Exterior derivative



De Rham Complex

Theorem 8.5 Let M be a manifold of dimension n. There exists
a unique sequence of linear maps

0 ML atm 4 2L aim  ... (1)
such that:

(a) If F€Q°M, ie., f: M — R, then df is the normal
differential;

(b) Sequence (1) is a complex, i.e., d> =dod = 0;

(c) d satisfies the product rule:
dlwAn)=dwAn+(—1)wAdnforweQ M.

In local coordinates, d is given by

d(Zu a,udxu) Z Z, 1 %i” dx; \ qu



Exterior derivative

Taking local coordinates, suppose that M = R”, and
let f: M=R" — R. Then,
of 8f
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d(f dx,) = df A dx,

f f
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Example. d(yz?dx) =

d?(yz? dx) =



Cochains
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d>=0

See the Wikipedia article on chain complexes.



Mappings of cochains

f: M — N induces a mapping of cochain complexes:
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Shorthand:
*: Q°N = Q° M.

The diagram commutes: f*dw = df*w.



Mappings of cochains

Check that *: Q*N — Q°M in the case w € Q°N, i.e., when
w: N — R.

Taking local coordinates, we may assume M = R™ with
coordinates xi,...,x,, and N = R" with coordinates y1, ..., yu.

Compute f*dw and df*w, then compare. (What comes to the
rescue?)



Cohomology

_y k=1 ety di—1

d> =0, ie. diodk_1 =0 = imdk_1 C kerdy

k-th De Rham cohomology group of M:

H*M = ker dic/ im dj_1.

k-th Betti number of M:
B,(M) = dimR HkM.

See the Wikipedia article on De Rham cohomology.
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