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Motivating example: Schur-Weyl Duality

GLn(C) acts on Cn ⊗ Cn ⊗ · · · ⊗ Cn = (Cn)⊗k diagonally.

g · (v1 ⊗ v2 ⊗ · · · ⊗ vk) = gv1 ⊗ gv2 ⊗ · · · ⊗ gvk.

Sk also acts on (Cn)⊗k by place permutation.

v1 v2 v3 v4 v5

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

v2 v4 v1 v5 v3

These actions commute!
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Motivating example: Schur-Weyl Duality
Schur (1901): Sk and GLn have commuting actions on (Cn)

⊗k.

Even better,

EndGLn

(
(Cn)⊗k

)
︸ ︷︷ ︸
(all linear maps that
commute with GLn)

= π(CSk)︸ ︷︷ ︸
(img of Sk

action)

and EndSk

(
(Cn)⊗k

)
= ρ(CGLn)︸ ︷︷ ︸

(img of GLn

action)

.

Why this is exciting:

The double-centralizer relationship produces

(Cn)⊗k ∼=
⊕
λ`k

Gλ ⊗ Sλ as a GLn-Sk bimodule,

where
Gλ are distinct irreducible GLn-modules
Sλ are distinct irreducible Sk-modules

For example,

Cn ⊗ Cn ⊗ Cn =
(
G ⊗ S

)
⊕
(
G ⊗ S

)
⊕
(
G ⊗ S

)
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More centralizer algebras

Brauer (1937)
Orthogonal and symplectic groups
acting on (Cn)⊗k diagonally
centralize the Brauer algebra:

va vb vc vd ve

vi vi va vd vd⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

δb,c

n∑
i=1

with = n

Temperley-Lieb (1971)
GL2 and SL2 acting on (C2)⊗k

diagonally centralize the
Temperley-Lieb algebra:

va vb vc vd ve

va vi vi vb ve⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

δc,d

2∑
i=1

with = 2

Either way:
Diagrams encoding maps V ⊗k → V ⊗k that commute with the
action of some classical algebra.
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Quantum groups and braids
Let g be a Lie algebra, and fix q ∈ C.
One deformation of g is the Drinfel’d-Jimbo quantum group U = Uqg.

U ⊗ U has an invertible element R =
∑
RR1 ⊗R2 that yields a map

ŘVW : V ⊗W −→W ⊗ V
W ⊗ V

V ⊗W
that (1) satisfies braid relations, and

(2) commutes with the action on V ⊗k

for any U-module V .

The braid group shares a commuting action
with U on V ⊗k:

V

V

⊗

⊗

V

V

⊗

⊗

V

V

⊗

⊗

V

V

⊗

⊗

V

V

M⊗

M⊗

⊗N
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(orthog. & sympl.) (gen. & sp. linear) (GL2 & SL2)
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Nazarov (95): Introduced the degenerate affine
BMW algebras

` = z` ∈ C

Implicitly showed an action on M ⊗ V ⊗k com-
muting with the action of the Lie algebras of
types B, C, D.

Häring-Oldenburg (98) and Orellana-Ram
(04): Introduced the affine BMW algebras.
[OR04] gave the action on M⊗V ⊗k commuting
with the action of the quantum groups of types
B, C, D.

D.-Ram-Virk: Used these centralizer relation-
ships to study these two algebras simultaneously.
Some results:
(a) The center of each algebra.
(b) Difficult “admissibility conditions” handled.
(c) Powerful “intertwiner” operators.
(More to come)
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Two boundary algebras:
Nienhuis, de Gier, Batchelor (2004): Studying the six-vertex model
with additional integrable boundary terms, introduced the two-boundary
Temperley-Lieb algebra TLk:

k dots

ev
en

#
d
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ts

non-crossing diagrams

de Gier, Nichols (2008): Explored representation theory of TLk using
diagrams and established a connection to the affine Hecke algebras of
type A and C.
D. (2010): The centralizer of gln acting on tensor space M ⊗ V ⊗k ⊗N
displays type C combinatorics for good choices of M , N , and V .
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Type C Weyl group and affine Hecke algebra

k

· · ·
0 1 2 3 k−2 k−1

The Weyl group of type C is generated by s0, . . . , sk−1 with
relations s2i = 1 and

sisj . . .︸ ︷︷ ︸
mi,j factors

= sjsi . . .︸ ︷︷ ︸
mi,j factors

where

mi,j =

2 if
i j

3 if
i j

4 if
i j

Fix constants a0, ak, and a1 = · · · = ak−1. The affine Hecke
algebra of type C, Hk, is generated by T0, T1, . . . , Tk with
relations

T 2
i = (ai − a−1i )Ti + 1, TiTj . . .︸ ︷︷ ︸

mi,j factors

= TjTi . . .︸ ︷︷ ︸
mi,j factors

.



Type C Weyl group and affine Hecke algebra

k

· · ·
0 1 2 3 k−2 k−1

The Weyl group of type C is generated by s0, . . . , sk−1 with
relations s2i = 1 and

sisj . . .︸ ︷︷ ︸
mi,j factors

= sjsi . . .︸ ︷︷ ︸
mi,j factors

where mi,j =

2 if
i j

3 if
i j

4 if
i j

Fix constants a0, ak, and a1 = · · · = ak−1. The affine Hecke
algebra of type C, Hk, is generated by T0, T1, . . . , Tk with
relations

T 2
i = (ai − a−1i )Ti + 1, TiTj . . .︸ ︷︷ ︸

mi,j factors

= TjTi . . .︸ ︷︷ ︸
mi,j factors

.



Type C Weyl group and affine Hecke algebra

k

· · ·
0 1 2 3 k−2 k−1

The Weyl group of type C is generated by s0, . . . , sk−1 with
relations s2i = 1 and

sisj . . .︸ ︷︷ ︸
mi,j factors

= sjsi . . .︸ ︷︷ ︸
mi,j factors

where mi,j =

2 if
i j

3 if
i j

4 if
i j

Fix constants a0, ak, and a1 = · · · = ak−1. The affine Hecke
algebra of type C, Hk, is generated by T0, T1, . . . , Tk with
relations

T 2
i = (ai − a−1i )Ti + 1, TiTj . . .︸ ︷︷ ︸

mi,j factors

= TjTi . . .︸ ︷︷ ︸
mi,j factors

.



Why the two-boundary braid group is type C
The two-boundary (two-pole) braid group Bk is generated by

Tk = · · · T0 = · · · and Ti =

i

i

i+1

i+1

for 1 ≤ i ≤ k − 1.

· · ·

TiTi+1Ti = = = Ti+1TiTi+1

T0T1T0T1 = = = T1T0T1T0

(similar picture for TkTk−1TkTk−1 = Tk−1TkTk−1Tk)
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Theorem (D.-Ram, degenerate version in [Da10])

1 Let U = Uqg for any complex reductive Lie algebras g.
Let M , N , and V be finite-dimensional modules.

The two-boundary braid group Bk acts on M ⊗ (V )⊗k ⊗N and this
action commutes with the action of U .

2 If g = gln, then (for appropriate choices of M , N , and V ),
the affine Hecke algebra of type C, Hk, acts on M ⊗ (V )⊗k ⊗N
and this action commutes with the action of U .

Some results:

(a) A combinatorial classification and construction of irreducible
representations of Hk (type C with distinct parameters).

(b) A diagrammatic intuition behind otherwise unwieldy calculations in
TLk and Hk.

(c) A classification of the representations of TLk in [dGN08] via central
characters, including answers to open questions and conjectures
regarding their irreducibility and isomorphism classes.
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