Integration I



Review definition of [, w.
Review change of variables formula for R".
Formula for pulling back forms.

Sketch proof that [;,w is independent of the choice of
orienting atlas A and the measurable sets A;. See our text,
Theorem 10.4.

Sufficient condition for integrability.

Change of variables formula for manifolds.



Warm-up

Let

f:(0,1) —» R?
t (t,t%),

and let w = x dy.

Compute [ 1) fw.
f*w =tdt2 =t 2tdt = 2t% dt.



Change of variables formula

K C R" compact, connected, vol(0K) = 0, open U with K C U.

¢: U — R" a C! mapping, injective on the interior K°, with
det(J¢) # 0 on K°

f: ¢(K) — R continuous.
K2 oK) LR

Theorem (change of variables).

/W() fFo /K(fo &)| det(Jo)|.



Local formula for pulling back forms

Suppose f: R"” — R", with coordinates xi, ..., x, on the domain
and y1,...,y, on the codomain.

Let w=a(y)dy; A--- Ady, € Q"R".
Then
(Ffw)(x) = a(f(x))dh A--- Adfy

oxq Oxn

of, of,

= (ao f)(x)det(JF(x))dxi A -+ A dxp.




Im w is independent of choices

Theorem. [),w is independent of the choice of 2 and the A;.

Proof. See page 50 of our notes.



A sufficient condition for integrability

The support of w € Q"M is

supp(w) = {p € M: w(p) # 0}.

Proposition. If supp(w) is compact, then [;,w exists.

Idea of proof: the sums involved can be taken to be finite.

Corollary. If M is compact, the [;,w exists.



Change of variables for a manifold

Proposition. Let f: M — N be an orientation preserving
diffeomorphism of oriented n-manifolds, and let w € Q"N. Then

/ f*w:/w.
M N

Idea: We may use the diffeomorphism f to choose compatible
orienting atlases for M and N and compatible decompositions
into measurable sets.

Then the question is local. So we may assume f: R" — R” and
w=a(y)dy1 A--- Ady, So

/ f*(adyl/\‘--/\dyn):/(aof)det(Jf)dxl/\~~/\dxn
M M

= ady; A -+ ANdyy
f(M)

:/N“‘



