Toric Varieties: Introduction



Lattice

N = free Z-module of rank n
Mg =N®zR

A choice of a basis for N gives isomorphisms

N=~Z" and Ng =~R".



Cones

o= Rzo(o, 1) + Rzo(Q, —1)

~ T2
N ~ R (2,-1)

o C Ng = R" = strongly convex, rational, polyhedral cone
cone: closed under addition and under multiplication by A € R>q
strongly convex: contains no line through the origin

rational polyhedral: generated by a finite number of lattice
points (elements of )



Dual lattice

dual lattice: M := Homz(M, N)

pairing:
MxN—Z % Mpx Ng =R
(¢, v) = ¢(v) (¢,v) —o(v)
Choosing a basis ey, ..., e, for N and the dual basis e, ...
for M:
AR/ ] % RXRTSR

(u,v) > u-v (u,v) —u-v



Dual cone
The dual of the cone o C Ny is

o ={ueMg:u(v)>0forallveo}C M.

(1,2)
(0,1) o g

(1,0)
(27 _1)

A face T of o is a set of the form
r=onut={veao:(uv) =0}

for some u € oV, (7 is a cone; facet = face of codimension 1)



Semigroup: generators and relations

The semigroup corresponding to o is S, = o¥ N M, the set of

lattice points in 0.

° °
° °
0.\/
° °
° °

v

generators: u = (1,0), v=(1,1), w = (1,2)

relations: v+ w = 2v



Semigroup algebras and toric varieties

C[Ss] :=Cley : u € S;] where e, - e, := e,+, and g = 1.

*e w=(1,2) =12
o v=(1,1)=11
. o u=(1,0)=10

> u+w=2v

Clx,y,2] = C[S,]
X — €10
yr—=en
Z+—r €12

Yields: C[x,y,z]/(xz — y?) = C[S,]. The toric variety
corresponding to ¢ is the solution set to xz = y? in C3 ~ RS.



Constructing an affine toric variety

o—o’
—S,=c'NM
— C[Ss] = Cley, - - -, eu,)
~ Clxi,...,xal/l

I=(f,...,1f)

Toric variety corresponding to o:

Up={xeC": fi(x)="--=fi(x) = 0}.



|deals in polynomial rings

I CClx1,...,%xa] =: Ris an ideal if

1. f,gel=f+gel
2. fel, geR=>1fgel

Hilbert’s basis theorem. There exists f1,..., fx € I such that
I = (flv---afk) = {ZIkZ].ng; 81,58k € R}
Zero set of I:

Z()={peC":f(p)=0forall fel}
={peC": fi(p) == fi(p) = 0}.



Review

C[Ss] :=Cle, : u € S;] where e, - e, := e,+, and g = 1.

w=(1,2) =12

:aV: v=(1,1)=11
o o u=(1,0)=10
> u+w=2v

C[X’y’z] - C[SCT] with x — €10, Y — €11, Z > €12.
Clx,y,z]/(xz — y?) = C[S,],

U, = {(x,y,z) € C3: xz — y?> = 0}, a cone in 3-space



Example 2

c={0}CR2, o'=R2, S,=oc'NM

generators: u; = (1,0),v1 = (—1,0),u2 = (0,1),v» = (0, —1)
relations: w1 +vi =0, o+ v, =0

Clx, x2, y1, 2l /1 = Clew,s euy, ev,, €4,]

I=(ay1 — 1, xoy2 — 1)

Us = Z(1) = {(x1,y1,%2,y2) € C* : x1y1 = 1, xpy2 = 1}



Example 2

Us = {(X17Y17X2,)/2) eC*: xiy1 = 1, xoy0 = 1}
~{(x1,%) € C?: x; #0,xp # 0} = C* x C* = (C*)?
where C* = C\ {0}. Mapping:

Uy, — (C*)?

(x1,y1, %2, y2) — (x1, x2)

Inverse: (x1,x2) — (x1,1/x1,x2,1/x2).

Terminology: (C*)? is the algebraic 2-torus



Example 3

c={0}CR",  oV=R"

Se =onNM:
generators: u; = ¢;,v; = —¢; fori=1,...,n.
relations: u;+v;=0fori=1,...,n.

UO' = Z(/) = {(Xlayla cee aXnayn) S C2n L XiYi = 1 for all I}
~A{(x1,...,xn) € C": x; # 0 for all i}
= (C)".



Example 4

Ve o= Rzo(l, 0) + Rzo(o, 1)

v

<@

oV =R>0(1,0) + R>0(0,1)

S =on M:

generators: e, € relations: none,
Clx, y] = Cle1o, €01], I =(0)

Uy = Z(I) = C2



Example 5

_\n vV _
o= i1 Rxe, o’ = >l 1Rxoe,
S =o0cnNM:

generators: ey, ..., €n, relations: none,

Clx1, .-, xn] = Cleg, : i =1,...,n], I =(0)

U, =Z(l)=Cn



Fans

A fan, A is a set of s.c.r.p. cones such that:

1. 0 € A and 7 a face of o implies 7 € A
2. 0,7 € AimpliessonNt € A.



Example 6
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(10)  (10)
A : 01,02, and their faces (three rays and the origin)
Us, = C?, coordinates: x — €1,0), ¥ = €(0,1)
U,, = C2, coordinates: u > e_1,0), V > €0,1)
glue: Uy, = (C>2<7y - (C%,N =U,,, x— %7 y—=y

geometry: restricting to real points, we get X(A) ~ S x R, a
cylinder



Example 7

n = 1: In dimension 1, there are only three possible cones:

g1 = Rzo(l) = Rzo, 0o = Rzo(—l) = —Rzo, and 7 = {O}

02 g1

A

~

o¢

-1 1

Soy=Z>0-1=N, C[x] = Clea] U,, =Z(I)=2Z(0)=C
502 = ZZO : (—1) = —N, (C[y] = (C[e_l] ng = Z(O) =C
S; =7, Clx,y] = Cle1,e_1] with x — e,y — e_1

U-=Z(xy —1)={(x,y) €C?: xy =1} = {x € C: x # 0}.



Example 7

7= {0}

=

77777777777777777777 » Uy, = C,

N

U-={xeC:x#0} = {(x,y) € C?:



Mappings of fans

Let A be a fan for the lattice N, and let A’ be a fan for the
lattice N'.

A mapping of fans A — A’ is a Z-linear mapping ¢: N — N’
with the property that for each cone o € A, there is a
cone o/ € A’ such that ¢(o) C o'

In that case, there is an induced mapping of toric varieties
X(A) = X(A).



Example: Mappings of fans
N=7and N =72 ¢:7Z — Z? with ¢(a) = (a,0).
A = {7'1,7'2} with T = Rzo(l), T = RZO(—].).

A’ = {01, 02} with o1 = R34(1,0) +R24(0,1) and
o2 =RZ,(—1,0) + R2,(0,1). (See Example 6.)

(x,y) — (1/x,y)

(x,0) Uy ----- » Us, (2,0)
x Uy ----- » U, z



Example: projective plane P?

See our notes, Example 13.6. (The numbering might change
with further updates to the notes.)



