COMPACTNESS OF 7Z,

Let p be prime. The product
p=1[ @/ z)
m=1

is compact by the Tychonoff Theorem since each Z/p™Z is compact. Its elements
are sequences,
P ={(zm +p" L)y}
For each positive integer n, the nth projection function,
Tn4+1,n - Z/pn+1Z — Z/an, T+ anrlZ — X +ana
has graph
G = {(xn41 +p" L2y +p L)t 2 = ng (mod p")},
a closed subset of Z/p" "7 x Z/p"Z since the latter is finite and hence carries the
discrete topology. The corresponding subset of the product P,
Cn - Gn X H Z/mea
m#n,n+1
is closed as well, because its complement is the open set G, x Hm;‘énJHr1 Z/p™Z.
The p-adic integers form a subspace Z, of the product P. Its elements are the
compatible sequences,

Ly ={(xm +Dp"L)5—1 : Ty, = Typy1 (mod p™) for 1 < m < oo}
That is,

Zy = () Cn.

).

Thus Z,, is closed in the compact product P. Consequently, Z, is compact.



