Math 361 lecture for Friday, Week 11

The class group 11

Let K be a number field of degree n with real embeddings o1, ..., 05, and complex embed-
dings 0s11,0s+1,---,0s+t,0s+¢- Recall our Q-algebra embedding;:

o =0: K 5 L% =R x C!

a— (o1(a),...,05(a),0541(), ..., 051¢(x)),
and our identification
R® x Ct! ~ R"
(T1yee oy Ty 21y ey 20) > (T1y ooy Ty UL, ULy ey Uy V)
Define the norm of ¢ = (x1,..., s, 21,...,2) € R® x C! to be

and note that it is consistent with our earlier definition: for a € K,
N(a) = o1(a) - os(a)osi(@)Tsr1(@) - - osp1(a)asyi(@) = N(o(a)).

We proved a theorem giving the volume of a fundamental domain of the image of a lattice
under ¢ and derived the following:

Corollary. Let a be a nonzero ideal in Of. Identifying L% with R, regard o(a) C R™.
Then o(a) is a lattice with fundamental domain of volume

27N ()4

where A is the discriminant of K.

Our goal now it two prove two theorems, one of which was used in the last lecture to show
that the class group is finite.

Theorem 1. If a is a nonzero ideal of O, then there exists 0 # a € O such that

IN(a)| < (2>tN<a>m.

™

Proof. Fix a real number € > 0, and select positive real numbers cy, ..., csy¢ such that

€1 Cp = (i)tN(a)\/ﬁ.

Define X, € R" to be those © = (1,...,Zs, Ts1,Yst1s-- -, Tstt, Ys+t) € R™ such that



o |z1| < +e,
o 12| <cay...,|Ts] < sy
d |$§+1 + y§+1\ < Cs415-- 0, ’$§+t + y?—&—t‘ < Cstt-
Then X is centrally symmetric about the origin and convex (exercise). We have

vol(Xe) > [(2¢1) - - - 2¢5][(mestn) - - - (mesyt)]
= Qsﬂt(cl e Cot)
P (i) N(a)V]A]

= 2""'N(a)V/]A|
— 23+2t . 2*’5N(a)\/m
— 2" yol(F)

where F' is a fundamental domain for o(a).

By Minkowski’s theorem, X, contains a nonzero point in the lattice o(a), i.e., there exists
0 # B € a such that o(8) € X.. For each € > 0, define

A.={Be€a:B#0,0(8) € Xc}.

For each 8 € A, we have
IN(B)| < (e1+€)ea- st

We have seen that each A, is nonempty. Further, since o(a) is a lattice, each A. is finite.
We have
Al 2A1/2 2A1/3 D QAl/k Do,

Hence, ﬂk21 Ay # 0. Let o € A, then since o € Ayjy for all k > 1, we have
IN(@)] < (e1 + 1/k)es - osa.

It follows that
2

V(@) < e1-eecpns = <7T>tN(a)m.
O

Theorem 2. Every element of the class group H is represented by an ideal with norm at

most <72r) . m



Proof. Consider an arbitrary equivalence class [¢] € H where ¢ is an ordinary ideal. (We
know that every element of # has this form.) Then [¢™!] € H, so there exists an ordinary
ideal b representing [¢~1].

Take 0 # 8 € b with .
@) < (2) MoV

Since N(3) € b, it follows that (3) C b. Multiply this inclusion through by b~! to define
a:=(BbtCbb! =Dk,

Hence, a is an ideal. Further,

since a differs from b~! by a factor of a principal ideal. Finally,

N = NN e = T < (2) VAl

s

O]

Example 3. Let K = Q(v/—13). Every ideal class in H is represented by an ideal with
norm at most

<72r> V413 < 4.6.

So we must consider ideals with norms 1,2,3,4. If an ideal a contains a rational integer
a, then (a) C a implies that a divides (a). So to find the ideals with norms a, we look for
divisors of the ideal (a). In our case, where a € {1,2, 3,4}, we factor the minimal polynomial
2?2 + 13 modulo p for p = 2,3 to find

(2) = (2,V=13)%, (3)=(3).
An ideal with norm 4 divides
(4) = (2)* = (2, V—-13)".

Therefore, h = |H| =1 or 2, depending on whether (2,+/—13) is principal.
If (2,v/—13) = (a + by/—13) for some a,b € Z, taking norms, we find

2 = a? + 130,

for which there are no solutions. Therefore, # is a group with two elements: [(1)] and [(2,+/—13)].



