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20. If f(z) = g¢'(z) for all © and f(5) = g(5), then 26. Suppose that F'(z) = f(=z) for all . Prove that f(z) =

f(z) = g(z) for alt =, Ce® for some constant O [Hint: Consider f{z)/e”.]
21. If f is differentiable and f(0) < f(1), then there s & 97, Suppose that f is continuous on [a, b] and differentiable
number ¢, with 0 < ¢ < 1, such that f'{c) > 0. on {a,b) and that m < f'(z) < M on (a,b). Use
22. The position of a particle on the x-axis is given by s = the Racetrack Principle to prove that f{z) — f(a) <
F{(£); its initial position and velocity are f(0) = 3 and M{z — a) for all © in [g,b], and that m{z — a) <
i #'(0) = 4. The acceleration is bounded by 5 < f"(t) < f(z) — f(e) for all # in [a,b]. Conclude that m <
oy 7 for 0 < ¢ < 2. What can we say about the position (F(&) — F(@))/{b — a) < M. This is called the Mean
: F(2) of the particle at ¢ == 27 Value Inequality, In words: I the instantaneous rate of
' 23. Suppose that g and h are continuous on [, b} and dif- change of f is between m and A on an interval, so is the

| ferentiable on {a, b). Prove that if g (z) < A'{z) for average rate of change of f over the interval.

a < z < band g{b) = h(b), then h(z) < g(a) for 48 uonoce that /() = 0forall zin (a,b). We will show

aS3 b the graph of f lies above the tangent line at (g, f{¢)) for
24, Deduce the Constant Function Theorem from the In- any e with e < ¢ < b

creasing Function Theorem and the Decreasing Function

Theorem. (See Problem 17.) {a) Use the Increasing Function Theorem to prove that

fi(ey < fi{z) forc < = < band that f'(z) <
fleyfore <z <e

(b) Use (a) and the Racetrack Principle to conclude that
Fley+ Filci(z —¢) < flw), fora <z < b.

25, Prove that if f'(z) = ¢'(2) for all © in (a,b), then
there is a constant € such that f(z) = g{z) + Con
(a,b). [Hint: Apply the Constant Function Theorem to

h{z) = f(z) — 9(=)]
CHAPTER SUMMARY (see also Ready Reference at the e end of the book) | o
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+ Derivatives of efementary functions Differentiation of implicitly defined functions, inverse
Power, polynomial, rational, exponestial, logarithmic, functions.
[ tdgonometric, inverse (rigonometric, and hyperbolic ¢ Tangent line approximation, local linearity
S functions,

Sk + Hyperbolic functions

Derivatives o s, differences, and constant multi-
¢ vatt £ sums, differences, ¢ Theorems ahout differentiable functions

v les . . .
Ll P . Mean vatue theorem, increasing function theorem, con-
ey ¢ Product and quotient rules stant function theorem, Racetrack Principle.

¢ Chain rule
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Exercises

Find derivatives for the functions in Exercises 1-74. Assume 15, f(t) = cos®(3t + 5) 16. M{a) = tan>(2 -+ 3a)
a, b, ¢, and k are constants.

17, 5(8) = sin®(36 — m) 18. A{t)=1n (e_t - t)

i 1. w= (t2 + 1)100 2, y= eSw{‘2
3111(5 &) ¢
3 () = 20t — b oy = WO =—F— W=y
. = e’ - — . = .
Vi R FRV
1 1
4—1t 2 2L f(O) = — = 22. glw) =
= = — 1+e? 2w+ e
5. h{t) = i 6. fiz) 5 (3lnz-1)
2
2 s tyr+l _ [sin(2z)
1. flz) = v tdet2 8. g(0) = e 3. 9(z) = 23/ 2. hz) = cos(22)
z+1
25. 9{d) = 26. w=2"*sin{mz)

9. h{0) =8(6*—67%)  10. £(8) = In{cosd)
11 f(y) = (In(2y*)) 12, glz) =" +&°

13 y=e " +a¢ 14, z =sin#

462 — gin®(26)

27. s(z) = arctan(2 — z) 28. r(9) = ele”+e™®




29, m(n} = sin{e®) 30, k{er) = efenine)
31. g(t) = tcos(viet) 32, f(r) = (tan2+tanr)®
33, h{z) = get®nc M, y =™ sin?(3z)

35, g(z) =tan"'(3z° +1) 36. y=2""%cosz

3. h{z) =Ine*” 38 E{z)=1ne* +Ind
39. fly=¢€"—1 40, F{t) = e gint
4l H(t) = {at® +b)e™  42. g(0) = \/a? —sin?9
a® —a?
43, =a* 44. =
fa)=e fo) =22
ar? a® —s?
45, = — 46, = ———
v = 0= Vs
47, y = arctan { 2 48. v(t) =1n [ sin | -
. ¢ = arctan —a;) . r{t) =In { sin 5
5 e —e "
P 9% _ gmam
Sbot) =G 2V e
In(kt) + ¢ e’ 41
LS N = ——i . o
3 9(t) In(kt) — ¢ 5. 2 sin{24)

3
55. f(t) = sin et + 1 56. gly) = >

57 g(z) = —§(2° + 25 -9)
58. y=—3z" — da® — 6 42
27 + 528 - 50

59. g(z) = 2

Problems
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60. f(z) = (In3)2z* + (Ind)e*

1. g($}=2m“?1~_ﬁ+3x—-8

62, f(z) = (33" + m)(e” — 4)

63. f(0) =6sinf + 20 cos — 2sin 0

64. y = /cos(56) + sin®(66)

65. r{f) = sin ((39 — 7r)2)

66. y= (2 +5)° (32° - 2)°

67. N(@) = tan{arctan{kd})

68. h(t) = e**{(sinat + cos bt)

69. f(z) = (2 — da - 32%)(62° — 37)

70, f{t} = (sin{2t) — cos(3))*

71 s(y) = {/(cos?y + 3 +sin® y)

72 f(2) = (4 — 2% + 22%)(6 — 4z + 27)
1

7. h@) = (- 55) (2 + 4)

. f(z) =Bz +5v5+ -0~ [2 1 B
Vz z
For Exercises 75-76, assume that y is a differentiable function
of z and find dy /dx.
75, % byt — daiy =0
76. sin{ay) + cos{bz) = xy
77. ¥ind the slope of the curve 2% + 3y = 7 at (2, —1).

78, Assume y is a differentiable function of z and that
y+siny+a® = 9. Find dy/dg at the pointz = 3,y = 0.

79. Find the equations for the lnes tangent to the grapht of
zy+ 4% =4 where z = 3.

80. If f{t) = 2> — 4¢% + 3t — 1, find f(¢) and £"(2).

81, I f(z) = 13 — 8% + v2x% and f'(r) = 4, find r.

82, If f(x) = 42° + 62 — 232 + 7, find the intervals on
which f/(z) > 1.

83, If f(z) = (3% - 8)(2x — 5), find f'(z) and 7" (2).

For Problems 84-89, use Figure 3.47,

y ¥
4 | |4
]
fete) ()]
5 - // 3 -
) 4 _y Vra®
N [’
Y ] |
—4 —4
Figure 3.47

84. Let h(z} = t{x)s{z) and p(z) = t(x)/s(z). Bstimate:
@ A'(1) by R'(0) (© p'{(0)
85, Letr{z} = s(t(x)). Estimate r'(0).




)

:5 3)

kS

(b) Overestimale
{e) {Berorf < 0.3.

15 a=1; fla} =1
Underestimate
12y =14

17 0.1
19 331.3 4 0.6067 m/sec

21 (0} 1% increase

23 f{1+ Ax) > F) 4 DA

25(a) 16,398 m
(b) 16,398 + 682(¢ — 20 m
{c) True: 17,070 m

Approx: 17,080 m

27 (3) 1492 m
() 1492 4- 143{8 — 20} m
(¢} True: (638 m

29

31

33

35

39

Approx: 1635 m
E(z) =coszc —~1
kE=-~1/2 f"{o)
Bz}~ —(1/2)z?

Blz) = @~ 1+ (1/2)(m =1

k= ""1/ !f”(l)
B{z) s —(1/8){= - 1)
Method 1:

= (P m{lfe)?

=1+ 25+

Method 2:
e?® 1422
esinz =~ ¢
a‘i;(e“’ sin@)fz=0 = 1
e stnm/(l+w)~a:-x
F (e 1?;21 Hezo =1

09 <2< 1t

3

Section 3.10

1

False
True
False
Yes; yes
No; yes

f'(e) = ~0.5, f'{z1) > —0.5,

Fizs) < —0.5
6 distinct zeros
Racetrack

Mean Value

Chapter 3 Review

1

21

23 3=

25

27

200¢(£2 + 1)%°
2et +2tet + 1/{26%%)
~8/(4+1£)
Lz #—1
(1/2)9~ /2 3 9—2
3/(yIn(2y°))
[t}
—6 cos(3t + 5) - sin(3t + 5)
Bcos(38 — w)sin(36 — )
—873 (@ cos(5 — &) +

2sin{5 — 8))
e (1 e )
—1/2 | a2 _ %zwwz
{460 —2sin(38} cos(26))

/492 —sinZ(29)

-1/l + (2 - )%

29 e™ cosfe™)

3

—

cos{vie') — tsin(+/Te?)
(vVie' + ¢ /(avi))

33 e'AN® | pet8iT feag? g

6xz/ (S}:z:4 + 622 + 2)

37 a

39 kek?

41 (—cat? + 2at — bo)e~ "t

43 5n{a)a™

45 (2abr = ar?) /(54 r2)?

47 —2/(2® + 4)

49 20w/{a? — w?)?

51 ae®/(a? 4+ b%)

53 {2n(kt) — 2)/(in(ke) — £)?

55 e’ cos Vel + 1/{2vet 1}

51 —(52* 4-2)/2

59 5z* +202% — 1

61 24 1/(32*%*)+ 3 n3

63 #%cosd

65 6(36 — x)cos[(30 — m)?]

67 k

69 {—4 — Br){Bz® — 37} +
(2 — 4o — 322 }Bex® 1)

71 0

73 o —2 — 422 4 gp3

75 {8zy — 327)/ (38" — 42%)

77 2/3

79 (y— 1) = —(L/5}(=—3),
(¥ +4) = —(4/5){z — 3}

()
“

81 r =342

83 Fllz) =12+ 1and
Fz) =12

85 4

87 3 a2 1,—0.4,0r2.4

8% y=—dx+6

941 1.8

93 Proportional to r2

95 (@ H'(2)=11
®) H'(2) = —1/4
© H'(@2)=r'(1) 3

{we don’t know P

@ H'(2) =

97 (@) y =20z - 48
(b} y=11=z/9 — 16/9
e} y = —da+ 20
(d) ¥y =—24=+ 57
(e) y=8.06c—15.84
) y=—0.94x+6.27

99 1909 radians (109.4°) or 1.231 radians (70.5%)

1 Not perpendiculas; z = 1.3
103 0
105 1

107 (2) 2,1,—3
(b} f{2 1} 22 0.7, overestimate
F{1.98) 22 1.08, underestimate
Second better

109 {a) dg/fdr = —2GM/r®
(b) dg/dr is rate of change of acceleration
due to pull of gravity
The further away from the earth’s center,
the weaker gra\nty s publ
(© —3.05%x10°°

{d) Reasonable because magnitude of dg/dr is
so small {compared to ¢ = 9.8) that for r
near 6400 km, g not varying much

111 (a) Falling, 0.38 m/hr
(b} Rising, 3.76 m/r
(c) Rising, .75 m/hr
(d} Falling, 1. 12mfhr

3@ v= —2'rwyo sm(2*rwt)
a = —4n?w’ iy cos(2mwe)
{b) Amplitudes: different
(0, 2mwyn, 4miwdyy)
Periods = 1/w

115 (a) 0.40048/% years
() 33.4 years
(c) 33.4 — 2781(k — 0.012) yeass
(d) True: 40.0 years
Approx 39.0 years

EI7 {a} 4023 gals sold at $2
(B 2gal/$
{c) Sales drop by 1250 gal/$1 incr
{d) —0.00083/gal

119 (b)
123 (@ m(z+ 1)1+ (z + 1) Infz + 1)
x cos a{sina)® "1 4+ (sin £)* In(sin o)

@ =7 (2) (@)} + {(2))° In(f(=))
© (Inz)*~ !4 (Inz)® W{nz)

125(a) ©

® o
€} 272" =1

Ch. 3 Understanding

1 True
3 Tmee

5 T

7 Palse

9 Tme

1 False

13 False

I5 False; f(z) = |=f

17 PFalse;cost + %

19 False; f{x) = 6,9(x) = 10

21 FRalse;f{z) =52+ T,g9{z) =2 +2
23 False; flz) =2, glz) =% — 1
25 False; f(z) = e 7, glz) = =*

27 (a) Mot a counterexample
{b) Nota counterexample
{c) Notacounterexarmiple
{d} Counterexample

29 False
31 False
33 Possible answer
F HEURS 2
f=) = Hoses
19 ife=2

Section 4.1
1 Critical points:
o= -~Jande =2
Exirema:
F(~-3) local maximum
F{2) local minimum
3 Critical points:
z=0andz =+2
Bxtrema:
F0} local minimum
F(—2) and £{2) are not
lecal extrema,

5

1

13
15

19

21

23

25
27

2%
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Notice that the substitution in the preceding example again converts the inside of the messiest
function into something simple. In addition, since the derivative of the inside function is not waiting
for us, we have to solve for 2 so that we can get dz entirely in terms of w and dw.

Examplei4  Find /(a: +7)V3 — 2z dz.

Sofution Here, instead of the derivative of the inside function (which is —2), we have the factor {z + 7).

However, substituting w = 32z turns out to help anyway. Then dw = —2dx, so {—1/2) dw = dz.
. Now we must convert everything to w, including z + 7. fw = 3 — 2%, then 22 — 3 — w, so
o 2 = 3/2 — w/2, and therefore we can write x -+ 7 in terms of w. Thus

i | f(a:+7)3/3_—§5dw$/(?‘"2+7>%(_%) s

2 2

i 1M1 w
N LT _wN s
i 1/ (3-5)w

1
A =ﬁzf(17—w)w1/3dw

_ _% /(17w1/3 — w3 dw
1/ w3 47/3

= (17473 - -?7_3—) +C.

1 /51 3
Nt Ehied -39 4/3 _ ¥ -9 7/3 i
T 1 (4 {3 —2x) 7(3 z) +C
! Looking back over the solution, the reason this substitution works is that it converts ¢/3 - 2z,
L the messiest part of the integrand, to &w, which can be combined with the other term and then
integrated.

Exercises and Problems for Section 7.1

¢ Exercises
" 1. U - N '
Iy se substltutior} to expre:.s each of the following inte 7. / teos(t?) dt 8. / sin(2a) d
; grals as a multiple of fa (1/w) dw for some a and b. ‘
' : Then evaiuate the integrals, .
1 1 w/h 9. fsin(?;-—t) dt 10. fwe_I dz
@) / R ®) f 02 dw
i g 1+ g Cosz
L 11, 1)® 12, * 5t
| 2. (a) Find the derivatives of sin(z? + 1) and sin{=® + 1). / (r+ 1) dr f yly™ +5)dy

(b) Use your answer to part (a) to find antiderivatives of:

13. / 22— 3)%at 14. f 23 (1 + 2% dx
# zcos(z®+1) () z%cos(z® + 1)

il () F.ind the‘ gen:ral antiderivatjves oi': . 15 j (a? + 32 da 16, f 25 — 7 do
‘ # =zsin(z®+1) (i) a*sin{e® 4+ 1)

N ‘-‘

: I Find the integrals in Exercises 3-46. Check your answers by 17. / v (1 +y)Y dy 18, f (2t -7 at

A differentiation.

. ay 1

N 3, f te’” dt 4, f &> dx 15, y+5 20. f \/4~mdw

. 5 / % das 6. f 95602 g 21, / (z* + 3)* d 22, f %™ g




23. fsinﬂ(cos(? +5)7 a8
25. f sin® @ cos 8 d
27. f sin®(50) cos(56) 40

29. /Mdz

2
¥
3. | ——4d
f R
ev¥
33. —dy
VY

eﬂ‘.
3s. dz
24 e®
i
37. d
1432

P4 1)
39./(+)dt

t‘z
41, / coshzdz

43, f (sinh 2)e®"* dz

45, fwcosh 2% dx

24. f veos 3tsin 3t dt
26. fsin3 o cos o dor

28, f tan(2z) dz

1
1
30.fe+ dt
et ¢

[ V% 4
VT
I+&%
4. —_—dz
Vo + et

1
36. /—m——-—i—-————dx
22 4 2z -+ 19

e$ — eﬁm
38. fwwuwda:
et e ®
2
zcos(z
@
4/ sin{z?)

42, f sinh 3t dit

40.

44, /cosh(?w 4+ 1) dw

46, / cosh® zsinhz dz

For the functions in Exercises 47-54, find the general an-
tiderivative. Check your answers by differentiation.

47, p(t) = wt® + 4¢
49, F{x) = 2z cos(z?)
51. f(z) = sin(2 — 53)

x

3 fl@) = 5

Problems

48, f(z) =sin3z
50. () = 12t? cos(t*)
52, f{z) = ™" cosz

1

54, flz) = oo (22)
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For Exercises 55-62, use the Fundamental Theorem to calcu-
late the definite integrals.

1/2
56. / cos{ma)dz
C o

58. f 2xe” dx
1

55. f cos(z + m)dz
o

=/2
57, f e % singdg
Q

8 B% e—2 1
59, | S —dz 60. v
f1 V=2 /_1 t+2
4 ¥3
cos+/z z
61, d 62 | —> _d
fl vz f0(1+a:2)2 ”

For Exercises 63-68, evaluate the definite integrals. Whenever
possible, use the Fundamental Theorem of Calculus, perhaps
after a substitution. Otherwise, use numerical methods.

3 1
1
63. 4t 5z)da 64. B
_1(a:+m) /;11+y2 o
3 3
1 dt
65. —dz 66.
/1 2 /1 (t+7)
2 2 sint
67. / vo -+ 2de [i1:3 - dt
—1 1

Find the integrals in Exercises 69-76.

69. /ydy-}-ldy 70. /z(zﬂ)‘/ﬂdz

%
R kLI 1. /ﬂ—
VES SEW

73, f 227z — 2da

71

74, /(z + 21— zdz

i 3z -2
75, —dt 76. —_—d
/\/t+1 Vil

In Problems 77-80, show the two integrals are equal using a

substitution,

7/3 =
77. / 3sin*(3x) do = f sin*(y) dy
1] 0

2
78. / 21n{32+1}ds:/
1 1

4
In(t+1) dt

Vi

e 1
79. / (Inw)? dw :/ 22e* dz
3 0

80. / (fr—-m)eos:t:da;:f zeos{n — z) dz
9 0

81. Using the substitutionw = £, find & function g(w) such
that f\/\/a_s dz = f: glw)dw forall0 < a < b

82. Using the substitution w = &%, find a function g(w) such
b
that ¥ e~*dz = [° g(w)dw foralta < b,




