Math 361 lecture for Monday, Week 11

Lattices associated with number fields

Let K be a number field of degree n. An embedding o;: K — C is real if 0;(K) C R. Other-
wise g; is complex. Say o1, ..., 05 are the real embeddings of K and 0541,Gs41,. .., 0stt, Ostt
are the complex embeddings. Here, 75 ;() := 04 j(q) for a € K. Define

L3 =1L :=R* x C' = R"

(T ey Ty 21y ey 2t) F> (T, ooy gy UL, VT e vy Ug, V)
where z; = u; +vji € C for j = 1,...,t. Then define

ox =0: K — L%

a— (o1(a),...,05(a),0s11(a), ..., 051¢()).
Exercise 1. Check that ¢ is an injective ring homomorphism fixing Q.
Define the norm of ¢ = (x1,...,2s,21,...,2) € L to be
N(q) =21 zemZl - 2% = 15|z |- [z

Then N(q) € R, and N(qq¢') = N(q)N(¢') for all ¢,q' € L.

This norm on L*? is related to our old norm on K (the product of the conjugates) in an
obvious way: for a € K

N(a) = o1(a) - o5(a)osi1(@)Tsr1(@) - - 0sp1(a)Ts (@) = N(o(a)).
So if we identify o € K with its image in L%, its norm is well-defined.

Example 2.

1. Let K = Q(¢). Then the embeddings of K are o1(x+yi) = x+yi and 71 (x+yi) = x—yi
where x,y € Q. We have

o(x+yi) =z +yi c L% ~R2

and N(z + yi) = (z + yi)(z — yi) = 22 + y*

2. Let K = Q(v/2). Then the embeddings of K are oy(x + yv2) = = + yv/2 and oo(x +
yV/2) = x — /2 where z,y € Q. We have

o(r +yv2) = (z +yv2,z — yv2) € L** = R?,

and N(z +yv2) = (z + yv2)(z — yv2) = 22 + 2y



3. Let K = Q(#) where 6 is the real cube root of 2. The minimal polynomial for 6 is
2% — 2, which factors as

23— 2= (z—0)(x —wh)(x—h)

where w = €27/3. The embeddings are determined by o1(f) = 6, 02(f) = wb, and
72(0) = wh = w?0. For a = a + bl + ch? € K where a,b, c € Q, we have

o(a) = (o1(a),02(a)) = (a + bl + c?, a + bwh + cw?6?),
and

N(a) = o1(a)oz(a)T2(a)
= (a4 b0 + cb*)(a + bwh + cw?6?)(a + bw?6 + cwh?)
= a® + 20 + 4¢* — 6Gabe.

Theorem 3. Let aq,...,qa, be a Q-basis for K, and let

( ) Tk if1§k§8
OplQy) =
AT Ug ¢ + 1V g ifs+1<k<s+t

where the x, ¢, up ¢ and vy ¢ are real numbers. So
. . st _ s t
o(ap) = (T1, -+ Topy Usy1,0 + 101,05+ - Usyre + 10sqg ) € LT =R* x C.

Identifying L' with R", we have corresponding vectors

Wy = (xl,éa vy L fy Us41,0y Vs1,05 -+« 5 st 0y Us+t,£) c R",
Let
F={3",cwp:0<¢ <1} €R"
Then o(aq),...,0(qy,) is an R-basis for L*! and

vol(F) =275 /| Ao, . . ., an) |-

Proof. Let Think of o(c;) as an element of R™ for all j. Then performing row operations,

T1,1 ... Tin 0'1(051) s 01 (an)
Lol ... Tam os(aq) e os(ay)
w 71 1 w 71 Us+1(a1)+53+1(a1) Us+1(an)+as+1(an)
s+1, s+1,n . 2 7
det v v = det ost1(a1)—ost1(a1) Os+1(an)—=Fs41(an)
s+1,1 .-~ s+1,n % o %
U L w ostt(a1)+Ts+¢(a1) ostt(an)+Ts+1(an)
s+t,1 s+t,n 2 . 2
Usgt,l  -+- Ustin Ostt(1)=Ts+e(a1) Tstt(an)=Tsti(an)
21 T 21



0'1(041) al(an)
INZ /N ( 0)3@1) (1) ( U)S(an) (o)
I - e Os+1(01) +0sq1(@1) ... 0Os+1(Qn) + 0st1(On
B <2> (2> det ost1(a1) —0st1(a1) ... ospi(an) — Tst1(an)
Oopt(o1) + Tspi(ar) ... Ospi(an) +Tsp1(an)
Us—l—t(al) - Es—&—t(al) cee Us-l—t(an) - Es—l—t(an)
o1(on) o1(an)
1\2 /1\? 08(54(1) ) US('O‘(n) )
_ (= < e 205+1 a1 205+1 Oy
B (2> <Z) det ost1(an) = Tsy1(ar) ... osyi(an) — Tsti(on)
20 si(c) 2074 1)
Us—l—t(al) - Es+t(a1) s Us+t(an) - Es—i-t(an)
o1(on) o1(an)
N2y 205(04(1) | 208(04(n) |
_ (2t < e Os4+1\01 e Os+1\0Op
~(z) () ee| 22 0 2
2cia(0r) o 20ea(an)
—Osii(1) ... —Tspelan)
o1(a1) o1(an)
ANERAY US(%”) oo
_(* 4 o Os4+1\01 co. Os41(Qp
a <2) < Z) U Til) e Fenlan)
Us+t(a1) Us-i-t(an)
Tort(a1) ... Topelom)




Corollary 4. Let a be a nonzero ideal in Og. Identifying L5 with R”, regard o(a) C R™.
Then o(a) is a lattice with fundamental domain of volume

2 N(a)V/IA]

where A is the discriminant of K.

Proof. Let aq,...,a, be a Z-basis for a. Then a,...,a, is a Q-basis for K. (To see this,
note that we can take a QQ-basis for K consisting of integers. Then ay, ..., «a, are related to
that basis by a matrix that is invertible over Q.) Therefore, by the theorem we just proved,
o(ay),...,0(ay) are linearly independent over R. Thus, their Z-span is a lattice in R™.

By the theorem, we have that a fundamental region for o(a) C R™ has volume
270/ Alag, ..., o).
Our result follows from the fact, proved earlier, that

1
2

N(a) = ‘A[Oﬂan]

A

O

Example 5. Let K = Q(+/7), and let a = (3,1 + +/7) (this is one of the prime factors
of (3) C Ok). Let’s check the formula for the area of the fundamental domain of the
lattice o(a).

The first task is to find a Z-basis for a. An arbitrary element of a has the form
(a+bV7) -3+ (c+dVT)VT = (a+3c+7d) + (3b+c+ VT,
for some a, b, c,d € Z. So this set is the Z-image of the matrix
3017
0 3 1 1)°
To find the Z-column span, we may use invertible integer column operations. We find
3 01 7 o 1 0 00
0 3 11 130 0)°

So a Z-basis for a is {14 +/7,3v/7}. The lattice o(a) is spanned by o(1++/7) = (14+v7,1—
V7) and o(3v/7) = (37, —3V/T7) = 3V/7(1, —1). The area of a fundamental domain is

‘da( 1;\}? 1_;\? )‘ = 6V/7.



We now check that this area equals 27¢N(a)/|A|. We have Z/3Z — Ok/a, and 1 ¢ a.
Hence, Z/3Z ~ Ok /a. So N(a) = 3. Since O = Span,{1,+/7}, the discriminant of K is

A= det( 1 \_ffﬁ >2 = (—2V7)2

So 27tN(a)\/|A] = 2° -3 - (24/7) = 6/7, which agrees with our earlier calculations. Here is
a picture of the lattice and the fundamental domain we were considering;:

The lattice o(a) where a = (3,1 +/7) C Do)



