Differential Forms



Pullbacks of exterior products

L:V — W induces:

L*: W* — v*
b pol

and

AL AW — APV
P1AANpers Lt A AL = (pro L) A=+ A(dgoL).

We will sometimes write L* for A‘L* if the meaning is clear from
context.



Standard basis for T,M w.r.t. chart (U, h)

geometric: (0/0x;)p = [a] where a(t) = h=Y(h(p) + te;)
algebraic: (9/0x;)pf = Wg}'gf (p)
physical: (0/0x;)p(U, h) = €;




Bases with respect to (U, h)

. o)
T,M: (ax,,)p
v —(2\* d _os(i
TiM: dx;p = <W)p dx,-,,,((aij)p) = 5(i,j)
NTiM: dxup = dXu p Ao AdXy,p

prl<pr <o <pg<n
Example of an element in A? T;R3:

4 dx, N dyp + 10 dxp A dzp, — Tdyp A dzp



Review: Tangent bundle manifold structure

ve TgM —— (h(q),v(U, h))

Y U) —— h(U) x R"



Review: Tangent bundle manifold structure

(5), — (h(p). )

71 U) —Ps h(U) x R



Tangent bundle: transition functions
Take charts (U, h) and (V, k) at p € M:

U = h(U) CR", with coords. xi,. .., X,
V = k(U) CR", with coords. yi, ..., yn

(a?(")p T HU)nai(Y) (36)}’i)p

oy T

071 071
h(UN V) x R” (koh™ 7Btk ™)) K(UN V) x R

(8(?9),, =Y aj (8?/,-),3 where (aij, ..., anj)" is the j-th column
of Dy(k o h™1).



Exterior power of the cotangent bundle

NT*M =LA T;M veNTiM
M P



Exterior power of cotangent bundle: transition functions

Y U) N7~ (V)

— T

h(Un V) xR k(UM V) xR(G)

(hok=1, AeD(koh™1)*)



Differential forms
A differential k-form on M is a section of NKT*M:

NCT*M

M

Tow = idpy

Notation: QKM is the R-vector space k-forms.

Letting C°°(M) be the ring of smooth functions M — R, we
have that QKM is a C>°(M)-module: if f € C>(M) and
w € QXM, then

(fw)(p) = f(p)w(p) € N Ty M.



k-forms in local coordinates

ey AgT*M =71 (U) ————— U x Af(R")*
n
w(p) = S0y fulp)
v fi:U—R
R" > h(U)



Zero forms

ANV =R

Claim: Q°M = C>®(M)

NT*M = A T;M = IR

So w(p) € R for all p e M.



Zero forms
f: M — R induces

TM—> TR=R xR
R

In coordinates (replacing T,M by R" and f by f o h™1):

/\/I—>

df,: T,M — R

of of

v o (p) 5 (p)| v

So df, € TyM. dfy =371, ax( ) dx;, p. Check: what is
()7



Pullbacks of k-forms

f- M — N induces TM 25 TN

/\k *
NET*M ————— NKT*N

£ QN — QFM
w — Ndf*(wo f)



Pullbacks of k-forms in coordinates

Take coordinates y1,...,y, on N and xy,..., x5 on M.
f:M— N, locally, f =(f,...,1f)
f*: QKN — QKM

w=73,wu(¥1,---,¥n) dy, where each w), is a R-valued function
on N

To compute f*w, substitute f; for y;:

frw =73, wu(f(x),. .., fa(x)) dfyy A Adfy,



Example

f: R > R*
(x,,2) = (x+2y,2,x +1,y°)
with coords p, g, r,s on R*

w=p>dp Adr+rdgAds

Compute f*w.



Example

f:R®— R?
(x,y,2) = (x + 3y, x> + y*2)

with coords u, v on R?

w=uduAdv

Compute f*w.



