lim
h→0

sin(x) cos(h) + cos(x) sin(h)− sin(x)

h

= lim
h→0

sin(x)(cos(h)− 1) + cos(x) sin(h)

h

= sin(x) lim
h→0

cos(h)− 1

h
+ cos(x) lim

h→0

sin(h)

h

= sin(x) ∗ 0 + cos(x) ∗ 1

= cos(x)



The derivative of sine

d

dx
sin x = lim

h→0

sin(x + h)− sin(x)

h

= lim
h→0

sin(x) cos(h) + cos(x) sin(h)− sin(x)

h

= lim
h→0

sin(x)(cos(h)− 1) + cos(x) sin(h)

h

= sin(x) lim
h→0

cos(h)− 1

h
+ cos(x) lim

h→0

sin(h)

h

= sin(x) ∗ 0 + cos(x) ∗ 1

= cos(x)



The derivative of sine

d

dx
sin x = lim

h→0

sin(x + h)− sin(x)

h

= lim
h→0

sin(x) cos(h) + cos(x) sin(h)− sin(x)

h

= lim
h→0

sin(x)(cos(h)− 1) + cos(x) sin(h)

h

= sin(x) lim
h→0

cos(h)− 1

h
+ cos(x) lim

h→0

sin(h)

h

= sin(x) ∗ 0 + cos(x) ∗ 1

= cos(x)



The derivative of cosine

d

dx
cos x =

lim
h→0

cos(x + h)− cos(x)

h

= lim
h→0

cos(x) cos(h)− sin(x) sin(h)− cos(x)

h

= lim
h→0

cos(x)(cos(h)− 1)− sin(x) sin(h)

h

= cos(x) lim
h→0

cos(h)− 1

h
− sin(x) lim

h→0

sin(h)

h

= cos(x) ∗ 0− sin(x) ∗ 1

= − sin(x)



The derivative of cosine

d

dx
cos x = lim

h→0

cos(x + h)− cos(x)

h

= lim
h→0

cos(x) cos(h)− sin(x) sin(h)− cos(x)

h

= lim
h→0

cos(x)(cos(h)− 1)− sin(x) sin(h)

h

= cos(x) lim
h→0

cos(h)− 1

h
− sin(x) lim

h→0

sin(h)

h

= cos(x) ∗ 0− sin(x) ∗ 1

= − sin(x)



The derivative of cosine

d

dx
cos x = lim

h→0

cos(x + h)− cos(x)

h

= lim
h→0

cos(x) cos(h)− sin(x) sin(h)− cos(x)

h

= lim
h→0

cos(x)(cos(h)− 1)− sin(x) sin(h)

h

= cos(x) lim
h→0

cos(h)− 1

h
− sin(x) lim

h→0

sin(h)

h

= cos(x) ∗ 0− sin(x) ∗ 1

= − sin(x)



The derivative of cosine

d

dx
cos x = lim

h→0

cos(x + h)− cos(x)

h

= lim
h→0

cos(x) cos(h)− sin(x) sin(h)− cos(x)

h

= lim
h→0

cos(x)(cos(h)− 1)− sin(x) sin(h)

h

= cos(x) lim
h→0

cos(h)− 1

h
− sin(x) lim

h→0

sin(h)

h

= cos(x) ∗ 0− sin(x) ∗ 1

= − sin(x)



The derivative of cosine

d

dx
cos x = lim

h→0

cos(x + h)− cos(x)

h

= lim
h→0

cos(x) cos(h)− sin(x) sin(h)− cos(x)

h

= lim
h→0

cos(x)(cos(h)− 1)− sin(x) sin(h)

h

= cos(x) lim
h→0

cos(h)− 1

h
− sin(x) lim

h→0

sin(h)

h

= cos(x) ∗ 0− sin(x) ∗ 1

= − sin(x)



The derivative of cosine

d

dx
cos x = lim

h→0

cos(x + h)− cos(x)

h

= lim
h→0

cos(x) cos(h)− sin(x) sin(h)− cos(x)

h

= lim
h→0

cos(x)(cos(h)− 1)− sin(x) sin(h)

h

= cos(x) lim
h→0

cos(h)− 1

h
− sin(x) lim

h→0

sin(h)

h

= cos(x) ∗ 0− sin(x) ∗ 1

= − sin(x)



The derivative of cosine

d

dx
cos x = lim

h→0

cos(x + h)− cos(x)

h

= lim
h→0

cos(x) cos(h)− sin(x) sin(h)− cos(x)

h

= lim
h→0

cos(x)(cos(h)− 1)− sin(x) sin(h)

h

= cos(x) lim
h→0

cos(h)− 1

h
− sin(x) lim

h→0

sin(h)

h

= cos(x) ∗ 0− sin(x) ∗ 1

= − sin(x)



Does it make sense?

y = sin(x) :

y = cos(x) :

y = − sin(x) :



Examples
On your own, calculate:

1.
d
dx sin(2x)

= 2 ∗ sin(2x)

2.
d
dx sin

�
x2 + 1

x

�

=
d
dx sin

�
x2 + x−1

�
= (2x − x−2) cos(x2 + x−1)

3.
d
dx cos(3x +

√
x)

=
d
dx cos(3x + x1/2) = (3 +

1
2x

− 1
2 )
�
− sin(3x + x1/2)

�

4.
d
dx sin(x) cos(x)

= sin(x)(− sin(x)) + cos(x) cos(x)

= cos2(x)− sin
2
(x) = cos(2x)

5.
d
dx sin(cos(x

2 + 2))

= cos(cos(x2 + 2)) ∗ d
dx

�
cos(x2 + 2)

�

= cos(cos(x2 + 2)) ∗ (− sin(x2 + 2)) ∗ d

dx

�
x2 + 2

�

= cos(cos(x2 + 2)) ∗ (− sin(x2 + 2)) ∗ (2x)
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�
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On your own, fill in the rest of the trig functions:

1.
d
dx tan(x)

=
d
dx

sin(x)
cos(x) = sec2(x)

2.
d
dx cot(x)

=
d
dx

cos(x)
sin(x) = − csc2(x)

3.
d
dx sec(x)

=
d
dx (cos(x))

−1 = sec(x) tan(x)

4.
d
dx csc(x)

=
d
dx (sin(x))

−1 = − csc(x) cot(x)
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Example

Compute the derivative of

y =

�
x + tan

3
�
csc

2
(17x)

� �4
.




