Math 361 lecture for Friday, Week 4

Cyclotomic fields II

We continue our discussion from last time. Let ¢ = e2™/? where p # 0 is a prime, and
consider the cyclotomic field K = Q(¢). We saw that the minimal polynomial for ¢ over Q
is

-1

p_1 P ,
f(x):a:p71+xp72+'~-+x+1:2_1 :H(JT_CZ)
i=1

So [K:Q] = p—1, and the embeddings K — Q are given by o;: 0+ (" fori =1,...,p— 1.
We will need some of the calculations we did last time:
N(¢) =-1 for all i € Z
N(1-¢)=p

and

- -1 if 7 £ 0 mod p
() = L
p—1 if 5 =0 mod p.

Our goal is to show that
O = Z[¢] = Spany {1,¢, ..., (P2}
Proof. Let a € Og. Since {1,(,...,(P"2} is a Q-basis for K, we may write
a:ao+a1C++-~~+ap,2Cp_2

for some unique ag, ..., ap—2 € Q. We must show that a; € Z for all i.

Last time, we showed that b; := pa; € Z for all i. So it suffices to show that p|b; for all i.
Defining A = 1 — {, we have

po = pag + par{ + - - + pap_2(P
=bg+ b1+ + bpf2Cp_2
=by+bi(L—A) 4 +byo(l — NP2
If we expand this last equation as a polynomial in A, what are the coefficients? The constant

coefficient is
bo + b1+ + bp_2.

The coeflicient of A is
—by —by— - — by o



The coefficient of \? is

2 3 p—2
b2<2> +b3<2> +"'+bp_2< 9 >7

and so on. In general, for i = 0,...,p — 2, the coefficient of A\’ is
p—2 j
= (—1)° Z <i>bj € Z.
j=t
So we have

pa=1bo+b1C+ -+ by o(P?
=bo+b1(1—=A\) 4+ byo(l — A)P2
= Cp +Cl)\+ cee +Cp,2)\p_2.

By symmetry, since ( =1 — A, we have

Note that p does not divide any (Z) appearing in above. Hence, to achieve our goal of
proving p|b; for each 14, it suffice to show that p|c; for each ¢, which we now do by induction.
For the case i = 0, we have

[\

p— .
cp = (—1)0 <‘Z)>bj—bo+"’+bp—2_p(a0+"'+ap—2)'
J=0

We can not immediately conclude that p|cy since all we know about the a; at this point is
that they are rational numbers. However, we can use the fact that since a € Ok, we know
its trace is an integer. Calculate:

T(a) = T(a() +a1(+---+ ap_QCp72)
= T(ag) + T(a1¢) + -+ + T(ap—2(""?),

and since each o; is the identity on Q,

p—2 p—2 p—2
T(ar¢®) =Y oi(arl®) = > aioi(¢) =D arT(¢h).
=1 =1 =1

for each £ =0,...,p — 2. It follows from our earlier trace calculations that
T(a)=aolp—1)—ar —-- —ap_2
=Ppap—ap —a1r — - — ap-2

:bO—(GO‘F—Fapr)



Since T'(cv) and by are integers, so is ag + - - + ap—2. Thus, we may finally conclude that
pleo-

We proceed with the induction step. Let 1 < k < p — 2, and suppose that p|c; for i < k.
Thus, we can write ¢; = pn; for some n; € Z for : =0,...,k — 1. Thus,

p—2
po = Z %
i=1
p—2
=png+pniA+--- +pnk_1)\k71 + Z N
i=k

We now factor p in O, defining v as follows:
p—1

p—1
p=N1-Q=][a-¢) == " J[1+¢+ -+,

i=1 =1

o

Here, we are using the fact that 11%45 =1+ ¢+---+ ¢ L Note that (1 —¢)P~! and v are
in Og. Hence, factors in Ok as

p=(1-O"y= "1y

Continuing with our above calculation of pa:

N lyva = pa
p—2
= pno +prad + -+ prp AT Z e\
i=k
p—2
R D L N e e D N N2
i=k

Solving for the ¢ A* term, we see
Clc)\k — )\k—l-lu

for some p € Ok. It follows that ¢ = Au. Take norms:

&' = N(ex) = NN (1) = pN (u)

where N(u) € Z. Since p divides the integer cg_l and p is prime, it follows that p|ck. That
completes the induction and the proof. O



