Exact sequences



Exact sequence

A sequence of linear mappings U 5V & W of vector spaces is
exact at V if im(f) = ker(g).

A sequence

dkfz dkfl d dk
e ——> Vk,1 — Vk—k> Vk+1 —+1>

is exact if it is exact at each V.

A short exact sequence is an exact sequence of the form

O—-U—-V->W=0.



Short exact sequence

Suppose we have a short exact sequence

o-ULvE WSO

Then

> f is injective and g is surjective.

» There is an isomorphism U — ker(g) defined by v +— f(u).
(Why is this an isomorphism?)

» By definition, the cokernel of f is cok(f) = V/im(f). There
is an isomorphism cok(f) — W given by [v] — g(v).

» We have dim U + dim W = dim V.

» For an exact sequence 0 — V; — Vo — -+ — Vi — 0, we
have K ;(—1)"dim V; = 0.



Snake lemma

Suppose the following diagram is commutative with exact rows:

Al - B - ' -0




Snake lemma

ker f ker g ker h
Y

f g h
0 - A - B - C

cok f — cok g — cok h



Snake lemma

ker f ker g ker h
A - B - ' -0
f Jg Jh
0 - A - B - C

—————>cok f ——— cok g — cok h




Snake lemma

Given a commutatitive diagram with exact rows:

Al - B - C' -0

There exists a connecting homomorphism 0: ker h — cok f so
that the following sequence is exact:

kerf—>kerg—>kerh2>cok f — cok g — cok h.



Snake lemma

Given a commutatitive diagram with exact rows:

There exists a connecting homomorphism 0: ker h — cok f so
that the following sequence is exact:

0—>kerf—>kerg—>kerh2>cok f — cok g — cok h — 0.



Category of cochain complexes

Cochain complex:

d d
N L

Mappings f: A* — B®:

d ,oak _d Akl _d

ka{ kaJ(

d . gk _d ,  gkt1 _d . |

where the mappings commute.



Cohomology of cochain complexes

Cochain complex:
dk—1 di
A° - . Ak Ak+1 _+1> .

Cohomology:

H*A = ker(d)/ im(dk_1).



Short exact sequence of cochain complexes

A short exact sequence of cochain complexes is a sequence of
mappings
0—>A*—=B*—C*—0.

such that
0 A Bk cko0

is exact for all k.

Theorem. A short exact sequence of cochain complexes induces
a long exact sequence in cohomology:

o HRIC S HRA s HEB s HRC D HR LA s



Long exact sequence in cohomology: proof of existence

Apply the snake lemma to:

0 Ak Bk Ck——+0
dgt d¢ d¢
0 Ak+1 . Bk+1 Ck+1 0

to get an exact sequence

0 — ker df* — ker df — ker df 9 cok df — cok df — cok df — 0.



Long exact sequence in cohomology: proof of existence

The mapping df: Ak — A1 induces
AKJimdf | — AkFL
[a] = dii(a).
and

AXJimdi | — kerdp 4

[a] = d{\(a).



Long exact sequence in cohomology: proof of existence

The mapping df: Ak — A1 induces

AK/imdf | — ARFL

[a] — df(a).
and
cok dft | == A¥/imdP | — ker d,’f\H
[a] — d\(a).
So define

p: cokdity — kerdp 4

[a] = d{\(a).



Long exact sequence in cohomology: proof of existence

We have

ot cokdity = AK/imdi | — kerdf 4
[a] — dkA(a).

Then
cok &y = kerdg,;/im & = kerdg, ,/imdf = H*A.

and
ker 07 = kerdf/imdf | = H*A.



Long exact sequence in cohomology: proof of existence

Our earlier application of the snake lemma gave us, for each k,
and exact sequence,

0 — kerdf — kerdf — kerdkc 9 cok df — cok df — cok dkc — 0.

Therefore, the following commutative diagram has exact rows:
cokdf ; — cokdf | — cokdS ; — 0
A B C
O O O

A B C
0 — ker dk+1 — ker dk+1 — ker dk+1



Long exact sequence in cohomology: proof of existence
Apply the snake lemma to

cok d,f‘_l — cok d,f;_l — cok dkC_1 —0
% 5% e

A B C
00— kerdk+1 — kerdk+1 — kerdkJrl

to get the exact sequence in cohomology:
HKA = H*B — H*C & H*1TA — HK1B — HRHLC

Piece these together over all k to get the long exact sequence in
homology

o HRIC S HRA — HEB — HRC D HR A s -



Long exact sequence in cohomology

Theorem. A short exact sequence of cochain complexes
0—+A*—B*— C*—0.

induces a long exact sequence in cohomology:

o HIC S HRA 5 HRB — HAC 2 HFPIA ...



