
Differential Forms



Pullbacks of exterior products

L : V → W induces:

L∗ : W ∗ → V ∗

ϕ 7→ ϕ ◦ L

and

ΛℓL∗ : ΛℓW ∗ → ΛℓV ∗

ϕ1 ∧ · · · ∧ ϕℓ 7→ L∗ϕ1 ∧ · · · ∧ L∗ϕℓ = (ϕ1 ◦ L) ∧ · · · ∧ (ϕℓ ◦ L).

We will sometimes write L∗ for ΛℓL∗ if the meaning is clear from
context.



Standard basis for TpM w.r.t. chart (U , h)

(
∂

∂x1

)
p

, . . . ,
(

∂
∂xn

)
p

geometric: (∂/∂xi)p = [α] where α(t) = h−1(h(p) + tei)

algebraic: (∂/∂xi)pf = ∂f ◦h−1

∂xi
(p)

physical: (∂/∂xi)p(U, h) = ei



Bases with respect to (U , h)

TpM:
(

∂
∂xi

)
p

T ∗
p M: dxi ,p :=

(
∂

∂xi

)∗

p
, dxi ,p(

(
∂

∂xj

)
p
) = δ(i , j)

ΛℓT ∗
p M: dxµ,p := dxµ1,p ∧ · · · ∧ dxµℓ,p

µ : 1 ≤ µ1 < · · · < µℓ ≤ n

Example of an element in Λ2T ∗
pR3:

4 dxp ∧ dyp + 10 dxp ∧ dzp − 7dyp ∧ dzp



Review: Tangent bundle manifold structure

v ∈ TqM (h(q), v(U, h))

π−1(U) h(U) × Rn

U h(U)

q h(q)

h̃

π π

h



Review: Tangent bundle manifold structure
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π−1(U) h(U) × Rn
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p h(p)
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Tangent bundle: transition functions

Take charts (U, h) and (V , k) at p ∈ M:

U ≃−→ h(U) ⊆ Rn, with coords. x1, . . . , xn

V ≃−→ k(U) ⊆ Rn, with coords. y1, . . . , yn

(
∂

∂xi

)
p

π−1(U) ∩ π−1(V )
(

∂
∂yi

)
p

h(U ∩ V ) × Rn k(U ∩ V ) × Rn(k◦h−1,D(k◦h−1))

(
∂

∂xj

)
p

=
∑n

i=1 aij
(

∂
∂yi

)
p

where (a1j , . . . , anj)t is the j-th column
of Dp(k ◦ h−1).



Exterior power of the cotangent bundle

ΛℓT ∗M = ⨿pΛℓT ∗
p M

M

v ∈ ΛℓT ∗
p M

p

π

π−1(U) ≃−−−−→
h̃

h(U) × R(n
ℓ)



Exterior power of cotangent bundle: transition functions

π−1(U) ∩ π−1(V )

h(U ∩ V ) × R(n
ℓ) k(U ∩ V ) × R(n

ℓ)
(h◦k−1, ΛℓD(k◦h−1)∗)



Differential forms
A differential k-form on M is a section of ΛkT ∗M:

ΛkT ∗M

M

π ω

π ◦ ω = idM

Notation: ΩkM is the R-vector space k-forms.

Letting C∞(M) be the ring of smooth functions M → R, we
have that ΩkM is a C∞(M)-module: if f ∈ C∞(M) and
ω ∈ ΩkM, then

(f ω)(p) = f (p)ω(p) ∈ ΛkT ∗
p M.



k-forms in local coordinates

⨿p∈U Λk
pT ∗M = π−1(U) U × Λk(Rn)∗≃

U

π

h(U)

≃

Rn ⊇
x1, . . . , xn

ω(p) =
∑n

i=1 fµ(p) dxµ,p

fµ : U → R



Zero forms

Λ0V := R

Claim: Ω0M = C∞(M)

Λ0T ∗M = ⨿pΛ0T ∗
p M = ⨿pR

M

ω

So ω(p) ∈ R for all p ∈ M.



Zero forms
f : M → R induces

TM

M

TR = R × R

R

df

f

In coordinates (replacing TpM by Rn and f by f ◦ h−1):

dfp : TpM → R

v 7→
[

∂f
∂x1

(p) · · · ∂f
∂xn

(p)
]

v

So dfp ∈ T ∗
p M. dfp =

∑n
i=1

∂f
∂xi

(p) dxi , p. Check: what is
dfp( ∂

∂xj
)p?



Pullbacks of k-forms

f : M → N induces TM df−→ TN.

ΛkT ∗M

M

ΛkT ∗N

N

Λkdf ∗

f

ωf ∗ω

f ∗ : ΩkN → ΩkM
ω 7→ Λkdf ∗(ω ◦ f )



Pullbacks of k-forms in coordinates

Take coordinates y1, . . . , yn on N and x1, . . . , xm on M.

f : M → N, locally, f = (f1, . . . , fn)

f ∗ : ΩkN → ΩkM

ω =
∑

µ ωµ(y1, . . . , yn) dyµ where each ωµ is a R-valued function
on N

To compute f ∗ω, substitute fi for yi :

f ∗ω =
∑

µ ωµ(f1(x), . . . , fn(x)) dfµ1 ∧ · · · ∧ dfµk



Example

f : R3 → R4

(x , y , z) 7→ (x + 2y , z , xy + 1, y2)

with coords p, q, r , s on R4

ω = p2 dp ∧ dr + r dq ∧ ds

Compute f ∗ω.



Example

f : R3 → R2

(x , y , z) 7→ (x + 3y2, x2 + y3z)

with coords u, v on R2

ω = u du ∧ dv

Compute f ∗ω.


