Math 372 lecture for Wednesday, Week 8

Mobius inversion for posets

Let P be a finite poset with Mobius function g and zeta function (. Let K be a
field, and recall that Z(P) is the incidence algebra of P whose elements are func-
tions ¢: Int(P) — K, and if £, € Z(P), then

Em(x,y) = > &, 2)n(zy)

z€[z,y]

for all intervals [z, y] € Int(P). We now define right and left actions of Z(P) on KT
If fe KP ie,if f: P— K, and £ € Z(P), let

(fOE) =D f(s)E(s, 1)

and

ENE) =D fs)8(t, ),

s:s>t

respectively, for all f € K, ¢ € Z(P), and t € P.

Theorem. (Mobius inversion) For all f,g € K”

gt) =S fs) WeP o fH)=3 uls.tgls) VieP

o) = f(s) VieP & ft)=3 plt,5)gls) VieP.

Proof. Since = (71,
g=fC & [f=gu
g=¢f & f=ug
O

The principle of inclusion-exclusion as an instance of Mobius inversion.

Product posets. Given posets P and @), define their product P x () to be the Cartesian
product with ordering

p,q) <(,¢d) & p<q and p <¢.
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If P and @) are locally finite, then so is P x (), and we have the following equation
for Mc6bius functions:

1ex((p;q), ¥, q)) = ne(p,p)iqle, ¢).
To see this, compute:
> pplp a)ugle,b) = ( > urp. a)) ( > noly, b))
(p,9)<(a,b)<(p',q") p<a<p’ q<b<q’
= 0p(p,0')0q(q,q)

= 6P><Q((p7 Q>7 (p/7 q/))'

Mobius function of the boolean poset B,. Define the poset 2 := {0,1} with 0 < 1.
Then p(0,0) = u(1,1) =1, and p(0,1) = —1. We have an isomorphism of posets

2"=2x---x25 B,
(ay,...,an) — {i€[n]:a;=1}.
Let ' C S C [n], and use the above isomorphism to identify 7" with (¢,...,¢,) and S
with (s1,...,s,) where t;,s; € {0,1} for all i. Then,

pp, (T, 5) = ﬁﬂz(ti, si) = (=D)L

Principle of inclusion-exclusion (PIE). Letting K be any field, M6bius inversion then
says that for all f,g: B, - K

g(S)= > f(T) ¥SCn] & f(S)= Y (-1 TyT) vSCin],

T:TCS T:TCS
and dually,
g(S)= > f(T) VvSC] & [f(S)= Y (~)"FyT) vSCn).
T:T28 T:T2S
As an instance, suppose that Ai,..., A, are subsets of some finite set A. De-

fine f: B, — Q by
f(S)=[{acA:acA;iff i € S}|.
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for all S C [n]. Thus, f(S) is the cardinality of the set of elements of A that form a
region in the Venn diagram for Aq,..., A,. The “outer” region is counted by

f(0) = A\ (Uicpa,)

In particular, if A = U,cp)a,, then f(0) = 0.

=[A] = [AU---UA,|=[ATN---NAYL

) Y sy
s
PSPV

3. ¥

4 A
_ 3
/ S/ y, /
. d
Define
g(S)= > f(D).
T:TDS
Then

) I Nies Al if S#0
g(S)_{ Al S =0

Apply the (second version) of Mébius inversion to get

F@) =Y (=)"g(T)

T:TD0

= A=) AL+ ) AN A= D AN AN A+ (=D)AL NN A,

i i<j i<j<k

On the other hand, we have, f(0) = |A|—|A1U---UA,|. The principle of inclusion-
exclusion follows:

AU UAL | = A=) D TANA [+ Y JANA DAL+ (1) AN - N A,

i<j i<j<k



