Derivatives of the Trigonometric Functions
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—Y‘:—\% T dentities

Reso \+i ng identtien :

Cos (-©)= cos®
Sn(-0) ="%inB
Cos¥(B) + &8in2 O = o

O¥vuc ‘
Lsefol  dantties:

Cf)s (er®d = Cos(oe) Cos(@) ~ sinletdsin(p)
St(ecx BY = Bn(acdcos () + SR osler)




The derivative of sine

—sinx =

dx



The derivative of sine

4~ m sin(x + h) — sin(x)
dx h—0 h



The derivative of sine

d sinx — lim sin(x + h) — sin(x)
dx h—0 h
— lim sin(x) cos(h) 4+ cos(x)sin(h) — sin(x)
h




The derivative of sine

sin(x + h) — sin(x)

s = fim 20
— sin(x) cos(h) 4+ cos(x)sin(h) — sin(x)
~ h—0 h

sin(x)(cos(h) — 1) 4+ cos(x) sin(h)
h—0 h




The derivative of sine

sin(x + h) — sin(x)

s
— lim sin(x) cos(h) 4+ cos(x)sin(h) — sin(x)
~ h—0 h

sin(x)(cos(h) — 1) 4+ cos(x) sin(h)

1 . sin(h)
h—0 h + cos(x) ier;'O h



The derivative of sine

sin(x + h) — sin(x)

—sinx = |lim
h

dx —0 h
— lim sin(x) cos(h) + cos(x) sin(h) — sin(x)
h—0 h

_im sin(x)(cos(h) — 1) + cos(x)sin(h)
h—0 h

cos(h) —
h

sin(h)

+ cos(x) Im
h—0 h

= sin(x) ’I7iLnO

Recall: cos(0) =1 and sin(0) =0



Near x =0, sin(x) =~ x:

Graph of

sin(x) .
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Near x = 0, cos(x) ~
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The derivative of sine

sin(x + h) — sin(x)

—sinx = |lim
h—0

dx h
~ im sin(x) cos(h) + cos(x) sin(h) — sin(x)
h—0 h




The derivative of sine

sin(x + h) — sin(x)

—sinx = |lim
h—0

dx h
~ im sin(x) cos(h) + cos(x) sin(h) — sin(x)
h—0 h

sin(x)(cos(h) — 1) + cos(x) sin(h)
h—0 h

. . cos(h)—1 . sin(h)
= e fm P ot

= sin(x) * 0 4 cos(x) * 1



The derivative of sine

... sin(x+ h) —sin(x)
s = i T

~ im sin(x) cos(h) + cos(x) sin(h) — sin(x)
h—0 h

sin(x)(cos(h) — 1) + cos(x) sin(h)
h—0 h

. . cos(h)—1 . sin(h)
= it fim, = st m 7

= sin(x) * 0 4 cos(x) 1



The derivative of cosine

— COS X =

dx



The derivative of cosine

cos(x + h) — cos(x)

d )
—cosx = lim
dx h—0



The derivative of cosine

cos(x + h) — cos(x)

d )
—cosx = lim
dx h—0

~ lim cos(x) cos(h) — sin(x)sin(h) — cos(x)

h—0 h



The derivative of cosine

cos(x + h) — cos(x)

d )
—cosx = lim
dx h—0

~ lim cos(x) cos(h) — sin(x)sin(h) — cos(x)

h—0 h

— lim cos(x)(cos(h) — 1) — sin(x)sin(h)
h—0 h




The derivative of cosine

cos(x + h) — cos(x)

d )
—cosx = lim
dx h—0

~ lim cos(x) cos(h) — sin(x)sin(h) — cos(x)

h—0 h

— Iim cos(x)(cos(h) — 1) — sin(x)sin(h)
h—0 h

B . cos(h)—1 _ . sin(h)
= coso) o, " — s i,




The derivative of cosine

cos(x + h) — cos(x)

d )
—cosx = lim
dx h—0

cos(x) cos(h) — sin(x)sin(h) — cos(x)

h—0 h
i cos(x)(cos(h) — 1) — sin(x)sin(h)
= 0 h
B cos(h) —1 _ . sin(h)
= cos(x) /|1I—>o h — sin(x) /ll—>0 h

= cos(x) * 0 — sin(x) x 1



The derivative of cosine

cos(x + h) — cos(x)

d )
—cosx = lim
dx h—0

cos(x) cos(h) — sin(x)sin(h) — cos(x)

h—0 h
i cos(x)(cos(h) — 1) — sin(x)sin(h)
= 0 h
B cos(h)—1 | . sin(h)
= et 1= s o 21



Does it make sense?

y =sin(x) :

y = cos(x) :

y = —sin(x) :




Examples

On your own, calculate:
1. Z sin(2x)
d o 2 1
2. asln (X + ;)

3. & cos(3x + v/X)

4. 4 sin(x) cos(x)

5. & sin(cos(x? + 2))



Examples
On your own, calculate:

1.
2.

% sin(2x) = 2 *sin(2x)

sin (x2+ 1)
= Lsin (x®+x71) = | (2x — x72) cos(x? + x71)
<4 cos(3x + /x)

— 94 cos(3x + x1/2) = | (34 1x72) (= sin(3x + x1/2))

E sin(x) cos(x) = sin(x)(—sin(x)) + cos(x) cos(x)
= | cos?(x) — sin(x) | = cos(2x)

< sin(cos(x? +2)) = cos(cos(x? + 2)) * & (cos(x? + 2))

= cos(cos(x? + 2)) * (—sin(x? 4 2)) * % (x* +2)

= | cos(cos(x? + 2)) * (—sin(x% + 2)) * (2x)




On your own, fill in the rest of the trig functions:
d
1. 4 tan(x)
2. & cot(x)

3. & sec(x)

4. d% csc(x)



On your own, fill in the rest of the trig functions:

N>

d __ d sin(x
1. atan(x) = acos(x

N

d _d cos(x
2. Jocot(x) = - Sn(x

—

=

3. Lsec(x) = Z(cos(x)) !

4. d%csc(x) = d%(sin(x))_1
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On your own, fill in the rest of the trig functions:

1. d%tan(x) = d%z!;(&)) = | sec?(x)
2. Lcot(x) = d%?:((:)) = | —csc?(x)

3. dilxsec(x) = 2 (cos(x))~! =|sec(x) tan(x)

4. d% csc(x) = %(sin(x))_1 = ’— csc(x) cot(x)‘




Example

Compute the derivative of

y = (x + tan® (csc?(17x)) )4.
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