Differential multivariable calculus



UCR"and V CR™

f: U — V is differentiable at p € U if there exists a linear
function

Df,: R" — R"™
such that . A . DF-(h
o Fp )~ F(p) = DM _
h—0 |l

(How does this compare with the definition from 1-variable
calculus?)



For |h| small,
|[f(p + h) — f(p) — Dfp(h)| = 0

So
f(p+ h) = f(p) + Dfy(h).

If h~ 0, then f(p) + Df,(h) approximates f near p.

Best affine approximation of f at p:
Afy(x) = £(p) + Dy (x)

Afy(x) = (p) + Dip(x — p).

In the latter, if x ~ p, then f(p) + Df,(x — p) approximates f
near p.



The derivative Df, has matrix

9h(p)
8X1
Jfp = :

Ofm(p)
Ox1




Interpretations of the derivative

f: Rk — R" k < n: parametrized k-surface in R”

columns of Jf(p) are tangent vectors at f(p)

f: R" — R: (scalar-valued) function on R”

Jf(p) has a single row: grad f(p) = Vf(p).

f: R" — R" vector field on R”

Jf(p) gives a linearization of the vector field



Interpretations of the derivative

k<n
f: RK - R"

Then f is a parametrization of a k-dimensional surface in R".
k=1 — parametrized curve
k=2 — parametrized surface.

The columns of Jf(p) span the tangent space at p (if Jf(p) has
full rank).



Example of parametrized surface

f:R* > R?
(,y) = (x = X33+ %2y — y3 /3 + v, x* — y?)




Example of parametrized surface

fx,y) = (x = */3+x2y = y3/3+ yx%, 5% — y?)

1—x2+y? 2 xy 164 0
Jf = 2 xy 1+x2—y? |, JF0,08)=| 0 036
2 x -2y 0 -16

Afy(x,y) = f(p) + JF(p) (;) = (0,—0.6293, —0.64) + x(1.64,0,0) +

= (1.64x, —0.6293 + 0.36y, —0.64 — 1.6y)



Example of parametrized surface

fx,y) = (x =x* /3402y = y*/3+ y2,x% = y?)

Afy(x,y) = (1.64x,—0.6293 + 0.36y, —0.64 — 1.6y)




Example of scalar-valued function

f:R2 SR

(x,y) — X3 —y2

contour plot of f level sets of g(x,y) = (x,y, f(x,y))



Quiz question 1 (of 2)

Which of the following is a tangent vector to the surface
parametrized by

fF(x,y) = (x+y,x* +y%, xy)

at the point p = (1,2)?
1. (1,4,1)
2. (1,2,3)
3. (1,4,2).



Quiz question 1 (of 2)

f(x,y) = (x +y, x>+ y*, xy),

1. (1,4,1)
2. (1,2,3)
3. (1,4,2).

1 1
JF=|2c 2y |, JF(L,2) =
y X

p=(1,2).

NN =
e
\_/



Example of scalar-valued function

Recall the main properties of the gradient Vf(p):

» It's perpendicular to the level set containing f(p).
» It points in the direction of quickest increase of f at p.

P It's length is rate of growth of f in that direction.



Example of scalar-valued function

flxy) = = y?

Vf =(3x%,-2y),  V£(0.5,(0.5)%?)~ (0.5,0.707)

—
mf}




Quiz question 2 (of 2)

What is the rate of quickest increase of the function
f(x,y,2) =x>—xy+ 2242
at the point (1,2, 3)?

1. /15
2. 4

3. V/38.



Quiz question 2 (of 2)

f(x,y,z) =x> —xy +22+2, p=(1,2,3)

1. V15
2. 4

3. V/38.

Vf=(3x*—y,—x,2z), Vf(p)=(1,-1,6), |VF(p)=+38



Chain rule

gof:R"ngiRm

J(g o f)(p) = Jg(f(p))Jf(p)

D,
D(g o f)p: R" 22 Rk 20, gm



Inverse function theorem

f: R" - R"

If Jf(p) is invertible, then f is invertible in a neighborhood of p.



Thanks!



