
Math 361 lecture for Monday, Week 11

Lattices associated with number fields

Let K be a number field of degree n. An embedding σi : K → C is real if σi(K) ⊂ R. Other-
wise σi is complex. Say σ1, . . . , σs are the real embeddings ofK and σs+1, σs+1, . . . , σs+t, σs+t
are the complex embeddings. Here, σs+j(α) := σs+j(α) for α ∈ K. Define

Ls,tK = Ls,t := Rs × Ct ' Rn

(x1, . . . , xs, z1, . . . , zt) 7→ (x1, . . . , xs, u1, v1, . . . , ut, vt)

where zj = uj + vji ∈ C for j = 1, . . . , t. Then define

σK = σ : K → Ls,t

α 7→ (σ1(α), . . . , σs(α), σs+1(α), . . . , σs+t(α)).

Exercise 1. Check that σ is an injective ring homomorphism fixing Q.

Define the norm of q = (x1, . . . , xs, z1, . . . , zt) ∈ Ls,t to be

N(q) = x1 · · ·xsz1z1 · · · ztzt = x1 · · ·xs|z1|2 · · · |zt|2.

Then N(q) ∈ R, and N(qq′) = N(q)N(q′) for all q, q′ ∈ Ls,t.
This norm on Ls,t is related to our old norm on K (the product of the conjugates) in an
obvious way: for α ∈ K

N(α) = σ1(α) · · ·σs(α)σs+1(α)σs+1(α) · · ·σs+1(α)σs+t(α) = N(σ(α)).

So if we identify α ∈ K with its image in Ls,t, its norm is well-defined.

Example 2.

1. LetK = Q(i). Then the embeddings ofK are σ1(x+yi) = x+yi and σ1(x+yi) = x−yi
where x, y ∈ Q. We have

σ(x+ yi) = x+ yi ∈ L0,1 ' R2.

and N(x+ yi) = (x+ yi)(x− yi) = x2 + y2.

2. Let K = Q(
√

2). Then the embeddings of K are σ1(x+ y
√

2) = x+ y
√

2 and σ2(x+
y
√

2) = x− y
√

2 where x, y ∈ Q. We have

σ(x+ y
√

2) = (x+ y
√

2, x− y
√

2) ∈ L2,0 = R2.

and N(x+ y
√

2) = (x+ y
√

2)(x− y
√

2) = x2 + 2y2.
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3. Let K = Q(θ) where θ is the real cube root of 2. The minimal polynomial for θ is
x3 − 2, which factors as

x3 − 2 = (x− θ)(x− ωθ)(x− ωθ)

where ω = e2πi/3. The embeddings are determined by σ1(θ) = θ, σ2(θ) = ωθ, and
σ2(θ) = ωθ = ω2θ. For α = a+ bθ + cθ2 ∈ K where a, b, c ∈ Q, we have

σ(α) = (σ1(α), σ2(α)) = (a+ bθ + cθ2, a+ bωθ + cω2θ2),

and

N(α) = σ1(α)σ2(α)σ2(α)

= (a+ bθ + cθ2)(a+ bωθ + cω2θ2)(a+ bω2θ + cωθ2)

= a3 + 2b3 + 4c3 − 6abc.

Theorem 3. Let α1, . . . , αn be a Q-basis for K, and let

σk(α`) =

{
xk,` if 1 ≤ k ≤ s
uk,` + ivk,` if s+ 1 ≤ k ≤ s+ t

where the xk,`, uk,` and vk,` are real numbers. So

σ(α`) = (x1,`, . . . , xs,`, us+1,` + ivs+1,`, . . . , us+t,` + ivs+t,`) ∈ Ls,t = Rs × Ct.

Identifying Ls,t with Rn, we have corresponding vectors

w` = (x1,`, . . . , xs,`, us+1,`, vs+1,`, . . . , us+t,`, vs+t,`) ∈ Rn.

Let
F = {

∑n
i=` ciw` : 0 ≤ c` < 1} ∈ Rn.

Then σ(α1), . . . , σ(αn) is an R-basis for Ls,t and

vol(F ) = 2−t
√
|∆[α1, . . . , αn]|.

Proof. Let Think of σ(αj) as an element of Rn for all j. Then performing row operations,

det



x1,1 . . . x1,n
...

. . .
...

xs,1 . . . xs,n
us+1,1 . . . us+1,n

vs+1,1 . . . vs+1,n
...

. . .
...

us+t,1 . . . us+t,n
vs+t,1 . . . vs+t,n


= det



σ1(α1) . . . σ1(αn)
...

. . .
...

σs(α1) . . . σs(αn)
σs+1(α1)+σs+1(α1)

2 . . . σs+1(αn)+σs+1(αn)
2

σs+1(α1)−σs+1(α1)
2i . . . σs+1(αn)−σs+1(αn)

2i
...

. . .
...

σs+t(α1)+σs+t(α1)
2 . . . σs+t(αn)+σs+1(αn)

2
σs+t(α1)−σs+t(α1)

2i . . . σs+t(αn)−σs+t(αn)
2i
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=

(
1

2

)2t(1

i

)t
det



σ1(α1) . . . σ1(αn)
...

. . .
...

σs(α1) . . . σs(αn)
σs+1(α1) + σs+1(α1) . . . σs+1(αn) + σs+1(αn)
σs+1(α1)− σs+1(α1) . . . σs+1(αn)− σs+1(αn)

...
. . .

...
σs+t(α1) + σs+t(α1) . . . σs+t(αn) + σs+1(αn)
σs+t(α1)− σs+t(α1) . . . σs+t(αn)− σs+t(αn)



=

(
1

2

)2t(1

i

)t
det



σ1(α1) . . . σ1(αn)
...

. . .
...

σs(α1) . . . σs(αn)
2σs+1(α1) . . . 2σs+1(αn)

σs+1(α1)− σs+1(α1) . . . σs+1(αn)− σs+1(αn)
...

. . .
...

2σs+t(α1) . . . 2σs+t(αn)
σs+t(α1)− σs+t(α1) . . . σs+t(αn)− σs+t(αn)



=

(
1

2

)2t(1

i

)t
det



σ1(α1) . . . σ1(αn)
...

. . .
...

σs(α1) . . . σs(αn)
2σs+1(α1) . . . 2σs+1(αn)
−σs+1(α1) . . . −σs+1(αn)

...
. . .

...
2σs+t(α1) . . . 2σs+t(αn)
−σs+t(α1) . . . −σs+t(αn)



=

(
1

2

)t(
−1

i

)t
det



σ1(α1) . . . σ1(αn)
...

. . .
...

σs(α1) . . . σs(αn)
σs+1(α1) . . . σs+1(αn)
σs+1(α1) . . . σs+1(αn)

...
. . .

...
σs+t(α1) . . . σs+t(αn)
σs+t(α1) . . . σs+t(αn)


= ±(−2i)−t

√
|∆[α1, . . . , αn]| 6= 0.
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Corollary 4. Let a be a nonzero ideal in OK . Identifying Ls,t with Rn, regard σ(a) ⊂ Rn.
Then σ(a) is a lattice with fundamental domain of volume

2−tN(a)
√
|∆|

where ∆ is the discriminant of K.

Proof. Let α1, . . . , αn be a Z-basis for a. Then α1, . . . , αn is a Q-basis for K. (To see this,
note that we can take a Q-basis for K consisting of integers. Then α1, . . . , αn are related to
that basis by a matrix that is invertible over Q.) Therefore, by the theorem we just proved,
σ(α1), . . . , σ(αn) are linearly independent over R. Thus, their Z-span is a lattice in Rn.

By the theorem, we have that a fundamental region for σ(a) ⊂ Rn has volume

2−t
√

∆[α1, . . . , αn].

Our result follows from the fact, proved earlier, that

N(a) =

∣∣∣∣∆[α1, . . . , αn]

∆

∣∣∣∣ 12 .

Example 5. Let K = Q(
√

7), and let a = (3, 1 +
√

7) (this is one of the prime factors
of (3) ⊂ OK). Let’s check the formula for the area of the fundamental domain of the
lattice σ(a).

The first task is to find a Z-basis for a. An arbitrary element of a has the form

(a+ b
√

7) · 3 + (c+ d
√

7)
√

7 = (a+ 3c+ 7d) + (3b+ c+ d)
√

7,

for some a, b, c, d ∈ Z. So this set is the Z-image of the matrix(
3 0 1 7
0 3 1 1

)
.

To find the Z-column span, we may use invertible integer column operations. We find(
3 0 1 7
0 3 1 1

)
→
(

1 0 0 0
1 3 0 0

)
.

So a Z-basis for a is {1+
√

7, 3
√

7}. The lattice σ(a) is spanned by σ(1+
√

7) = (1+
√

7, 1−√
7) and σ(3

√
7) = (3

√
7,−3

√
7) = 3

√
7(1,−1). The area of a fundamental domain is∣∣∣∣det

(
1 +
√

7 1−
√

7

3
√

7 −3
√

7

)∣∣∣∣ = 6
√

7.
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We now check that this area equals 2−tN(a)
√
|∆|. We have Z/3Z → OK/a, and 1 6∈ a.

Hence, Z/3Z ' OK/a. So N(a) = 3. Since OK = SpanZ{1,
√

7}, the discriminant of K is

∆ = det

(
1
√

7

1 −
√

7

)2

= (−2
√

7)2.

So 2−tN(a)
√
|∆| = 20 · 3 · (2

√
7) = 6

√
7, which agrees with our earlier calculations. Here is

a picture of the lattice and the fundamental domain we were considering:

The lattice σ(a) where a = (3, 1 +
√

7) ⊂ OQ(
√
7).
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