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Question

How many lines meet 4 general lines in 3-space?
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Definition

G(r , n) = {r -dimensional subspaces of An}

Gr Pn = {r -planes in Pn} = G(r + 1, n + 1).

Example
G(1, n + 1) = G0Pn = Pn

G(2, 3) = G1P2 = (P2)∗ ≈ P2

Gn−1Pn = (Pn)∗ ≈ Pn

G1P3 = {lines in 3-space} = G(2, 4)
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Question

Can one parametrize G(r , n)?
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Example

L ∈ G(2, 4)

L = Span{(a1, a2, a3, a4), (b1, b2, b3, b4)}

We write

L =

(
a1 a2 a3 a4
b1 b2 b3 b4

)
but the representation is not unique.

φ : t 7→ (1, 0, 3) + t(1, 4, 0) ∈ A3 ⊂ P3

L =

(
1 0 3 1
2 4 3 1

)
=

(
1 0 3 1
1 4 0 0

)
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L = Span{ ~a1, . . . , ~ar} ∈ G(r , n)

represented by the matrix A with rows ~a1, . . . , ~ar .

Arbitrary representation of L:

MA

where M is an r × r invertible matrix.

G(r , n) = {r × n matrices A of rank r}/(A ∼ MA)
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Open Cover

L =

(
1 0 3 1
2 4 3 1

)
∈ G(2, 4)

Pick two columns, say 1 and 4, and reduce:(
1 0 3 1
2 4 3 1

)
 

(
1 0 3 1
0 4 −3 −1

)
 

(
1 0 0 0
0 −4 0 1

)

Main Point: All representatives for L have the same reduction.

Note: Columns 1 and 2 would also serve, but not 3 and 4.
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Let L ∈ G(r , n). For each 1 ≤ j1 < · · · < jr ≤ n

Lj1,...,jr = r × r submatrix formed by columns j1, . . . , jr
of any representative of L

Definition

Uj1,...,jr = {L ∈ G(r , n) : Lj1,...,jr has rank r}

Uj1,...,jr is well-defined.
They cover G(r , n):

G(r , n) = ∪j1,...,jr Uj1,...,jr

Uj1,...,jr is open:

The r × r matrix M has rank < r iff det M = 0.
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An element of U1,3,4 ⊂ G(3, 6) after reduction 1 ∗ 0 0 ∗ ∗
0 ∗ 1 0 ∗ ∗
0 ∗ 0 1 ∗ ∗


Uj1,j2,j3 ≈ A9

In general,
Uj1,...,jr ≈ Ar(n−r)

G(r , n) is an r(n − r)-dimensional manifold.

Example: G1P3 is a 4-dimensional manifold. (Common sense?)
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The Plücker Embedding

Goal: embed G(r , n) in projective space
Idea: Represent L ∈ G(r , n) be its list of r × r minor
determinants.

Fix a matrix representative for L ∈ G(r , n).
For columns 1 ≤ i1 < · · · < ir ≤ n, compute det Li1,...,ir .
List these determinants for all choices of r columns:

Λ(L) = (det L1,...,r , . . . , det Ln−r+1,...,n).
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Example

L =

(
a0 a1 a2 a3
b0 b1 b2 b3

)

Λ(L) = (a0b1 − a1b0, a0b2 − a2b0, a0b3 − a3b0,

a1b2 − a2b1, a1b3 − a3b1, a2b3 − a3b2)
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Claim: Choosing a different representative for L changes

Λ(L) = (det L1,...,r , . . . , det Ln−r+1,...,n)

by a scalar multiple.

Proof of the claim.

r × n matrices A and B both represent L ∈ G(r , n)

=⇒ B = MA for some invertible r × r matrix M

=⇒ Bi1,...,ir = M(Ai1,...,ir )

=⇒ det Bi1,...,ir = det M det Ai1,...,ir

=⇒ each term is multiplied by λ = det M.
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Plücker embedding

Λ: G(r , n) → PN

L 7→ (det L1,...,r , . . . , det Ln−r+1,...,n)

where N =
(n

r

)
− 1.

Λ is not usually surjective.

There are algebraic relations among the determinants.
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CoCoA
Use R::=Q[a[1..4],b[1..4],x[1..6]];
M:=Mat([a,b]);
M;

Mat([
[a[1], a[2], a[3], a[4]],
[b[1], b[2], b[3], b[4]]

])
-------------------------------

J:=Ideal(x-Minors(2,M));
J;

Ideal(a[2]b[1] - a[1]b[2] + x[1], a[3]b[1] - a[1]b[3] + x[2],
a[4]b[1] - a[1]b[4] + x[3], a[3]b[2] - a[2]b[3] + x[4],
a[4]b[2] - a[2]b[4] + x[5], a[4]b[3] - a[3]b[4] + x[6])
-------------------------------

Elim([a[1],a[2],a[3],a[4],b[1],b[2],b[3],b[4]],J);
Ideal(2x[3]x[4] - 2x[2]x[5] + 2x[1]x[6])
-------------------------------
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Λ: G(r , n) → PN

Coordinates on Pn

{x(i1, . . . , ir ) : 1 ≤ i1 < · · · < ir ≤ n}

conventions
For a permutation σ,

x(σ(i1), . . . , σ(ir )) := sign(σ) x(i1, . . . , ir )

For any list i1, . . . , ir ∈ {1, . . . , n},

x(i1, . . . , ir ) = 0 if ik = i` for some k and `
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Plücker Relations

For each
I : 1 ≤ i1 < · · · < ir−1 ≤ n
J : 1 ≤ j1 < · · · < jr+1 ≤ n

define

PI,J =
r+1∑
λ=1

(−1)λ x(i1, . . . , ir−1, jλ) x(j1, . . . , ĵλ, . . . , jr+1)

where ĵλ means omit jλ.

Theorem
Λ: G(r , n) → PN is one-to-one with image defined by the
collection of all PI,J .
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Proof that im Λ ⊆ Z (PI,J )

Λ: G(r , n) → PN

L 7→ (det L1,...,r , . . . , det Ln−r+1,...,n)

PI,J =
r+1∑
λ=1

(−1)λ x(i1, . . . , ir−1, jλ) x(j1, . . . , ĵλ, . . . , jr+1)

PI,J (L) =
r+1∑
λ=1

(−1)λ det Li1,...,ir−1, jλ det Lj1,..., bjλ,..., jr+1
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∑r+1
λ=1(−1)λ det Li1,...,ir−1, jλ det Lj1,..., bjλ,..., jr+1

=
r+1∑
λ=1

(−1)λ

∣∣∣∣∣∣∣
. . . a1jλ
. . .

...
. . . ar jλ

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

. . . â1jλ . . .

. . .
... . . .

. . . âr jλ . . .

∣∣∣∣∣∣∣
= ±

r+1∑
λ=1

(−1)λ
r∑

k=1

(−1)k akjλ

∣∣∣∣∣∣∣∣
...

. . .
...

âki1 .̂ . . âkir−1
...

. . .
...

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣

. . .

. . .

. . .

∣∣∣∣∣∣
= ±

r∑
k=1

(−1)k

∣∣∣∣∣∣∣
. . .
. . .
. . .

∣∣∣∣∣∣∣
r+1∑

λ=1

(−1)λ akjλ

∣∣∣∣∣∣∣
. . . â1jλ . . .

. . .
... . . .

. . . âr jλ . . .

∣∣∣∣∣∣∣

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±
r∑

k=1

(−1)k

∣∣∣∣∣∣∣
. . .
. . .
. . .

∣∣∣∣∣∣∣
r+1∑

λ=1

(−1)λ akjλ

∣∣∣∣∣∣∣
. . . â1jλ . . .

. . .
... . . .

. . . âr jλ . . .

∣∣∣∣∣∣∣


= ±
r∑

k=1

(−1)k

∣∣∣∣∣∣∣
. . .
. . .
. . .

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣

akj1 . . . akjλ . . . akjr+1

a1j1 . . . a1jλ . . . a1jr+1
...

. . .
...

. . .
...

arj1 . . . arjλ . . . arjr+1

∣∣∣∣∣∣∣∣∣
= 0.
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