Math 341 for Friday, Week 8

PROBLEM 1. Let V and W be vector spaces over an arbitrary field k and suppose that
V has finite dimension n (no restriction on the dimension of W). In both of the following
problems, it is useful to fix a basis eq,..., e, for V.

(a) Show that
Hom(V,W)x~W" =W x --- x W..
—_———
n factors

(b) There is a mapping of vector spaces
a: V'@ W — Hom(V, W)
PR W [v— d(v)w].
It’s induced by the corresponding bilinear mapping from V* x W via the universal
property for tensor products. Show that this mapping is an isomorphism by finding

(with proof) its inverse 8: Hom(V,W) — V*®@ W. (Use your basis for V' and the dual
basis for V*.)

PROBLEM 2. The cross product
R3xR® — R?
(u,v) = u X v
is an alternating, multilinear mapping. Hence, it factors through a unique mapping A?R? —
R3, i.e., to an element of Hom(A?R3,R3). By the previous exercise, we can identify this
element with an element of (A2R3)* ® R3, and hence with an element of A%((R3)*) ® R3.
Letting e1, €2, e3 be the standard basis of R3, the space A?((R3)*) ® R3 has a basis {(e] A

e}f) ®ep}t where 1 <i < j <3 and 1<k < 3. Identify the cross product in terms of this
basis.

PROBLEM 3. Define
fi St =R
(z,y) = (z,9),
and let w = z* de € Q'(R?). Compute [q f*w.

PROBLEM 4. Let S™(r) = {# € R""! | |z| = r} be the n-sphere of radius 7 centered at the
origin, and let D"™!(r) := {x € R™™ | |z| < r} be the (n + 1)-dimensional closed ball of
radius r centered at the origin. Define w € Q" 'R" by

1 n+1
w=- Z(—l)z_lxi dey N+ ANdx; A+ ANdxpy.
i=1

It turns out that the n-dimensional volume of S™(r) is

on(r) = /S"( )w.
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Let 7,,41(r) be the volume of D"*1(r). Prove that o, (r) = 7, 1(r). For instance, in the

T
case n = 1, we have % -mr? = 27tr, and in the case n = 2, we have % . %71'7”3 = dmr2.

Fun fact (nothing to turn in here): note that if we use Fubini’s theorem, we can write 7,,41(r) =
ftrzo on(t), and it follows by the fundamental theorem of calculus that 7/ (1) = o, (7).

PRrROBLEM 5. (This is Exercise 11.4 in the latest version of our course notes.) Let M be a
manifold. We defined a product on de Rham cohomology classes as follows:

A: H'M x HM — H™ ™M
([w], [7]) = [w A ).

We must show that this map is well-defined. In class, we showed that if w and 7 are cocycles,
then so is w A n, (i.e., dw = 0 and dn = 0 implies d(w A ) = 0). Hence, w A 7 represents a
cohomology class. It remains to be shown that our product does not depend on the choice
of representatives for [w] and [57]. So, given u € Q"~'M and v € Q°~! M, we must show that
[(w+du) A (n+dv)] = [wAn]. Find 7 € Q"+5~1M such that

dr = ((w+dp) A (n+dv)) —w A,



