Stokes' theorem



Wednesday quiz

Don't forget Wednesday's quiz.



Manifolds with boundary

Definition 10.16. An n-dimensional manifold with boundary is a
second-countable, Hausdorff topological space M that is locally
homeomorphic to open subsets of R” with differentiable
transition functions.

A point p € M is in the boundary of M if there is some (hence
every) chart (U, h) at p such that h(p) € 0h(U) C R”. The
collection of all such points is denoted OM.



Manifolds with boundary, tangent space

Let p € OM, and let (U, h) be a chart at p. Define
T, M=dh,*(R"), TS M=dn'(R]).

The inclusion mapping ¢: M — M induces an inclusion
dip: ToOM — T,M. We have

ToOM =T, MnN T,}LI\/I.

inward-pointing tangent vectors: Tp_l\/l\ T,0M
outward-pointing tangent vectors: T;I\/I\ T,0M.



Manifolds with boundary

Definition. Let M be an n-dimensional oriented manifold with
boundary and let p € M. We define the natural orientation on
OM as follows:

An ordered basis (w1, ..., w,_1) for T,0M is positively oriented
if for any outward-pointing tangent vector v € T,M, the ordered
basis (v, wi,...,wy_1) for T,M is positively oriented in T,M.



Stokes' theorem

Let M be an oriented n-manifold with boundary, and let
w € Q"M be a form with compact support. Then

/dw:/ w:/ Fw
M oM oM

where t: OM — M is the inclusion mapping.



Example

/dw:/ w
M oM

Example. Let f: [0,1] — R. Think of f as a zero-form on the
manifold M = [0,1], i.e., f € Q°[0,1]. Then

/M df = /[0’1] F(x) dx — /X 1_0 Fl(x) = F(1) — £(0) = /8 o’

For the last equality, we need a definition of the oriented
boundary of a one-dimensional manifold.



Examples

n =1: The flow of a gradient vector field along a curve C is
given by the change in the potential, ¢:

/C Vo = ¢(C(1)) — $(C(0)).

n = 2 : The flux of the curl of a vector field F through a
surface S equals the flow of the vector field along the boundary
of S:

/Curl(F)~Fi: F-t
S oS

n = 3 : The integral of the divergence of a vector field F over a
solid V' equals the flux of the vector field through the boundary

of V:
/ div(F)= [ F.#
%4 ov



Proof of Stokes' theorem

Case 1. M=R", w=>" adxg A AdxiA--Adxp.

0 6,’ 8i Ty
dw = ;(ajldxlﬂL---%-a;an)/\dX1/\"'/\dXi/\"'/\an

:Z%dxiAdxlA---ATmA--~Adxn
= O

n .
= Z(—l)"*l%dxl Ao Adxi A A dxy.
i=1 Ox

Therefore,

n , daj
dw = —1)i-1 =
/M ;( ) rRr OX;



Apply Fubini's theorem

For i > 1:

/Oo % = lim / at
Xj=—00 Ox;  tox 8XI

= lim (a;(--- ,t,--

t—o00

+ lim (a(---,

t——0o0

=0
since supp(w) is compact.

Thus,
Oai

rr Ox;

for i > 1.

0 9a;
tk oo Jt 8x,
) = ai- -
0,--)) — ai(---



Apply Fubini's theorem

For i =1:

0 E .
/ — = lim (a1(0,x2,...,xn) — a1(t, x2, . ..
X

1=—00 aXl t——00

= a1(0,x2, ..., Xpn).



Proof of Stokes' theorem, Case 1

Oaj
dw = I 1 !
R" Y= /Z aXl
_ [ 9a
rRr Ox1
_ / /0 0aj
N OR" Jxj=—00 Ox;
= a1(0,x2, ..., Xn).
OR™

Thus, for the left-hand side of Stokes' theorem:

/ dw:/ a1(0,x2, ..., Xp).
M OR™



Proof of Stokes' theorem, Case 1

For the right-hand side:

/ w:/ Gw
oM OR"

= N L aidxa A Adxi A Adxg
OR™

:/ Z?:l(aiob)dh/\--'/\dib,'/\-w/\dL,,
OR"

= / dl ot
OR™

:/ a1(0,x2, ..., xp)
OR™

= dw—/dw



Proof of Stokes’ theorem, Case 2

Suppose there exists a chart (U, h) such that supp(w) C U.

Then use h to reduce to Case 1:

We may assume that M = U C R"”. Then extend w by 0
outside U:

~y_ Juw(p) ifpeU
uj(p)_{o ifpeU.

Then [y dw = [y dw = [pn dO = [opn @ = [5yw.



Proof of Stokes’ theorem, general case

Our goal: find orientation-preserving charts (U;, h;) for
i=1,...,k and w; € Q" M such that

> w=wy - wg
» supp(w;) C U;, with supp(w;) compact.

It will then follow from our previous cases that

k k
/de:§/dei:§/U;dwi



Partition of unity

» For each p € supp(w), choose an orientation-preserving
chart (Up, hp). Then find a smooth function A,: M — [0, 1]
such that Ap(p) > 0, with supp(Ap) compact and contained
in Up (bump function).

> Let U, = A,1((0,1]) = M\ A;1(0). Then, U, is open, and
supp(w) C Upem Dp.

» Since supp(w) is compact, there exist p1, ..., px such that
supp(w) c Uk, U, =: X.

» Fori=1,..., k define 7;: X — [0,1] by

Ap;
Ti(x) = p(x) € [0,1].
j=1 Ap; (%)
» Then 7;: X — [0, 1], supp(7i) C Up, is compact, and
Sk 7i(x) =1 for all x € X.



Partition of unity

Ti(x) = el €[o,1]

Zj-(:]. )\Pj (X)

i1 X = [0,1], supp(7;) C U, is compact, and 3K ; 7i(x) = 1
for all x € X.

Definition. For i =1,...,k, let

o\ _ JTi(p)w(p) forpe X
w’(p)_{o for pe M\ X.

Then

> w=wp e wg
» supp(w;) C U;, with supp(w;) compact.



Example

Let
w=xdyANdz—ydx ANdz+ zdx Ady.

What is f52 w, where 52 € R3 is the 2-sphere?

Solution:

/w:/ w = dw:/ 3dx Ndy Adz
S? oD3 D3 D3

4
:/ 3=3vol(D3) =3 -7 = 4n.
D3 3



