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Week 1, Monday: Separable equations

Homepage. Please see our course homepage. In particular, please follow the “Course
information” link and carefully read the material there.

Text. Our text is Differential equations and dynamical systems, edition 3, by Lawrence
Perko.

Overview. This is a course in differential equations for advanced undergraduates.
Here is a rough outline of what we’ll cover:

1. Elementary methods. We will spend two weeks to cover the major part of what
one might do in a first course in differential equations in a lower-level course.

2. Linear theory. We will then learn how to solve systems of linear differential
equations with constant coefficients. The key is exponentiation of matrices and
the Jordan form.

3. Local nonlinear theory. Most nonlinear systems cannot be solved. So we are
interested in describing the qualitative behavior of such systems. The main idea is
to approximate nonlinear systems with linear systems. We will cover the important
existence-uniqueness theorems.

4. Global theory. At the end of the course, we will study limits of trajectories and
topological properties for systems of ODEs.

First goal: elementary methods. For this part of the course, we will not have a
text. The main source for information will be the lecture notes and handouts. There
is also plenty of material readily available online. My hope is that this will be a time
to have fun doing lots of computations by hand. We will cover the six methods from
the handout First recipes, starting with separable equations. In the following, we will
generally think of y as a real-valued function of t.

I. Separable equations. A separable differential equation has the form (or can be
manipulated to have the form)

P = glt)
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It is solved by integration:

[owas= [ atvae

EXAMPLES. Consider the differential equation

y=—
It’s separable since we can get the ys on one side of the equality and the ¢s on the

other:
yy' = 3t.

/y(t)y’(t) dt = /3tdt.

Forgetting about constant until the end, the right-hand side is

3
3tdt = = t2
[ a3

For the left-hand side, make the substitution v = y(¢). So du = y/(t) dt. Substituting

gives:
1 1

Setting the two sides equal and adding a constant gives the most general solution:

Integrate:

Sy
J— - C
Y73

or, equivalently,

for some constant c.

(An alternative way to integrate:

1 3
/ydyz/i%tdt = §y2:§t2+c.)

To find a particular solution, we can impose an initial condition. For instance,
if y(0) = 5, then
25 =9(0)>=3-0+c = c=25,
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and the solution is defined implicitly by

y(t)* = 3t + 25.

Thus, y(t) = £v/3t%2 +25. Since we want y(0) = 5, we must choose the positive
solution:

y(t) = v/3t2 1 25.

It is a solution for all ¢ € R. If you initial condition were y(0) = —5, the solution
would be y(t) = —v/3t? 4 25, again for all £ € R.

There are, qualitatively, two types of behavior for solutions of this differential equation
depending on whether c¢ is positive or negative.

1.5 71

0.5 |

1 05 0.5 1

Graph of y(t) = v/3t2 + 1.
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9 1 1

Graph of y(t) = v/3t2 — 1.

For an example where ¢ < 0, suppose the initial condition is y(—1) = v/2. Then
2=y(-12=3-1>+c = c=-1,

and the implicit solution is
y(t)? = 3t* — 1.

The solution (with the given initial condition) is

y(t) = V32 — 1,

which makes sense for 3t> > 1, ie., t > \/§/3 and t < —\/§/3. Since our initial
condition is at ¢ = —1, the maximal interval for the solution is (—oo, —v/3/3).

Exponential growth and decay model. Let y(¢) now denote the size of a popu-
lation, varying over time. What happens if we assume that the rate of growth of the
population is proportional to the size of the population? The rate of growth of the
population is ¢/(¢) and the size of the population is y(t). To say they are proportional
is to say there is a constant r such that

y'(t) = ry(t).

This is a separable equation, which is easy to solve:

y(t) =ry(t) = A, —r = /y/(t) dt—/rdt.
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Integrate, then solve for y:
Inlyt)|=rt+c = |ylt)|=e""=e%" =ae",

where a a positive constant. So the solution is

y(t) =

ae™ if y >0
—ae™ if y < 0.

where a is positive. But we can combine these two solutions into the single solu-
tion y(t) = ae™ by letting a be any nonzero real number. Setting ¢ = 0, we see
y(0) = ae’ = a.
Hence, a is the initial population. So we might write the solution as
y(t) = yoe™.

For instance, if yo = r = 1, we get the picture below:

6 1
4 1
2 1
9 1 1 2

Graph of y(t) = €'.

If ygp=1and r = —1, we get:



Graph of y(t) = €'

In performing the integration, we assumed that y was never zero in the range over
which we integrated. What if the initial condition is y(ty) = 0 for some time ¢,? One
solution then is to take y(t) = 0 for all ¢. Again, the equation y(t) = yoe™ works. Is
this the only solution? We'll focus on this question later in the course.

Example. If y(t) = ae™ with y(0) = a # 0 at what time ¢ has the population
doubled?

SOLUTION: The initial population size is a. So we are trying to find the time ¢
when y(t) = 2a, so we need to solve

ae™ = 2a.

Since a # 0, we need to solve
for t. Taking logs,

Hence, assuming r # 0,

If r =0, then y(t) = a for all ¢, and the population never doubles.

Population model based on Newton’s law of cooling. Suppose now that the
rate of change of the population is governed by the differential equation

y(t) =r(S—y(t)
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where r and S are positive constants.

Problems:

1. When is the population increasing? Decreasing?
ANSWER: We have
yt)=r(S—yt) >0 & S—ylt)>0 & S>yt).

So the population is increasing whenever it’s less that S and decreasing whenever
it’s larger than S.

2. What is the long-term behavior of the population?

ANSWER: Given the answer to the previous problem it seems like the population
should tend towards S.

3. Solve the equation assuming y < S.

SOLUTION: The equation is separable:

dy

—S_y:/rdt = —In(S—y) =rt+c

= S—y=ae"

rt

= y=95—ae ".

Note that y(t) — S as t — co.

Let’s now make the initial population explicit in the solution. Say [ is the initial
population. Then

I=y0)=S—a"=S—a = a=5-1

Our final form for the solution is

y(t) =S —(S—De™|,

where I = y(0) is the initial population.
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Graph of y(t) =S — (S — Ie ™ with S =100, I =50, and r = 1.
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Week 1, Wednesday: Logistic equation. Homogeneity trick
for separable equations

1. A. SEPARABLE EQUATIONS.

Logistic growth model. Let P(t) be the size of a population at time ¢, and let r
and K be positive constants. The logistic growth model is the differential equation

P'(t) = rP(t) (1 — %) :

The constant r is the growth rate and K is the carrying capacity of the population.
The differential equation says the growth in population is proportional to the size of
the existing population with an extra factor to account for limited resources. When
the population is small (when P is much smaller then K), we see P’ ~ rP, which
we've already seen leads to exponential growth. However, as P gets close to K over
time, the factor 1 — P/K slows the growth.

Solution. The equation is separable and can be solved using integration using the
technique of partial fractions.

A _P@) P'(t) _
P'(t) = rP(t) (1 = ) = o (1_$> _

The technique of partial fractions requires us to find constants A and B such that

P(t) (1- 52) “ P01 (2.1)
We have
A1 E®
A BO) (1-252) + BP() -
PO 1-52 0 Py (1-52)
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Comparing numerators in equations (2.1) and (2.2), we need to adjust A and B so

that
1=A (1 - %) + BP(t).

Or, rearranging;:

1=A+ (—%—f—B) P(t).

We get an equality if
A
A=1 d ——=+B=0.
an K +
So A=1and B =1/K. Therefore, we can write (double-check!):

1 1 1/K

Py (1-22) PO 1-IE

(2.3)

Back to solving the differential equation:

P'(t) dp
p@@_%gzri’/ﬁh—%:/”t

= / dr t+ tant
—————5~ = 1t + constant.
Pt (1-%)

For the left-hand side, use equation (2.3):

P B 1 1/K
/?wu—%“‘/@wﬁd—$>w
dP 1 dP
:/W+f/1—$

P
=InP(t)—In (1 — %) + constant.

Here, we have assumed that 0 < P < K (how?). Exponentiate both sides to get

P(t) <1 — %) o ae™
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for some positive constant a. We now need to solve this equation for P(t):

rt __ P(t) 71_ KP(t)
ae —P(t)(l—?> _K——P(t)

= ae"(K — P(t)) = KP(t)

= aKe™ = ae" P(t) + KP(t) = (ae" + K)P(t)

aKe
= Pt) = ————
(*) aem + K
aK
= Pt) = ———.
(*) a+ Ke

We would like to express the arbitrary constant a in terms of the initial population:

B aK el B aK
Cae+ K a+ K

P(0)

= P(0)(a+ K) = aK

= P(0)K = aK — P(0)a = a(K — P(0))

Substituting this expression for a and simplifying gives the final form for the solution

P(0)K

P = P(0) + (K — P(0))e

(Exercise: How would things change if P > K7) It’s easy to see from this equation
that the limiting population is

lim P(t) = K.

t—o00
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1,000 foommiie
800 | r=0.5
600 | r=0.2
400 |

200 +

10 20 30 40 50
Graph of P(t) with K = 1000 and P(0) = 10 and two different growth rates: r = 0.5
in red and r = 0.2 in blue.

Exercise. A state game commission releases 40 elk into a game refuge. After 5 years,
the elk population is 104. The commission believes that the refuge can support no
more than 4000 elk. Use a logistic model to predict the elk population in 15 years.

SOLUTION: The carrying capacity is K = 4000, so the logistic model in this situation
is

P'(t) = rP(t) (1 — %)

where we can determine r from the additional information we’re given. The initial
population size is P(0) = 40. From the solution to the logistic equation we derived
above, we have

4000P(0)
P(t) =
(*) P(0) + (4000 — P(0))e~"t
~ 160000
40 + 3960t
~ 4000
14 99et

We are given that P(5) = 104. Therefore,

4000
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Solve for r:
4000
104= ——— 104(1 + 99¢75") = 4000

1 4+ 99¢-57 (1+99¢™)
N (;w_ul mmo_l 487
99 \ 104 1287

487

= 5r=In|—

: n<1287>
= r~0.194.

So our model for this population is
4000

P(t) = 1 + 99¢—0-194¢

So we would predict the population after 15 years to be

4000
P(15) = 1o s ~ 026

1. B. SEPARABLE—HOMOGENEITY TRICK.

-r (2

can be turned into a separable equation using the following substitution: let v = y/t.
It follows that y = vt, and thus, 3’ = v + tv’ by the product rule. Then,

An equation of the form

y’:F(%) = v+t =F(v)
N v 1
Flv)—v t
N b/” v [dt
Fw)—v ) t°
Example. Solve
;Y 2yt
V="

Notice that in the fraction on the right, the degree of every term in the numerator
and denominator is 2. That’s a sign of homogeneity. In fact, we have

24 ot 2 oyt 2
y 29t oyt 2y __(y> %_2<y>.

2 22

t

t
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Substitute v = y/t and iy = v + tv’ to transform the original equation into:
v+t = v+ 2.

Separate variables and integrate. For convenience, we will assume that y > 0 and t >
0, and hence v > 0. Other cases can be handled similarly:

v 1 / dv dt
— == = = [ —.
vZ+o ot v+ t
To integrate the left-hand side, use partial fractions:

[er = Go) @

We have found that
In | — In(t) +
n =In c
v+1
Exponentiate and solve for v:
v PN at
= at. v = .
v+1 1 —at
Since v = y/t, we get
at?

v= 1—at
Considering an initial condition at t = 0 doesn’t make much sense (why?). Let’s write

our solution in terms of an initial condition I = y(1):

a 1
I=vli=1=, = *=17
Substituting gives
It
YT Tyio1w
For instance, if I = 1, we get the solution
£
Y= 9 ¢

which is defined on the open interval (—oo,2), however, recall that at some point
along the way, we assumed ¢t > 0. And, in fact, our original equation is undefined

at t = 0. So the appropriate interval for this solution is (0, 2):
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05 1 15 2

Solution to y' = (y* + yt)/t* with y(1) = 1.

Here is the Sage code for solving this equation:

sage: t = var(°t’)

sage: y = function(’y’) (t)

sage: desolve(diff(y,t)-(y 2+2*xy*t)/t"2,y)

-(t72 + t*xy () /y(t) &= _C

sage: desolve(diff(y,t)-(y 2+2xy*t)/t"2,y,ics=[1,1])
-(t72 + txy(t)) /y(t) &= -2

For the second call to desolve, I've included initial conditions, y first and ¢ second:

ics = [y(t_0), t_0].



Week 1, Friday: Exact equations. Integrating factors

II. A. EXACT EQUATIONS.

An exact differential equation has the form

d
M(t,y) + N(t,y) = = 0.
dt
where
oM _oN
dy ot

We would like to find a solution that defines y implicitly, i.e., we are looking for a
function of the form
O(t,y) =0.

If we had such a function, then by the chain rule,

o0 _ 0% 0y
Cdt 0t Oy dt

Then ® would be a solution if

0P

0D
M(t,y) = — and N(t,y) = —.
(t,y) (t,y) o

ot

Note that the conditions on the partials of M and N which are required of an exact
equation would then follow necessarily:

oM 0?P __ON

dy  Otoy Ot

o
The trick then is to reverse-engineer this argument. Since M(t,y) = 5 e inte-
grate M with respect to t¢:

d(t,y) = /M(t, y)dt =:m(t,y) + f(y)

19
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0P
where f is an arbitrary function of y. Then we use the fact that N(¢,y) = 50 to
)

determine f(y):
0P

0
N t = — = — t .

(t,y) 3y ay(m( y) + f(y)
This determines f(y) up to a constant.

Note for those who have seen differential forms: Recall that the differential
form w is ezact if there is a form 1) such that di) = w. Since d*> = 0, such forms
are automatically closed: dw = d?i) = 0. In our case, we are considering the 0-
form, ¢ = ®(t,y), and then

0P od
d) = Edt—i-a—ydy. = M(t,y)dt + N(t,y)dy.

Another way of saying the same thing is that the vector field

(t,y) = (M(t,y), N(t,y))
is the gradient vector field V.

Example. Solve
sin(t +y) + (2y +sin(t +y))y' = 0.
The equation is not separable. However, it is exact since

a% sin(t +y) = cos(t +y) = %(21; +sin(t +y)).

We have M(t,y) = sin(t + y) and N(t,y) = 2y + sin(t + y). To solve the equation,
note that

/M(t,y)dt:—cos(t+y)+f(y)

for some f(y), and then
0
gy sty + fy)) = Nlty) = 2y +sin(t +y)

implies that
af _
dy
Hence, f(y) = y* + ¢. Our final solution is

2y.

—cos(t+y)+y*=c
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Slope fields. Let y = y(t) be the solution to a differential equation ¢ = F'(y,t). The
graph of y(t) is a curve. At time to, the curve passes through the point (¢g, y(to)) and
has slope ¥/ (to) = F(to, y(to)). Imagine attaching to each point (a,b) € R? a tiny line
segment with slope F'(a,y(a)). Any solution curve will then be tangent to each line
segment it meets. (There will be lots of solutions, depending on the initial condition.)
For example, Figure 3.1 creates the slope field and exhibits several possible solutions.
Here is the Sage code used to produce the figure:

Vit

/ /= L))
AR

"/

WV AN NS~/

B T I I . . S

Figure 3.1: Slope field and solutions for sin(t + y) + (2y + sin(t + y))y’ = 0.

sage: v = plot_slope_field(-sin(t+y)/(2xy+sin(t+y)), (t,-5,5),(y,-3,3),
: headaxislength=3, headlength=3,color=’blue’)
sage: ¢ = contour_plot(-cos(t+y)+y~2,(t,-5,5),(y,-3,3),fill=false)
sage: Vv + C
Launched png viewer for Graphics object consisting of 2 graphics primitives

II. B. EXACT AFTER MULTIPLYING THROUGH BY INTEGRATING FACTOR.

We are again interested in solving

d
M(t,y) + N(t.y) 5 =0,

but this time, we don’t assume that OM/Jy = ON/0t. In that case, we look for a
function p(t,y) such that
dy

pt, y) M (t,y) + p(t, y)N(t, y) - =0
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is exact. In fact, p always exists:

Proof. Let ® be such that ®(¢,y) = 0 (we can talk about the existence of ¢ later,
but for now let’s assume it exists). Differentiate with respect to ¢, as before, and use

the chain rule
B do B 0P 0ddy

0= T + 8_y$
We have
dy o /ot M(t,y)
dat 0D /0y - Nty
and, hence,

o®/ot  0P/0y
M(t,y)  N(t,y) ult:y);

where we have just now defined pu. It follows that

dy 0® 0ddy

0= p(t,y) Mt y) + p(t, N (ty) = 7 + 5

which is now exact. O

That’s the good news. The bad news is that it might not be easy to find u. I typical
strategy is to assume that p has a certain form involving parameters, and then try
to figure out what values for the parameters will make your equation exact.

Example. Solve
d
ty? + 4%y + (3t%y + 4t3)d—3; —0.

This equation is not exact. We'll try to find an integrating factor of the form u(t,y) =
t"™y™. So we would like for

d
(™) (12 + 4t%y) + 7y 32y + 4t3)d—?i —0
to be exact. We need

0

y

n a m n m mn
Y +1) — a(&f +2y +1 +4t +3y )

n—+2 4 4tm+2

(tm+1y

In other words, we need
(n 4 2)tm+1yn+1 + 4(n 4 1)tm+2yn — 3(m 4 2)tm+1yn+1 + 4(m 4 3)tm+2yn.
Equate coefficients:

n+2=3(m+2) and 4(n+1)=4(m+3).
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Solving this system of linear equations yields m = —1 and n = 1. Our integrating

factor is pu(t,y) = y/t. Ah, ha! That reminds me of the homogeneity trick. In fact,

solving for dy/dt in the original equation does give the form ' = F(y/t)! So we could

have solved this with our earlier machinery. Nevertheless, we’ll continue from here.

Multiplying through by the integrating factor transforms our original equation into
dy

y® + 4ty + (3ty® + zhﬁy)a =0,

which is now exact with
M =y? +4ty> and N = 3ty® + 4t%y.

(Check that OM /0y = ON/Ot to be sure.) Solve the exact equation:

d(t,y) = /Mdt =ty + 26%% + f(y)

implies
od df
N(t,y) = — = 3ty* + 4ty + —.
(t.y) oy S Ay
Comparing with N(¢,y) shows that df /dy = 0. Hence, f(y) = ¢, a constant. Our
solution:
ty® + 2t%y° = ¢,

(where ¢ = —¢, is just another constant). Figure 3.2 give the slope field and several
solutions. Figure 3.3 plots the function z = ty3 + 2t2y%. The level sets of this function
are solutions to the differential equation.
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P

PP

[NENENER

[N
L R
VOV N N w s s

TR

P A S A
P T Y

L
T A
A A A A
LA AT AV
P R Y
= = =~ ~ % N\ )
~ ~ N N MV

P P A A A

P Y

N
o4

Figure 3.2: Slope field and solutions to ty? + 4t%y + (3t%y + 4t3)% =0.

50 -5.0

Figure 3.3: Plot of the surface z = ty® + 2ty



Week 2, Monday: First-order linear. Linear homogeneous
constant coefficients

III. A. First-order linear.

A first-order linear equation has the form

dy

o +p(t)y = q(t).

It is solved using the integrating factor eJP)dt.

this factor gives

multiplying the equation through by

e (% + p<t>y) =P %(1). (4.1)

By the chain rule and the fundamental theorem of calculus, the left-hand side of this

equation is
d
A pt)dt ) .
dt (6 Y

So we can integrate equation (4.1) to get
efp(t)dty _ /efp(t)dtq(t) dt,

and then solve for y.

Example. Consider the following equation
cos(t) y' + y = sin(t)

with initial condition y(0) = 1. Dividing by cos(t) puts the equation into standard
form (note that cos(t) # 0 near t = 0):

y' + sec(t) y = tan(t).

25
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The integrating factor is
efsec(t) dt _ eln(sec(t)+tan(t)) _ sec(t) + tan(t)

(Near t = 0, we have sec(t) 4 tan(t) > 0. Multiplying the equation through by the
integrating factor gives

(sec(t) + tan(t))y + (sec?(t) + sec(t) tan(t)) y = (sec(t) + tan(t)) tan(t).

Integrate both sides:

(sec(t) + tan(t))y = / (sec(t) + tan(t)) tan(t) dt
_ / (sec(t) tan(t) + tan?(t)) dt
= / sec(t) tan(t) dt + / tan’(t)) dt
= sec(t) + / tan®(t)) dt
= sec(t) + / (sec®(t) — 1) dt

= sec(t) + tan(t) —t + ¢
Therefore,

_sec(t) +tan(t) —t+c
B sec(t) + tan(t)

Let’s write this in terms of the initial condition:

sec(0) + tan(0) + ¢
1=y9(0) = =1 .
y(0) sec(0) + tan(0) e
So ¢ = 0, and the solution is
sec(t) + tan(t) — ¢ t
= =1- .
sec(t) + tan(t) sec(t) + tan(t)

Here is a plot of the slope field and our solution:
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Note the weirdness around ¢t = 7/2, where cos(t) is 0. It’s exactly where we divide
by zero in our calculations where the interesting stuff happens.

ITI. B. Bernoulli-type first-order linear.

We are now interested in solving an equation of the form

d

y m
— L p(t)y = q(t
= p(t)y = q(t)y™,

where m # 1. The trick here is to reduce the equation to a standard first-order linear
equation with the substitution v = y'~™. In that case, we have

u=(1-m)y ™y

—m

Multiply the original equation through by (1 —m)y

(L—=m)y™™y + (1 —m)p(t)y"™™ = (1 — m)q(t)

and substitute:
' + (1 —m)p(t)u = (1 —m)q(t).

Example. Consider the equation

y ==ty

with initial condition y(1) = —2. This is Bernoulli-type with m = 2, so we make

the substitution u = y~!. This transforms the equation into the first-order linear

equation

2u
U,—f-T :t2.
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The integrating factor is

2.

f@/tydt _

e

Multiply through by it and integrate:

=

20 + 2ty = t*

The initial condition gives us:

The solution is

102
25 — 7"

The slope field and our solution:

s = = s

llllllll

llllllll

e - e e

IV. A. Linear homogeneous constant coefficients (LHCC).

We are now interested in solving a differential equation of the form

“+ay +ay=0

y(") + an_1y("_1) + ..
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where y? denotes the i-th derivative of y with respect to t. The a; are constants.
The word “homogeneous” refers to the fact that a 0 appears to the right of the equals
sign. Letting D := d/dt, we can write the above equation as

(D" +ap D" '+ a1 D+ ag)y =0

or just
P(D)y =0

where P is the polynomial P(z) = Y 7 a;z’".

Main theory.

1. The solution space is linear: suppose that y; and y, are solutions, i.e., P(D)y; =
P(D)y, = 0. Let a be a constant. Then

P(D)(y1 + ay) = P(D)yr + a P(D)y, = 0
by linearity of differentiation.
2. The “basic” solutions have the form e (more on this later).

3. When determining which values for r are suitable, something nice happens:

P(D)e™ = ZaiDie” = Zairiert = P(r)e™.
=0 i=0

Since " > 0, we get a solution P(D)e™ = 0 if and only if P(r) = 0. So the
values for r that give solutions are exactly the zeros of the polynomial P. The
polynomial P(r) is called characteristic polynomial for the equation.

4. For uniqueness, we specify y(to), ..., y™ (o).

Example. Solve
y// _ y/ _ 6y — O
with initial conditions y(0) = 0 and y'(0) = 1.

SOLUTION: Find the zeros of the characteristic polynomial:
Piry=r*—r—6=(r+2)(r—-3)=0 < r=-23.

The general solution is
y = ae 2 + et
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To satisfy the initial conditions, we need

a+b=0
—2a+ 3b = 1.

Solving this system gives a = —1/5 and b = 1/5. So the solution is

1 —2t 1 3t
S — + -3,
y=75°¢ 5°

A graph of the solution:




Week 2, Wednesday: Bernoulli equation. LHCC: complex
roots and repeated roots. Method of undetermined coeffi-
cients

Aside on Bernoulli-type equations. Imagine a moving particle with velocity v and
a force F' = F(v) acting on the particle against its direction of motion—a frictional
force. It is reasonable to assume F(—v) = —F(v). Now suppose that F' has a power
series expansion

F(v) = ag + a1v + axv® + . ...

The fact that F'(—v) = —F(v) implies that the even terms vanish:
F(v) = a1v + asv® + az0® + . ..
As a first approximation, we could take
F(v) = ayv

Since force is proportional to acceleration, i.e., F'(v) = constant - v’, we can write this
model of friction as
v = aw.

The solution is v = e*, and for our purposes, we take o < 0. The next best

approximation is to use the first two terms of the series:
v = av + B,

which is a Bernoulli-type equation. Question: what is the behavior of a particle whose
motion is governed by this equation?

LHCC. We now continue our discussion of linear homogeneous constant coefficients
equations. These have the form

Y+ @y 4y +agy =0,

or, more succinctly,

P(D)y =0

31
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where D = d/dt and P(z) = Y. ,a;z". The trick is to look for solutions of the
form y = ™. We have P(D)e"™ = P(r)e". So we have a solution of that form exactly
for the zeros of P.

Example. Solve
y" — 4y + 13y =0

with initial conditions y(0) = 0 and y'(0) = 1.

SOLUTION: Find the zeroes of the characteristic polynomial (quadratic equation to
the rescue!):

P —4r+13=0 = r=2+3i.

So the general solution is
y = Ae2+30t 4 B30t

We would like to express the solution in terms of real numbers:

y = A3t | B30t
= Ae*(cos(3t) + isin(3t)) + Be*(cos(3t) — isin(3t))
= (A + B)e* cos(3t) + (A — B)ie* sin(3t))
= ae® cos(3t) + be* sin(3t).

The general real solution is
y = ae* cos(3t) + be* sin(3t).
Now we handle the initial conditions:
0 = 5(0) = ae’ cos(0) + be” sin(0) = a.
So y = be* sin(3t). Then
1 =y = 3be” cos(0) + 2be” sin(0) = 3b.

So the solution is

1
y = §€2t sin(3t)

Graph of solution:
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There is one final wrinkle in the story: what if P(r) has a repeated root? Say P(r) has
a factor of the form (r — \)*. In that case, the general solution will include age +
arte™ + - + aitt~leM. We will be able to understand why this is the case once
we move to the higher-dimensional linear theory. For now, you're invited to check
that (D — \)*t‘eM = 0 for 0 < ¢ < k — 1 by hand. That way, you'll at least see these
are solutions.

Examples.

1. Consider the equation
y/l/ ‘I‘ 6y// _|_ 12y/ + 8y — 0

Its characteristic polynomial is
P(r)=r*+6r* +12r + 8 = (r +2)>.

So P(r) as the root r = —2 of multiplicity 3. The general solution to the equation
is therefore
y=ae 2 +bte™® + ct’e™* = (a+ bt + ct?)e .

2. Consider the equation
y(5) + 3y(4) + 3y(3) + y(2) —0.
Its characteristic polynomial is
P(r) =14+ 3r* +3r® +r2 = r2(r + 1)%.

The roots are r = 0 with multiplicity 2 and r = —1 with multiplicity 3. Notice
that the root 7 = 0 will correspond to solutions involving et = 1. The general
solution is

ar + ast + aze”" + agte ™" + azt’e .
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3. Say we are considering a LHCC differential equation with characteristic polynomial
P(r)=1r*(r —2)*(r* +9)* = 0.

The roots are r = 0,2, 43¢ with multiplicities 3, 2,2, respectively. The general
solution is

Y = ay + agt + ast® + bye* + bote® + 1 cos(3t) + ey sin(3t) + cst cos(3t) + ¢4t sin(3t).

V. Method of undetermined coeflicients.

We now consider inhomogeneous linear equations with constant coefficients. These
have the form

P(D)y = f(t).
Where P is a polynomial and D = d/dt, as before. To solve this equation, we first try
to find a particular solution y,. We then find a general solution y;, to P(D)y = 0, the
associated homogeneous system. The general solution to the inhomogeneous system
is then vy + y,. The new challenge here is to find the particular solution, y,. The

idea we will use is to guess the form of ¥, and adjust parameters. Here is a table that
may be of help (“poly” means “polynomial”):

f(t) guess

polynomial general polynomial of some degree

e'rt ae'rt

(poly)e™ (general poly)e™

cos(wt) or sin(wt) a cos(wt) + bsin(wt)

(poly)e™ cos(wt) or (poly)e™ sin(wt) | (gen poly)e™ cos(wt) + (gen poly)e™ sin(wt)

Example. Consider the equation
y' — 2y +y =t
We guess a particular equation of the form
Yy =ag+ ait + a2t2.
In that case, we have

Y’ — 2y +y = 2as — 2(ay + 2ast) + (ag + art + ant?)
= (2a — 2ay + ag) + (—4ay + ay)t + ast®.
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Set this equal to t* and compare coefficients:
0=2ay —2a1 + ag
0= —4a2 —+ ay
1= as.

Solving the system gives
(10:6, CL1:4, agzl.

So a particular solution is
yp = 6+ 4t + 17

(Check!) We now solve the associated homogeneous equation
y' —2y+y=0.
The characteristic polynomial is
P —2r+1=(r—1)>2
which has the zero » = 1 with multiplicity 2. So the general solution to the homoge-
neous system is
yn = ae’ + bte'.
The most general solution to the original equation is then
y:yh—i—yp:aet+btet+6+4t+t2.
Suppose we are given initial conditions y(0) = 1 and y'(0) = —2. Then
1=y(0)=a+6
—2=y'(0)=a+b+4.
Therefore, a = —5 and b = —1. The solution is
y = —bhe! —te! + 6 + 4t + 2.
Graph of solution:




Week 2, Friday: Special second-order equations

V. Method of undetermined coefficients.

We look at one more example of the method of undetermined coefficients. Consider
the equation
y" — 2y +y = tcos(3t).

We guess a particular solution of the form
y = (ap + ait) cos(3t) + (bo + bit) sin(3t).
Then
y' = (a1 + 3bo + 3b1t) cos(3t) + (—3ag + by — 3ayt) sin(3t)
y" = (—9ag + 6b; — 9ayt) cos(3t) + (—6a; — by — 9b;t) sin(3t)
So we have

y" — 2y +y = (—8ag — 2a; — 6by + 6b; — (8ay + 6by)t) cos(3t)
+ (6@0 — 6@1 — 8b0 — 2b1 + (6&1 — 8b1)t) Sln(?)t)

Set this equal to ¢ cos(3t) and compare coefficients to get the system on linear equa-
tions

0= —8a0 — 2@1 — 6b0 + 6b1

1= —8&1 — 6b1
0= 6@0 - 6@1 - 8b0 - 2()1
0= 6(11 — 861

Solving this system gives the particular solution

1 3 :
Up = 525 (13 +201) cos (3t) — o (=3 + 54 sin (31).

36
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The corresponding homogeneous equation, y” — 2y’ + y = 0, has a general solution
ae' + bte'. So the general solution to our inhomogeneous equation is

1 3
y = ae’ + bte' — 350 (134 20t¢) cos (3t) — %50 (=3 +5t)sin (3¢)
Let’s again consider the initial conditions y(0) = 1 and ¢'(0) = —2. Plugging these
into the general solution and its derivative allow us to determine a and b. The result

1S
263 , 7., 1 3 .
= 2t et (134 204) cos (31) — —— (=3 + 5¢)sin (3¢).
Y= 350¢ T 3510 T g5p (13200 cos(31) = 55 (=34 50)sin (31)

Graph of solution:

VI. A. Second-order. Given a second-order equation of the form
H(t,y',y") =0

i.e., missing a y-term, we can reduce the order of the equation with the substitu-
tion v = /.

Example. Consider the equation

ty" + 4y =%
Substitute v = ¢ to get the equation

t' 4 4o = 12,

If t # 0, this becomes the standard first-order equation

l+4 t
v+ -v ==t
t
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Say t > 0. Then the integrating factor is exp ( i % dt) = t1. Multiplying through (and
using the product rule), we have

tho' +4td v = (tv) =1,

Integrate:
1
thy = —¢°
v G +c
Now substitute back v = ¥
1
t4 / — —tG
Y=5 tc
This is separable:
1 c 1 1 ¢
=24 = = = - —+b
Yo§ ta R U AT
1 a
=t 4+ —+b
18 * 13 *

1= va
BET R
1
9—-_3
6 v

which implies a = —11/18 and b = 14/9. The solution is

1, 111w
Y=18" 188 9"

Graph of solution:
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Solutions defined near ¢ = 07 Our method of forcing the equation into the form of
a standard first-order equation requires dividing by ¢, and hence, assumes that ¢ # 0.
What if we really want a solution defined near ¢ = 07 My approach was to suppose
the solution can be expanded in terms of a power series y = ag + a1t + ast? +... Plug
this series into the equation ty” + 41y’ and set the result equal to t>. Now compare
coefficients and hope we can solve for the a;. If you think about it, we only need to
consider series where a; = 0 for i > 4. So assume y = ag + ait + ast? + ast®. We have

ty” + 4y’ = t(2ay + 6ast) + 4(a; + 2ast + 3ast?)
= 4ay + 10ast + 18ast?.

Setting the result equal to t? and comparing coefficients gives a; = ay = 0, and a3 =
1/18. The solution is

— + 1 3

A T

Graph of solution with initial condition y(0) = 1:
1.4+
1.2

Note that the only possibly initial condition for ¢'(0) is ¢'(0) = 0 (why?). Since this
is a second-order equation, we’d expect to be able to set initial conditions for both y
and y’. We should try to remember to come back to this example when we talk about
existence and uniqueness of solutions.

VI. B. Second-order equation.

Given a second-order equation of the form

H(y,y',y") =0

i.e., missing ¢, we again make the substitution v = 3/, but then use the chain rule like

SO
y dv  dvdy  dv

V=G T ey
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Substituting, our original equation becomes

H (y,v,vZ—Z) =0.

After we find v as a function of y, we solve for y by integrating, as before.

Example. Consider the equation

v + )y =0.
Let v = ¢/ and substitute as above to get
dv
v— 403y = 0.
dy

This is first-order linear, but even better, it is separable. Supposing v > 0, the
equation becomes

Ldv
v dy v
Integrate:
1 1 1
/—2dv:—/ydy = —=-——yf+é
v v 2
N 2
v =
Yy —2¢
2
= =
y?+c

Now substitute back in v = ¢/

2 1
I = 2 d:2/dt = = 2t +b.
V=i /(y +¢)dy Y ey +

Suppose our initial conditions are y(1) = 0 and 3'(1) = 1. Then

1
5.034_0.0:2.14_5) = b=-2

So the equation becomes

%y‘”’ +eoy = —2+4 2t
To use the second condition, take derivatives with respect to ¢:
vy +cy =2
Plug in y(1) = 0 and ¢'(1) = 1 to find ¢ = 2. The solution, implicitly, is

13
V02 =242
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Here is a picture of the slope field and our solution:

////////////////////
A A A
PRV A A A A R A
Vrrrrrrrrirszs
PRV RV A A N R

////////////////////

B I I I

VII. Dubh.

If your method of solving a differential equation is not working due to a troublesome
set of initial conditions, consider obvious/trivial solutions.

Example. We just solved the equation
y'+(y)’y = 0.

for a particular set of initial conditions. If you look back at our method solution,
you'll see that we can find a solution satisfying any initial conditions y(ty) = «
and y/(tg) = 3, except for those where 5 = 0. That’s because we divided by v = ¥/
in the course of our solution. What do we do for the troublesome case of g = 07
Applying the “duh” method, we immediately find the solution y = «, a constant
function.

Challenge. Solve
v+ )y =t
with initial condition y(0) = 1 and ¥'(0) = 0.



Week 3, Monday: Matrix exponentiation

Let F =R or C, and let M, (F') denote n x n matrices with coefficients in F'. The
derivative of a curve x(t) = (z1(t),...,z,(t)) in F™ with respect to ¢ gives the curve’s
tangent direction or velocity at time ¢:

. dz, dz
. / . n
T:=2a'(t) = <_t ,...,—t>.

We are interested in finding x such that
7 = Ax

and satisfying some initial condition z(0) = xg € F"™. If n =1, then A =a € F, and
we have already seen the solution z = xpe™® = e%x. It turns out that the solution in

the case n = 1 is just a space case of the solution for n > 1:
x = e, (7.1)

Our first goal is to make sense of equation (7.1) (e.g., what does it mean to exponen-
tiate a matrix?) and then prove that it is the unique solution.

Definition. A norm on a vector space V' over F'is a mapping
I:V—=R
satisfying
1. (positive definite) ||v]| > 0 for all v € V', and ||v|| = 0 if and only if v = 0.
2. (absolute homogeneity) ||av|| = |a|||v]| for all v € V and « € F.

3. (triangle inequality) ||v + w|| < [Jv]| + [Jw]| for all v,w € V.

Examples. The usual absolute value on F™ is a norm. If F' =R, we have
el == || == vz = /5, o

42
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and if F = C, we have

i

]l = |z = Va2 = /32, |z

Note: if T; = Gy + bj’l with Qj, bj € R, then

]l = lal = /32 (af + b7),

which is the length of # € C" thought of as a vector in R**. As indicated above, we
use the usual absolute value notation, |z| for this norm.

The case n = 1 says the usual absolute value on F'is a norm on F.

Given a norm || || on a vector space V', we can define a metric on V' (i.e., a distance
function) by
d(v,w) = ||jv — w||.

The following properties of this distance function are easy to verify:

1. (positive definite) d(v, w) > 0 for all v,w € V', and d(v, w) = 0 if and only if v = w.
2. (symmetry) d(v,w) = d(w,v) for all v,w € V.

3. (triangle inequality) d(u,w) < d(u,v) + d(v,w) for all u,v,w € V.

The following proposition implies that two norms on a vector space will define the
same topology (“sense of closeness”) on that space:

Proposition. Let || ||; and || |2 be two norms on a finite-dimensional vector space V'
over F. Then these norms are equivalent in the following sense: there exist positive
real numbers a, b such that

allvllz < [Jv]lx < bfjv][2
for allv e V.

Sketch of proof.

STEP 1. If the displayed set of inequalities holds, say || || ~ || ||2. Prove that ~ is
an equivalence relation.

STEP 2. By Step 1, it suffices to prove the result when || ||2 = | |, the usual absolute
value norm, discussed above, and || ||; is arbitrary. There is nothing to prove if v = 0,
since any positive constants a and b work in that case. Assume from now an that
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v # 0. Then, dividing through by |v| and using properties of the norm, we see
that alv] < [|v||; < blv| is equivalent to a < ||ul|; < b where u = v/|v| has (usual)
norm |u| = 1.

STEP 3. Show that v — ||v]|; is a continuous function with respect to | |. That is,
given v € V and £ > 0, show there exists ¢ > 0 such that if w € V and |v — w| <,
then

vl = flwll | <.

STEP 4. Apply the extreme value theorem, a continuous function on a compact set
(closed and bounded) achieves a minimum and a maximum value. In our case, the
compact set is {u € V' : |jull; = 1} and the minimum and maximum values are the
desired constants a and b, respectively. O

Definition. The operator norm on the vector space M, (F') of n x n matrices with

coefficients in F' is given by
|A]| := max |Ax|.

x| <1

for each A € M,,(F') where | | is the usual norm on F.
Remarks.
1. For the identity matrix, we have ||I,|| = 1.

2. The real number ||A]| is the most that A scales any vector:

A
I|A] = mggcA <i> = max M

|z]
Thus, |Az| < ||A]||z| for all x € F™. A detailed proof will be given below.

3. When trying to define a norm on M, (F'), it might seem more natural to just
think of an n X n matrix as an element of F"* and use the usual norm on F™’.
However, the norm we have just described is easier to work with and, according
to the proposition given above, it is equivalent to any other norm on M, (F).

Lemma 1. For all A, B € M, (F) and z € F",
L |Az| < || Alllz|.

2. [[AB| < ||AllIB]-
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3. | AM < JJAJI~.

Proof. For part 1, first note that the inequality holds when x = 0. So suppose
that x # 0, and let u = ﬁ We have that |u| = 1, and hence,

-

A = 1] < maxlag] = 1.
|| lyl<1

||
Multiplying through by |z| gives |Az| < ||A||x|, as desired.
For part 2, note that for all x € F™ with |z| < 1, we have from part 1,

((AB)(z)| = [A(Bx)| < [[A[||Bx| < [[A[[[|Bl]|=] < [|A[l]| BI]

Therefore,
|AB|| := ‘Iggfl(AB)(x)l < Al Bl

Part 3 follows from part 2. O
Definition. Let (vg)g—o1.. be a sequence in a normed vector space (V,| ||). We say
lil£n Vp = U
for some vector v € V' if for all € > 0 there exists N € R such that

lv—w|| < e

whenever £ > N. A series ), v, converges to v if its sequence of partial sums vy,
Vg + v1, Vg + U1 + vs,...converges to v.

Theorem. For all A € M, (F) and ty > 0, the function R — M,,(F') given by
Ak
= -
k>0

converges absolutely and uniformly for ¢ € [—tg, to].

Before proving this theorem, let’s review the notions of absolute and uniform conver-
gence of series of functions. First, a series ), vy in a normed vector space (V, || ||) is
absolutely convergent if », |lvg|| converges. If a series is absolutely convergent then
every rearrangement of the series will converge.

Let V and W be normed vector spaces, and let C' C W. (For instance, we could
take W =R and C' = [—tg,o].) For each n > 0, let f,,: W — V be a function. The
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sequence (f,) converges uniformly to f: W — V on C if for all € > 0, there exists
an N(e) € R such that for all z € C,

1 (z) = ful2)]] < e

whenever n > N(¢). Note: the word “uniform” refers to the fact that N(e) is
independent of x.

The notion of uniform convergence makes sense for a series ), fi since a series is
just a sequence of partial sums.



Week 3, Wednesday: Fundamental theorem for linear systems

From now on, page references are to our text. Recall that we will always be working
over the field FF =R or C.

Definition. A sequence (vg) in a normed vector space (V| ||) is a Cauchy sequence
if for all € > 0 there exists N € R such that for all m,n > N, we have

v — v < e.

A theorem from analysis says that if V' is finite-dimensional then it is complete: a
sequence (vg) converges if and only if it is a Cauchy sequence.

Lemma. (Weierstrass M-test) Let V' and W be normed vector spaces with V' finite-
dimensional. For each & > 0, let fi: W — V be a function. Let C' C W, and suppose
there exists a sequence (My)y of positive numbers such that

[fx(2) || < M

for all x € C' and for all k. Suppose further that ), M; converges. Then >, f is
absolutely and uniformly convergent on C'

Proof. A sequence in a normed space over F converges if and only if it’s a Cauchy
sequence. Let ¢ > 0. Since ), M) converges, there exists N € R such that for
alln > m > N, we have

| > ho My — > g M| = | ZZ:m+1 M| <e.
But then for n > m > N is follows that for all z € C
12 kmmr Je(@) | < 2 1 fe(@) | < 2o M <&
Thus >, fi is uniformly Cauchy. U

We are now ready to prove that it makes sense to exponentiate a matrix:

47
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Theorem. For all A € M, (F) and tg > 0, the function R — M,,(F') given by

converges absolutely and uniformly for ¢ € [—tg, to].

Proof. Let a := ||A|| and suppose that |t| < t;. Then from Lemma 1 in the previous
lecture,

B

AFtk K
H I T T TR
It follows that
S M- e
k>0
the usual exponential function. The result follows by the Weierstrass M-test. O

Definition. Let A € M, (F) and ¢t € R. Then

AFtk
At ._§ :
e = ]C' .

k>0

Note: The proof of the previous theorem shows that e is absolutely convergent and
uniformly convergent on any closed interval for ¢. Further,

e < ellAllel
To rigorously prove this last statement, note that

"L Akk Aktk
> |

k=0 k=0

Z IIAII Itl’“

The norm is a continuous function and hence commutes with limits, and limits pre-
serve inequalities. It therefore follows that

hm Z A’ft Z A t’“

= lim
n—oo

||A|| |t| Al
- g A

le*[} =

Proposition. (p. 13) Let A, P € M, (F') with P invertible. Then

—1 _
e’ A =pPledP,
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Proof. Recall the trick from linear algebra:

(PT'AP)f = (PT'AP)(P7'AP)(P7'AP)--- (P7'AP)
= PIA(PPYHYA(PPYA(P--- P AP
= PtARP.

Therefore,

The matrices P~! and P can be pulled out of the sum since multiplication by these

represent linear transformations, which are continuous, and the sum is a limit—limits
commute with continuous functions (by definition of continuity). O

Proposition. (p. 13) Let A, B € M,,(F). If A and B commute, then e(4+5) = eAeB.

Proof.

n>0 i+j=n
1 . 1
— A _ RJ
> (X 57)
>0 j=>0
= 6A€B
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Corollary. (p. 13) If A € M, (F), then

Proof. Since A and —A commute,

I, = 0 = AH(=A) — pA—A

]

Example. The above proposition only holds, in general, if the matrices A and B

commute. Consider,
0 1 10
A= ( 00 ) and B = ( 0 2 )

It is easy to check that AB # BA.

Since A* =0 for k > 1,

A (11

e —I+A_<O e
and

1/10)\" 1 /15 0 1/k! 0 e 0
B _ < _ L _ _
ezm(o Q)Zk!(OQk)Z< 02k/k!><0 62)'
k>0 £>0 k>0

2
e e
0 e

On the other hand, you can check by induction that

(A+B)k:<(1) 2k2;1>.

Thus,

Hence,

1 /1 28—1 e e2—e
A+B _ 1 _ A_B
c _Zk!(o ok ) (0 €2 )3&66'

k>0



Week 3, Friday: Fundamental theorem for linear systems. Lin-
ear systems in R>

Lemma. (p. 17) Let A € M, (F). Then

d
a €At = A@At .

Proof. For any constants t and h, we know At and Ah commute. Therefore,

d pA(t+h) _ LAt
e = lim
dt h—0 h
cAt oAb _ At
= lim
h—0 h
Ah
= lim eAte — I
h—0

Multiplication by a matrix is a linear and, hence, continuous transformation, and by
definition, continuous functions commute with limits. So, continuing from above,

d . eAh — T
—e = lim e ——
dt h—0 h
Ah
At . e - In
= e lim
h—0 h

We now use the fact that e4” is absolutely an uniformly convergent for h restricted
to a compact set, e.g., for h € [—1,1]. This means, roughly, the we can manipulate
the infinite sum defining the exponential as if it were a polynomial:
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1 A?h? A3R3
At b
=e }lll_%h(Ah%— o + 3l )
=eA
= Ae.
The final step follows since A commutes with itself. n

Theorem. (The Fundamental Theorem for Linear Systems. (p. 17)) Let A € M,,(F),
and let xo € F™. The initial value problem

¥ = Ax
z(0) = xg

has the unique solution
z = elag.

Proof. Using the preceding lemma, if z(t) := ez, then

= Aez,
= Ax.

Further, z(0) = ¢’y = zy. For uniqueness, suppose that z(¢) is any solution, and
consider y(t) := e~x(¢). By the product rule,

y'(t) = () a(t) + e Ma'(1)
— —Ae Ma(t) + e M (Ax(t))
= e A (= Ax(t) + Az(1))

=0.
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Therefore y(t) is constant. To determine the constant, let ¢ = 0:

y(0) = €"2(0) = I, 29 = wo.

Then,
yit) =e Moty =20 = x(t) = eMay.

TWO-DIMENSIONAL LINEAR SYSTEMS

Example. Consider the (coupled) linear system

T = 19

xh = 1.
Given an initial condition (a,b), a solution will be a curve z(t) = (x(t), x2(t)) in the
plane, passing through (a,b) at time ¢ = 0. The system itself tells us the velocity
vector of any potential solution at every time:

'(t) = (21 (1), 25(1)) = (x2(t), 21(1)).

So the system determines the vector field F(zy,x3) = (22, 71) on R?, pictured below:

I N e el
\\.\\\\\\‘__...;-_.,////
\\\\\\\\\«'—-«/z////
\\\\\\\\,-,,,,,,/,./
NANN N Y s s e P

O30 vy vy s . A
R TR T N RS A RN
T ,,,1;,;

R
(O centtd

Fo O S B ot
SR SRR
I N AR AR vy v v
A A A

o A AR NI
YV PPEE R AR
/////rr.—--“\\\\\\\
S = [ A TN
////f(,.-_._‘_‘_\_\\\.\\\

t A = T S SN NN NN

Any solution curve must “follow the flow”, i.e., its velocity vectors coincide with those
already drawn above. Some possible solution curves are drawn below. You can see

the paths of the curves but not their speeds:



o4 CHAPTER 9. WEEK 3, FRIDAY

0.5

0.5

§\

-1 -0.5 0 0.5 1

We will now solve the system using the tools we have developed. First write the

system as ' = Ax with A = <(1) (1)>

) 01 T

@ 10 o )
The solution is z = e*'xy where xy = x(0). In order to exponentiate A, we diagonalize
it. The characteristic polynomial of A is

A

-z 1

det(A — zly) = det ( 1 g

>:x2—1:(a:+1)(x—1).

So the eigenvalues are +1. It’s easy to eyeball the corresponding eigenvectors: (1,1)
and (1, —1), respectively. So let

Then

1/1 1
_1__
F _2(1—1)’

and P~'AP = diag(1,—1) =: D.
Therefore, D = PAP~!, and

-1 —1 .
oAt — (PDP™'t _ P(DYP™' _ p,Dtp-1

S0
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1/ et+et et —et

2\ et—et et et

So, for example, the solution with initial condition z(0) = (1,0) is
1 1 [/et+et e —et 1 1/ e+et
_ LAt —— —
z(t) =e 0) 2\ e—et et4et 0 2\ et —et

To see what is happening geometrically, note that
t'=Ax=PDP 'z = P '2/=DP 'z
Letting y := P~ 'z, we have v/ = P~'2’. So substituting gives

, o (10
y—Dy—(O _1)y

Y1 =

Yo = —Uo
with solution y; = ae’ and yp = be™*. We then get the solution to our original
equation by

an uncoupled system:

r = Py.
The initial condition z(0) = (1,0) in the z-coordinates transforms to the initial
condition .
1 1
_ p-1 _ p-1 _ !

in the y-coordinates, which implies a = b = % So in the y-coordinates, our solution
is

2Y LY VNN Y
A A A A T y’
R A T T N 7
P A A A A S I T T T T e N N
P A A O I L R R T S N T T 1 1 /
O A I P_ :;
A N 1 -1 '
CLS_,f,-.., | ot
L - = - o - - tt
R — —t
L m e o o v v
D5 =~ = =~ v v v oa e e LU
D T T T R R A VA
NN NN N N N M a o a a oo AR
rli\\\\\\!itvlla‘»‘//// y_>Py_x AR
NNNNANNNNN| A S oSS ss ANAN
ASANNNNNNN Y Nt f PSS NN
NNANNANNYNY N S O NN N
SAINNNNANNNNYN N S I N NN S
2 s 1 105 0 05 1 15 2 . 2
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Question. How is the magnitude and sign of the determinant of P expressed in the
above image?



Week 4, Monday: Linear systems in R?

LINEAR SYSTEMS IN RR?

Let A € My(R). The characteristic polynomial has real coefficients and degree 2.
That means that if A is a complex eigenvalue for A (with nonzero imaginary part),
then so is its conjugate A. Otherwise, A either has two distinct real eigenvalues or
one real eigenvalue with multiplicity 2. In order to exponentiate A, it would be nice
to conjugate A (i.e., apply the mapping A — P~'AP for some P) to a matrix that is
close to being diagonal. We will discuss the Jordan form more carefully later, but for
now it suffices to know that there exists an invertible real matrix P such that P~1AP
has one of the three possible forms below:

u 0 u 1 q a —b
0 v /)’ Ou’an b a )’

where u, v, a,b € R. The first case occurs when A has eigenvalues v and v (including
the case where u = v occurs with multiplicity 2) and A is diagonalizable. The second
case occurs when A has the real eigenvalue u with multiplicity 2 but the corresponding
eigenspace only has dimension 1. The last case occurs when A has a pair of complex
eigenvalues A = a + bi and A = a — bi. (If we were working over C, then in this
last case A could be conjugated to the diagonal matrix diag()\, \), as we will discuss
below.)

To solve two-dimensional linear systems, we need to exponentiate matrices with these

forms. The first is easy:
ox u 0\ (e 0
Plo o) Vo e )

For the second, let’s exponentiate a slightly more general matrix:

e (30)
c~(04)

57



58 CHAPTER 10. WEEK 4, MONDAY

and note that (i) B =ul + C, (ii)) C* =0 for k > 1, and (iii) uI and C' commute. It
follows that

eB:6u1+C:euIeC:(e g)eczeulecze“ec
0 e
—e(1rcstery Loy
=e 5 a3
=e" (I +0O)
[ e wve"
L0 e )7

Now consider the last case, in which

Letting

we have
1 1 i a —b i —i
—1 _ =
? JQ_QZ’(—I z)(b a )(1 1)
_i 1 1 at—b —ai—0>
A a+bi a—bi
_ 1 ( 2ai—2b 0
2 0 2ai + 2b

[ a+bi 0 (A0
- 0 a—-bi ) L0 X/

Therefore, using the fact that

eM = e — et (cos(bt) +isin(bt)) and e = e = ¢ (cos(bt) — isin(bt)),

we have

( b o )
t —
e b «a _ Qediag()\,/\)tQ—l
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— .
—_
. ~.
~_
/-\

A

1 )
et -1 1
M et
—eM zek)

ieM +zq —e +e )

eM — e e et

- (Gl )

Gl e

/‘\ e R
—_ .
—
RS
~_
7N

SRS

Let’s look at the corresponding systems of differential equations and their solutions
with initial condition xg:

If J= ( u 0 > then the solution is

0 v
et 0
= o)

If both u and v are negative, the origin is a stable node (u = —1,v = —2 displayed):

o
T

If w and v are both positive, the origin is an unstable node (u = 1,v = 2 displayed):

/f//

7

N
N

&\\

\

;4//
-




Ii one c;f: ar;ddzizs Iijar;gi?:cive and the other is positive, the origin is a saddle point
a0

0.5

-1



1111111111
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It

—

==
=

N

%

|

o

If a > 0, then each solution spirals away from the origin, and we say the origin is an

unstable focus (a = 1,b = 2 displayed):

i

1—/‘//,4——\
/’

=0
o

If a = 0, each solution goes in a circle about the origin, and we say that the system
has a center at the origin (a = 0,b = —2 displayed):

W

i
b

il
| Z

o

In any of these cases, if b > 0 the motion is counterclockwise, and if b < 0, the motion
is clockwise.
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We’ve discussed all cases in which both eigenvalues are nonzero. If either of the
eigenvalues is zero, i.e., if det(A) = 0, then the origin is a degenerate equilibrium
point. See our text for pictures of these systems.

Lemma. Let A € M, (F) with eigenvalues Ay, ..., \,. Then
L. trace(A) == 1" Ay => " N and det(A) = [T, A
2. Consider the characteristic polynomial of A:

p(x) = det(A — z1,).

Then the coefficient of "' in p(z) is (—1)""!trace(A) and the constant term
of p(z) is det(A).!

Proof. Recall that for all C, D € M,,(F'), we have
trace(C'D) = trace(DC)

and

det(C'D) = det(C) det(D) = det(D) det(C) = det(DC).
Therefore, for all invertible P € M, (F),

trace(P~'AP) = trace(A) and det(P 'AP) = det(A).
Further, the characteristic polynomial is not affected by conjugation:
det(P'AP—x1,) = det(P*(A—xI,)P) = det(P ') det(A—x1,) det(P) = det(A—al).

Therefore, we may assume that A is in Jordan form—an upper triangular matrix.
Considering p(x) = det(A—xz1I), we see the diagonal entries are the eigenvalues, Ay ..., A,.
Part 1 follows. Next, consider the characteristic polynomial

det(A—zl,)=plx) =N —x) - (Ay — T).

Expanding the right-hand side, we see that the coefficient of 2" ! is trace(A). Set-
ting x = 0 in the above equation then completes the proof of part 2. O

Let’s now go back to the case n = 2. Let 7 := trace(A) and § := det(A). Up to
conjugation, there are three possibilities:

!The characteristic polynomials is sometimes defined to be p(x) = det(zI, — A). In that case,
the coefficient of z"~! is —trace(A). The constant term is again det(A).
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(b)) (o) (7))

T=u+v T=2u T=2a
§ = ww § = u? d=a®+1?

The characteristic polynomial is

2

p(r)=a"—T2x+96.

So the eigenvalues are
+V72—-46
=V o (10.1)
Theorem. (p. 25)

1. If 6 < 0, then the origin is a saddle point.

2. If 6 > 0 and 72 — 45 > 0, then the origin is a stable node if 7 < 0 and an unstable
node if 7 > 0. (Note that in this case, the conditions § > 0 and 72— 45 >0

imply 7 # 0.)

3. If 6 > 0 and 7 — 46 < 0, then the origin is a stable focus if 7 < 0, an unstable
focus if 7 > 0, or a center if 7 =0 (in which case 7 — 49 < 0 is automatic).

Proof. If & < 0, then equation 10.1 shows that one eigenvalue is positive and the
other is negative. Hence, the origin is a saddle point. That proves the first part. The
others follow similarly. m

Calling a stable node or focus a sink and calling an unstable node or focus a source,
we get the following diagram:



stable
focus

unstable
focus

CCIIver

saddle

unstable
node
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Week 4, Wednesday: Jordan form

Review of diagonalization. For a diagonal matrix D = diag(Ay,...,\,), we have
Dei = )\Z-ei

for each standard basis vector e;. If A € M, (F) is not diagonal, we look for linearly
independent vectors that behave like the e; above:

AUZ' = Aﬂ)i .

If we can find n of these vectors, then changing to the basis {vy,...,v,}, these v; are
transformed to the standard basis vectors in the new coordinates, and A is diagonal-
ized.

Therefore, we look for vectors v # 0 such that
Av=)v
for some A € F. We have
Av=X v & (A-A,)v=0 < veker(A—\,).

The kernel is nonzero if and only if det(A — Al,) = 0. So to find suitable A, the
eigenvalues, we consider the characteristic polynomaial

n l
p(z) = det(A —zl,) = H()\j —x) = H(,Uj — )b,

In the expression on the far right, repeated eigenvalues are grouped together (so
each f1; is equal to some \;). The algebraic multiplicity of the eigenvalue y; is k;. The
eigenvectors corresponding to p; form a subspace of F™ called the eigenspace for p;:

E,, = ker(A — p;l,).

66
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The dimension of E,. is the geometric multiplicity of p;. We always have that the
geometric multiplicity is at most the algebraic multiplicity:

dim Elij S k]

The matrix A is diagonalizable if and only if there is a basis consisting of eigenvectors,
and that happens exactly when the geometric multiplicity of each eigenvalue equals
it algebraic multiplicity. If that is not the case, we can still choose bases for each
eigenspace, but we are then left with the task of completing this set to a full basis
for F. By choosing correctly, we can assure that A has a nice form.

JORDAN FORM

Let A€ F. A k x k Jordan block for X is a k x k matrix with A appearing along the
diagonal and 1s appearing on the superdiagonal:

Al

1o 0

A1

Je(N) =
0 !
A
For example,

2100

0210

H@=10 021

00 0 2

A Jordan matriz is a square block-diagonal matrix with Jordan matrices along the
diagonal:

‘]kl (Al)
Jia(A2) 0

0

T, (Ar).
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For example, the following is a Jordan matrix:

OO =2 OO0 O OO
S =P OO OO OO

O OO OO O OoONN
O OO OO o

O OO OO OO
OO OO = OO
O OO PO OO

)
+t cocococooo

31

with Jordan blocks J1(2), J1(2), J3(4), J2(i) and J1(2 + 34).

A diagonal matrix is a Jordan matrix whose Jordan blocks are all 1 x 1.

Theorem. Let A € M, (C). Then there exists an invertible matrix P € M, (C) such
that P~'AP = J where J is a Jordan matrix. The matrix J is called the Jordan
form for A. Tt is unique up to a permutation of the Jordan blocks. The diagonal
entries of J are exactly the eigenvalues of A repeated according to their algebraic
multiplicities (the number of times the eigenvalue appears in a factorization of the
characteristic polynomial of A over C). The number of blocks having a particular
eigenvalue A along the diagonal is the geometric multiplicity of A (i.e., dim(A — AL,)).

Example. A matrix is diagonalizable if and only if each of its Jordan blocks is 1 x 1.
For example, we know
11
=(o1)

is not diagonalizable since it is already in Jordan form and it’s not diagonal. The
matrix A has one eigenvalue, 1, of multiplicity 2, but the dimension of the eigenspace
for 1 is 1-dimensional:

ker(A—l-[2):ker(8 é)z{(x,O):xeF},

which has basis {(1,0)}. As claimed the number of Jordan blocks for 1 is the geometric
multiplicity of 1.

Jordan form over the reals. Now suppose that A € M,(R). Then it turns out
that we can conjugate A via a real matrix it to a real matrix that is almost as nice
as the Jordan form over C. Since A is defined over the reals, its nonreal eigenvalues
appear in conjugate pairs, and it turns out that each k£ x k Jordan block for A = a+ 0
has a corresponding k x k Jordan block for A = a — bi of the same dimension. We can
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combine these blocks and change basis to get a corresponding 2k x 2k block matrix

with 2 x 2 blocks of the form
a —b
b a

along the diagonal, and the 2 x 2 identity matrix I, appearing along the super diagonal.
For instance, the Jordan matrix

A1 0000
0XN1 000
00 XN0O0O0
000 X100
0000 X1
00000 X

where A = a + bi can be conjugated to the form

a —b 1 0 0 0
b a 0 1 0 O
0O 0 a —=b 1 0
0 0 b a 0 1
0O 0 0 0 a —b
0O 0 0 0 b a

If A€ M,(R), there exists an invertible P € M, (R) such that P~*AP = J where J
consists of Jordan blocks—the usual ones for real eigenvalues, and these modified
block matrices for conjugate pairs of complex eigenvalues. The form is unique up to
permutation of the blocks and swaps
a b
(50)

(i)

We will call it the real Jordan form for A. Here is a typical real Jordan form for a
real matrix:

40000 0 0O 0 0 O
04100 0 0 0 0 O
00410 0 0 0 0 O
00040 0 0 0 0 O
00003 -20 0 00
00002 3 0 0 0 O
00000 O0 3 -21 0
00000 0 2 3 0 1
00000 0 0 0 3 =2
0oo0oo0o00 0 0 0 2 3
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There are two Jordan blocks for 4: one is 1 x 1 and one is 3 x 3. The other eigenvalues
for this matrix are 3+ 2¢ and 3 — 27, each of which appears with multiplicity 3. Notice
there are two real Jordan blocks for the pair 3427, one is 2 x 2 and the other is 4 x 4.



Week 4, Friday: Exponentiating Jordan matrices. Algorithm
for computing Jordan form

EXPONENTIATION OF JORDAN MATRIX

To solve the linear system 2’ = Az, we need to compute e*. If P~'AP = J where J
is the Jordan form of A, then e’ = Pe’*P~'. Then, to exponentiate J, we must
exponentiate each of its blocks. If

Ty (A1)
Jia (M) 0

‘]ks ()‘3)
0

Jke()‘ﬁ)

then

e‘]kl (A1)t

eJk2 ()\2)25 O

Jq (A3)E
Jt . e

eIk (Aet)

Thus, we are reduced to exponentiating Jordan blocks, which we talk about here,
starting with an example. Let A\ € F' and consider the Jordan block

A 0 A

J4()\) - - )\]4 —I— N4

o O O

SO > =
S > =

> = O O
o O O

S O > O
S > O O
> O O O
O O OO
O OO =
o O = O
O = O O

71
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where
01 00
0010
Ni=119 1001
0000
Since AI; and N, commute,
€J4()\)t — 6(}\[4+N4)t — 6At14€tN4.
As usual,
e 0 0 0
0 e 0 0
M PO M
0 0 0 et
So we are left with computing e*V4:
t2

t3 t4 t5
M = Iy + Ny + o Ni + N+ = Nj + o Nf + -

2! 3 4 )

Consider the powers of Ny:

0100 0100 0010
N2 | 0010 0oo1of| [0o001
t71000 1 ooo01| [oo0o0o0

0000 0000 0000

0100 0010 0001
A | 0010 ooo01| [o0oo000
t71000 1 o000 [o0oo000

0000 0000 0000
Ny =0.

All higher powers of N, are 0. Notice how as we take powers, the diagonal of 1s
climbs up to the right along successively higher diagonals.

Returning to the calculation,
t2 t3

e/ — (]4 +tNy + ng + gNj)
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2 3 2 3
1 ¢ % g_' e)\t te)\t t2_!e>\t %6)\1?
t2 A\t VA 2PN
_ o 01 ¢ 51 _ 0 e te 5€
00 1 ¢ 0 0 eM o teM
00 0 1 0 0 0 eM

z(t) = el Wig

t2 3
Y O ]. t o7 3
=€
00 1 ¢t 2
00 0 1 1
4+3t+2g—ijg—‘j
_ oM 3+2t+% 7
24t
1

or

2(t) = M 4+3t+2ﬁ+ﬁ 3+2t+ﬁ 24+t 1
21 " 31’ 3! ’ '

Now consider a general Jordan block:
Je(N) = M + Ny

where g is the matrix with 1s along the superdiagonal. As before, taking powers
of Ny causes the diagonal of 1 to march up to the right, and we get N} = 0. A
matrix N such that N* = 0 is called nilpotent. The minimum & such that N* = 0 is
the degree of nilpotency. Thus, Nj, is nilpotent of degree k. We have

€J’“()‘)t — e(/\Ik+Nk)t — e}\iIketh

At AN th! k-1
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2 k—1

Lt 5 o

tk—2

0 1 t e e m

k=3

:e)\t 0 O ]_ e . e m
0 t
0 1

Note. If the real part of A is negative, notice how

lim e+t = 0.
t—o00

WEEK 4, FRIDAY

Working exclusively over the reals, we will need to exponentiate Jordan blocks corre-

sponding to pairs of conjugate eigenvalues. Let

v ()

and consider a real Jordan block for A = a + bi with b # 0:

M I, 0
0 M I,
0 0 M
J = :
0 M I
0 M

To exponentiate, let

nee () 2 )

So

M = e"R.

By an argument that is essentially the same as just given above, we get the matrix
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of 2 x 2 blocks

2 k—1
R tR SR ... ... =R
k—2
0 R tR ... ... f=R
0o 0 R .. .. t2R
ot — et (k—3)!
0 R (R
0 R

Again, notice that if Re(A) = a < 0, then

lim e/t = 0.

t—o0
Algorithm for computing the Jordan form. Our book has a careful discussion
of an algorithm for computing the Jordan form of a matrix A. We will not go into
the details (unless there is demand for it!). Here, we’ll give over a couple of points,
though. To start the algorithm, compute the eigenvalues of the matrix by finding the
zeros of the characteristic polynomial. We would like to know the number of Jordan
blocks for each eigenvalue and their sizes. The key to this is as follows: Let A be an
eigenvalue, and consider the sequence of integers

9 = 0¢(A) := dimker(A — )\[)e

for ¥ =0,1,2,.... These , are invariant with respect to conjugation, so we
might as well imagine that A is in Jordan form already and work block-
by-block. For a Jordan block Jy(u) with g # A,

ker(Jp(p) — AI)E =0

for all ¢ since each diagonal entry of each power is nonzero. So the d,(\) for any block
like this are all 0. Now consider each Jordan block of the form Ji(\). We have

ker(Jp(A) — AI)* = ker N{

where N}, is the nilpotent matrix from earlier. Thinking about the form of N{ is it
easy to see that the d, sequence for blocks like these is

st foro<i<k,
TNk forl> k.
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k (A— \I)* basis for kernel dimension
01 00
0010

L'looot “ L
00 0O
0010
0 001

2 0000 €1, €9 2
00 0O
0 001
00 0O

3 00 0 0 €1,€2,€3 3
00 00
00 00
00 00

4 000 0 €1,€2,€3,€4 4.
00 0O

Figure 12.1: The case where A = Jy(\).

See Figure 12.1 for the case where k = 4.

The dy(N)-sequence for A is the sum of the Jy(\)-sequences for each of its Jordan
blocks. For instance, d;(A) for A is the number of its Jordan blocks for A—we’ve just
seen that each of these contributes its 6; = 1 to the count. With just a little more
thought (see our text), letting v, be the number of k x k Jordan blocks for A for
the n x n matrix A, we get

2(51 — 52 for k = ]_,
Vp = 201 — §kz+1 —0p1 forl< k< n,
On — Op_1 for k = n.

The point is that the numbers of Jordan blocks of each size for each eigenvalue are
determined by the d-sequences, i.e, by the sequence of dimensions of the kernels,

ker(A — \I)°.
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To actually conjugate A to Jordan form, for each eigenvalue A\, we consider the tower

of subspaces
ker(A — A1) C ker(A — M)? Cker(A—\)* C ...

Starting at the leftmost kernel in this tower of subsets, we could successively build
bases for these kernels, adding vectors as we move to the right, as we could see
earlier in the case where A = Jy(\). Appropriately chosen, these vectors are called
generalized eigenvectors. We use them as columns of a matrix P so that P7tAP is
the Jordan form for A

Let’s consider the case where

A= Js(\) =

o O O
S O > =
O > = O
> o o

Notice that we have

A@l = )\617 A62 =e1 + )\62, Aeg = e9 + )\637 A64 =e3+ /\64.

Therefore,
(A — /\])61 =0
(A — )\[)62 = €1
(A — /\])63 — €9
(A - )\1)64 = €3,

and (A—\I)"te; = 0 fori = 2,3,4. Soif A is not in Jordan form already, we will look
for vectors vy, . .., v4 that behave like the e;, above. We need to solve (A—AI)v; = v;_4
starting with v; an eigenvector with eigenvalue A\. These v; will be columns in the
matrix P.



Week 5, Monday: Stability theory. Linear systems in R3.
Nonhomogeneous equations

STABILITY
Let A € M,(C). For each eigenvalue A € C, the generalized eigenspace for A is
Vy={veC": (A— )" =0 for some k > 0}.

We can choose bases B, for the generalized eigenspaces resulting in a basis B = U)B)
for C™ with respect to which the matrix A attains its Jordan form. Define the stable,
center, and unstable spaces for A respectively by

E?® = Span Uxre(xn)<o Ba
E° = Span Uy.re(x)—0 Ba
E" = Span Uyre(x)>0 B
Since B is a basis, we can write
C'=E"@®E°@®FE",
i.e., every v € C" can be written uniquely as v = v, + v. + v, where v, € E*®, v. € E°,

and v, € E".

If A is a real matrix and we are working over the real numbers, then define the
(real) stable, center, and unstable spaces for A by intersecting each of E*, E¢ and E"
with R™. Not that if A is real, is nonreal eigenvalues will occur in conjugate pairs a+br,
and the conjugates have the same real part. We can also adjust the basis B so that
with respect to B, the matrix A has its real Jordan form.

If L:F™— F™is alinear function and W C I, we say that W is invariant under L

if L(W) C W. If M is the matrix representing L, we similarly say that IV is invariant
under M if Mw € W for all w € W.

Proposition. Each generalized eigenspace, the stable, center, and unstable spaces
are invariant under A and under e for all ¢ € R.
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Proof. Staring at the Jordan form for A and its exponential makes this result obvious,
but we will give a formal proof. First consider the action of A. Fix an eigenvalue A
for A and consider the corresponding generalized eigenspace V. Let v € V). To show
that Av € V), we first let w = (A — A1)v. We claim that w € V). To see this,
take k > 0 such that (A — XI)*» = 0. Then (A — X I)*1w = 0 (in the special case
where k = 1, we have (A — A1)°w = (A= AX1)v = w = 0 € V). Since v,w € V,
and V), is a subspace,
Av =X v+w € V).

This shows that V) is invariant under A. Now since each of the stable, center, and
unstable spaces is formed by taking the linear span of bases for certain generalized
eigenspaces, it follows that each of these is invariant under A. It follows that they
are invariant under e* by homework. O]

Thus, let x(¢) be the solution to the initial value problem =’ = Az, x(0) = zo, i.e., let
x(t) = ety Tt follows that if 2y € E*, then 2(t) € E° for all t. The solution never
leaves the stable space. Similarly, a solution starting in the center or the unstable
space never leaves that space. Further, from the Jordan form, one sees that

zo € E°\ {0} = tliglox(t) =0 and tl}l_noo |z(t)| = o0

zg € E*\ {0} = lim |z(t)] =00 and lim z(t) = 0.
t—o0 ——00
In particular, if all eigenvalues of A have negative real part, then all solutions, no
matter what the initial condition, are drawn into the origin. If all eigenvalues have
positive real part, all solutions with non-zero initial condition will eventually leave
any fixed compact set.

LINEAR SYSTEMS IN R3

Linear systems in R®. Let A € M3(R). Then A either has three real eigenvalues
(counting multiplicities) or it has a single real eigenvalue and pair of conjugate nonreal
eigenvalues. Therefore, the possibilities for the Jordan form and for the solutions
to ' = Ax up to a linear change of coordinates are:

L u,v,weR:
u 0 0 et 0 0
J=10 v 0 rt)=elzg= 0 et 0 | .
0 0 w 0 0 et

The behavior of the various trajectories will depend on the signs of wu,v,w, with
saddle-like behavior if they don’t all have the same sign.
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IL. u,v € R:
w 1 0 e te' 0
J={10 u 0 vt)=ellzg=[ 0 e* 0 |z
0 0 v 0 0 e
III. w € R:
v 1 0 eut teut % ut
J=10 u 1 z(t) = ellay = 0 e teut | .
0 0 u 0 0 e*
IV. a,b,u € R and b # O:
a —=b 0 e cos(bt) —esin(bt) 0
J=b a 0 w(t) =e’lvg = | esin(bt) e cos(bt) 0 | xo.
0 0 w 0 0 et

An interesting special case is where a = 0.

We will take a look at examples of all of these in class.
NONHOMOGENEOUS SYSTEMS
Proposition. Let A € M, (F) and consider the system
2'(t) = Az (t) + b(t)

where ¢ — b(t) € F™ is continuous. The solution with initial condition zy is

t
z(t) = eMag + eAt/ e b(s) ds.
s=0
The solution is unique.

Proof. Defining z(t) as above, use the product rule and the fundamental theorem of
calculus to see

t !/

(1) = (eMag) + (e /so e~ b(s) ds + e (/:O e b (s) ds)

t
= AeMxy + AeAt/ e b(s) ds + ee b(1)
s=0

~+

= AeMxy + Ae ~A5h(s) ds + e Ab(t)

e
s=0



=A (eAtxo + et /io e~ 4b(s) ds) + b(t)
A+ b().

Uniqueness of the solution will be a homework problem.
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Week 5, Wednesday: Nonhomogeneous equations

NONHOMOGENEOUS SYSTEMS

Proposition. Let A € M, (F) and consider the system
2'(t) = Ax(t) + b(t)

where ¢t — b(t) € F™ is continuous. The solution with initial condition zy is

t
z(t) = eMry + eAt/ e~ b(s) ds.
s=0
The solution is unique.

Proof. Given in the last lecture: just take the derivative of the above expression.
Uniqueness is a homework problem. O]

Note. Our text has references for a system as in the Proposition but for which A =
A(t), i.e., A varies with ¢, too.

Example. Here is an example from our text for an equation modeling a forced
harmonic oscillator:

" =—x+ f(¥).

Writing zy = = and x5 = 2/, we have
vy =1y = —x+ f(t) = —z1 + f(1).

Hence, we consider the system

or let
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and consider the system

/=30 )r (o)

So we apply the proposition with

A:(_?é) mdb@:(f&).

Thus,

cos(t) sin(t)

:(—m@<m@)%
(o ) [ (e Y ()

B cos(t) sin(t) n cos(t) sin(t) b —f(s)sin(s) p

~\ —sin(t) cos(t) Yo —sin(t) cos(t) oo \ [f(s)cos(s) 5
The initial condition is yo = (21(0), 22(0)) = (x(0),2'(0)). We take the first compo-
nent of the above 2 x 1 matrix to get the solution:

z(t) = x(0) cos(t) + «'(0) sin(t)

+ cos(t (/f sin(s ds>+sm (/ f(s)cos(s )

= x(0) cos(t ) sin(t / f(s) (—cos(t) sin(s) + sin(t) cos(s)) ds.

Now use the sum formula
sin(f + 1) = cos(0) sin()) + cos(1)) sin(6)
with § =t and ¢ = —s to get

x(t) = x(0) cos(t ) sin(t / f(s)sin(t — s)
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For a special case, suppose that f(s) = cos(wt). The solution is then
¢
z(t) = x(0) cos(t) + «'(0) sin(t) + / cos(ws) sin(t — s) ds.
s=0

To integrate this, note that

sin(f + 1) + sin(0 — ) = cos(0) sin(¢) + cos()) sin(0)
— cos(f) sin(¢)) 4 cos(v)) sin(6)
= 2 cos(¢)) sin(h).

Therefore,
cos(1h) sin(0) — % (sin(6 + 1) + sin(0 — ©)) .
It follows that

/ | cosws)sint = 5)ds = / | sinft 4 (w = 1)s) +sint - (w+ 1)) ds

t

| = N

(_cos(t + (w—1)s) N cos(t — (w+ 1)3))

w—1 w+1

s=0
_ cos(wt) — cos(t)
B 1 —w?

So the solution is
cos(wt) — cos(t)
1 —w?

MR
UL

Unforced: xz(0) =2/'(0) =1, f(t) =0

x(t) = x(0) cos(t) + 2'(0) sin(t) +




200 400 600 800 1,000

2(0) = 2/(0) = 1, f(t) = te~ 001



Week 5, Friday: Higher-order homogeneous linear equations
with constant coefficients

Consider the 4th order linear homogeneous equation with constant coefficients:
"+ agy” + ary + agy =0 (15.1)

with initial condition 3 (0) = b; for i = 0,1, 2, 3.

Let ; =y~ for i = 1,2,3,4, and let z(t) = (21(t), ..., 24(t)). Use equation (15.1)
to create a linear system:

y) + agy

' = Ax
with initial condition z(0).

PROBLEM 1. What is the 4 x 4 matrix A? And what is 2(0) in terms of y?

PROBLEM 2. The solution to the above system is z(t) = ex,. Suppose you have
calculated e*. How do read off the solution to our original equation (15.1)?
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According to the recipe we learned during the first couple of weeks of class, to solve
equation (15.1), we first consider its characteristic polynomial P(z) = z* + aza® +
asz? + ayx + ag. We would like to compare P(z) to pa(x) := det(A — x1;), the
characteristic polynomial for the matrix A.

PROBLEM 3. Compute det(A — xl,) by first performing the following column op-
erations (which don’t affect the value of the determinant): add x times the second
column to the first column, then add z? times the third column to the first column,
then add 2® times the fourth column to the first column. (i) What is the result? The
first column should consist of zeros except for the last entry. (ii) What is this last
entry? (iii) Compute the determinant by expanding along the first column. What do
you get? (iv) What would you get if instead of starting with a 4-th degree equation,
we started with an n-th degree equation?
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Let A be an eigenvalue for A, and consider the corresponding eigenspace,

E)\:{UEF4ZAU:/\U}.

PROBLEM 4. Prove that
E) = Span {(1, YD )\3)} .

Thus, dim E) = 1, i.e., the geometric multiplicity of A is 1. (Hint: let v = (vq,...,v,)
and then compare components on both sides of the equation Av = Av.)
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Suppose that A has k distinct eigenvalues A1, ..., \; over C with multiplicities mq, ..., my,
respectively. So the characteristic polynomial factors as pa(z) = Hle()\i —x)™,

PrOBLEM 5. Why do we know that the Jordan form for A over the complex numbers
is

Jml ()‘1)
Ty (O2) 0

U COw)

PROBLEM 6. Define the basic functions for equation (15.1) to be
{eM:0<j<m1<i<k}.

Prove that every solution to equation (15.1) is a linear combination of these basic
functions.
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We would like to show that each of the basic functions is a solution to equation (15.1).
Consider the differential operator D := %. We can write equation (15.1) as

P(D)y =0
where P(D) = x* + a32® + a2 + ayx + ag. Further, we know (why?) that

k

P(D) =[]® - )™

=1

PROBLEM 7.
(a) Prove by induction that for every sufficiently differentiable function f(t), we have
(D =N (f()e) = e D (1)

for k£ > 0.
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(b) Show that it follows that

P(D)(f(t)e*) = X P(D + A f(1).

(c) Use these results to show that each basic function is a solution to equation (15.1).
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Finally, we’d like to show that each solution to equation (15.1) with the given initial
condition is a wnique linear combination of the basic functions. To do so, list the
basic functions in some order f1, fa, f3, fa. For each a = (a1, a3, ) € C*, consider
the solution

Sa(t) = Oélfl + Oégfg + Oégfg + a4f4,

and, in general, define
¢o: C' = C*
a— (s(0),5(0),s"(0),s"(0)).
It’s clear that ¢ is linear (since differentiation and evaluation are linear).

PrROBLEM 8. You have already shown that is ¢ surjective. How? Why does it then
follow that ¢ injective? How does this prove uniqueness?



Week 6, Monday: Higher-order homogeneous linear equations
with constant coefficients

n-TH ORDER LINEAR HOMOGENEOUS EQUATIONS REVISITED

Consider the homogeneous linear equation
y(n) + &n_ly(n_l) _|_ e + aly, —+ oYy = 0 (161)

with initial condition y(0) = b; for i = 0,1, ...,n— 1. Recall the method of solution
introduced during the first two weeks of class. First we factor the characteristic

polynomial
k

P(z) = [J(x = )™,

i=1
where the \; are distinct. We claimed that the most general solution was an arbitrary
linear combination of the basic functions

et et pmiTlehit

fori =1,...,k. We also claimed that for each initial condition, there would be a
unique solution. We now want to justify those claims.

Define

T =y, To=vy, x3:=y", ..., x,=y™.

We get a corresponding matrix equation

/

Ty 0 1 T
/

Ty 0 1 O T2
/

L3 _ O 1 x3
/

Ty g 0 1 Tn—1
/

Ty, —Qp —ai; —Aaz ... —Qp—2 —Aap_—1 Tn
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Let A denote the n xn matrix above, and we can consider the differential equation z’ =
Az with initial condition zo = x(0) = (y(0),%'(0),...,y™1(0)) = (bo,b1,...,bp_1).
The solution is

z(t) = eMay,

and the first component of this solution is x;(t) = y(¢), the solution to the original
homogeneous system.

Proposition. Let P(z) = > ja;z" be the characteristic polynomial for the linear
homogeneous equation (16.1). Then the characteristic polynomial for A is

pa(r) :=det(A — z1,,) = (=1)"" P(x).

Proof. We have

- 1
—T 1
Az, A - %
— 7 n — O
—x 1
—Qap —a; —Qaz ... —Ap—2 —TL — Ap—1

Multiply the second column by z and add it to the first column; then multiply the
third column by 22 and add it to the first column; and so on. This does not affect the
determinant, and the rows of the first column are all 0 now except the last, which is

—ap — 1T — AT — -+ — Qo™ — (x + ap_y)2" ! = —P(2).

It follows that

0 1
0 —x 1
dot(A — L) = det | - 0
(S — Tly) = A€ . O
0 —T 1
—P(:E) —a; —Ag ... —Up—2 —Qp_1 — T

Expand along the first column to get the result. O
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In order to solve the system, we are interested in the Jordan form for A. So we think
about this next.

Proposition. Let A be an eigenvalue for A. Then the corresponding eigenspace is
Ey\ = Span{(1,\, A%, ..., A" 1)}

and is, hence, one-dimensional. So the geometric multiplicity of each eigenvalue for A
is 1.

Proof. Suppose that Av = Av where v = (vq,...,v,). Note that

0 1 U1 U1
0 1 (%) (%)
0 1 Vs Vs
Av = ) ] . =\ . = \v
0 1 Un—1 Un—1
—Qp —Aa; —a2 ... —Qp—2 —Ap_1 Un, Un
says vy = AUy, U3 = Mg, ... , U, = Av,_1. Thus,
= (v1, Aoy, V2 A"y
U = VU1, AU, A V1500 U1

= oy (1,0 A2, A0,

m
Corollary. Suppose that A has distinct eigenvalues Ay, ..., A; (over C) with algebraic
multiplicities, my, ..., my, respectively, so the its characteristic polynomial is

k

pa() = [ — )™

i=1

Then the Jordan form for A is

‘]m1 ()‘1)
S 0
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Proof. This follows immediately from the preceding Proposition. The diagonal of the
Jordan form consists of the eigenvalues of A, repeated according to multiplicities. For
each Jordan block, there is a corresponding eigenvector for A (and several generalized
eigenvectors). If there where more than one Jordan block for a particular eigenvalue A,
there would be more than one linearly independent eigenvector for A\, and we’ve just
seen that this cannot happen—each eigenspace has dimension 1. O

Theorem. Suppose the roots for the characteristic polynomial for equation (16.1)
or, equivalently, the eigenvalues for A are Ay,..., Ay with multiplicities my, ..., m,
respectively. Every solution to equation (16.1) (with a given initial condition) is a
unique linear combination of the basic functions

{eX0<j<m,1<i<k}, (16.2)
and each linear combination of these functions is a solution for some initial condition.
Proof. There are three parts to this proof: (i) show each solution is a linear com-

bination of the basic functions; (ii) show each basic function satisfies the differential
equation (16.1); and (iii) show the basic equations are linearly independent.

(i) The solution to equation (16.1) is the first component of eAtxy. Letting P~1AP = J
be the Jordan form for A, the solution is

y(t) = eag = Pe’' P71,

and hence, is a linear combination of the entries of e’t. The result then follows from
the previous corollary recalling that

tmi71

22| %

1 t (mi—l)!
tk72
0 1 ¢ (m;—2)!
o0 1 .. .. £
odmi(Nit) _ it (m;—3)!
0 0 1 t
0 1

(ii) Consider the differential operator D := %. We can write equation (16.1) as

P(D)y =0
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where P(D) = 2" + a,_12" ' + -+ + a1x + ap. We are given that

k

P(D) = [[(0-2)™.

i=1

That the basic functions satisfy the differential equation P(D)y = 0 is left as home-
work. Tt follows from two facts (which are part of the homework problem):

L. (D—a)(D—p)f(t) = (D — B)(D — a)f(t) for every sufficiently differentiable
function f(t) and pair of constants a and f3.

2. P(D)(f(t)eM) = eMP(D+N)(f(t)) for every sufficiently differentiable function f(t)
and constant .

(iii) For uniqueness, list the n functions in (16.2) in some order fi, ..., f,, and consider
the mapping ¢: C" — C" defined as follows: for each (aq,...,a,) € C", consider the
solution

Sa(t) = alfl + ... anfna

and let
dlay, ... an) = (54(0),5,(0),...,s"D(0)) e C".

Since taking differentiation and evaluation are both linear operations, ¢ is linear.
It is surjective since we know from part (ii) that we can find a solution as a linear
combination of fi,..., f, for each initial condition. Since ¢ is linear and has rank 4,
i.e., dim(im ¢) = 4, the rank-nullity theorem says that the kernel of ¢ is trivial. So ¢
is injective. Now take any two solutions that satisfy the same initial conditions. Each
of these solutions is a linear combination of the basic functions, so they have the
form s, and sz for some «, 3 € C". Since they satisfy the same initial condition, we
have ¢(a) = ¢(5). Since ¢ is injective, we have a = f.



Week 6, Wednesday: Existence and uniqueness for non-linear
systems

NONLINEAR SYSTEMS

Let £ C R” be an open subset of R” and let C(E) denote the vector space of
continuous functions of the form £ — R". Given f € C(E), we are now interested in
solutions to the differential equation

© = f(x). (17.1)

The function f is a vector field in R™ defined on £. We have just finished studying
the linear case of this problem, i.e., in which f(x) = Az for some A € M, (R™) and
are now particularly interested in the case where f is no longer a linear function.

A solution to equation (17.1) on an interval [ is a function z: I — E C R" such that

for all t € I. Given ty € I with z(ty) = 2o € E, we say the solution satisfies the
imatial value problem

on I.

Example. Consider the (non-linear) system
(El —_ .’ﬂ2 —y
y =y

with initial value (z(0),y(0)) = (0.5,1). So in this case, the relevant vector field is
f(z,y) = (2* —y, zy). Here is a plot of the vector field and the solution to the initial
value problem:
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Note that this system displays behavior one would not see in the linear case.

The systems we are studying are called autonomous since f is a function of x € R"
and not t. However, a nonautonomous system

¥ =g(x,t)
can be converted to an autonomous system by letting x4, :=t and ], ; = 1.

Goals. Our first main goal is to find conditions under which the initial value problem
for equation (17.1) has a unique solution. After that, we’ll discuss how solutions

change if f changes a small amount and discuss the size of the interval on which a
solution exists.

New behavior. In the linear case, 2’ = Az and z(0) = zy, we saw that there is
always a unique solution. That’s no longer generally true in the nonlinear case. For
instance, the following initial value problem

v’ = 32%3

z(0)=0

has two solutions: z(t) = 0 and z(t) = ¢3. We’ll see that the source of non-uniqueness
here is that f(z) = 32%? is not continuously differentiable: f(x) = 227'/3 which is
not continuous at 0.

Even if f’ is continuous everywhere, the solution may only exist on subintervals of
the real line, again unlike the linear situation. For example, consider the system

iL‘l — 1‘2
z(0) = 1.
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The solution is )

)= ——
z(t) = 7—
but is only defined on the interval (—oo, 1). The solution blows up as t — 1~.

Key idea. We have solved the initial value problem for equation (17.1) if we can
find a continuous function z(t) satisfying

x(t) = xo + /0 f(z(s))ds

for all t € [—a, a] for some a > 0.

Check: First, by the fundamental theorem of calculus

/() = (o) + (/;) f(x(s)) d8>/ =0+ f((®) = f(=()).

Next,
0

z(0) =z + f(z(s))ds = xo.

s=0
The method of successive approximations attempts to create a sequence of func-
tions (ux(t))k>0 converging to a solution:

’LLo(t) = X

t
Up41(t) == xo +/ f(uk(s))ds, for k>0.
s=0

Example. Consider the initial value problem

/

' =uxt, x(0)=1.

This is an autonomous equation, so we first convert it to a nonautonomous system
by letting z; = x and x5 = t. The system becomes

(3)=( )= s

with initial condition z1(0) = z(0) = 1 and x5(0) = 0 (since x5 = t).

Apply the method of successive approximations starting with

wi = (20 )= (5):
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We get

)

(

')

(o)

)= (7L,

Next,

Jo L)

)+ ( 52/2+f/(2~4) )‘t
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_ ( 1+t2/2+t4/(2-4))'

t

Similarly,

= ( 1+t2/2+t4/(2-4)+t6/(2.4.6))

t

and so on. Recall that x1 = z, and x is the function we are trying to find. Thus, we
are interested in the limit of the first components of the u,. The method of successive
approximations is delivering

12 4 16 18
=1+ —
) =1+o+o g+t s 16387

12 4 16 18

=14+ =
T a2 T a2 3 (123 42

21 /2\% 1 /2\* 1 /e\?
— 14—+ —(= — (= — (=
+2+2!(2) +3!(2) +4!(2) *

2
— /2

+ ...

which converges, and it’s easy to check that it satisfies the original initial value prob-
lem:

/
2 (t) = <et2/2> = te!/? = z(t)t,

and z(0) = 1.

Of course, we could have solved the equation through separation of variables:

d
¥=axt = /—x:/tdt = In(z)=t*/2+c
x
Then x(0) = 1 implies ¢ = 0. Exponentiate:

In(z) =t2/2 = xz=¢"%

Fixed points. Consider the operator on functions, u — T'(u) given by

T(u)(t) ==z + /:0 f(u(s))ds
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In the case we just considered, with zy = (1,0) and f(x,z2) = (2122, 1), the method
of successive iterations produced the function u(t) = (e!*/2,t). This function u is a
fixed point for the operator T

rwy = (3 )+ [ ratas

! ) + f(682/278)d8
O s=0

(

()= L0
() (T,

(

(

1 e’z 1
o)< ()

Next step. We have seen that the method of successive approximations amounts to
iterating a operator on a space of functions and converging to a fixed point for that
operator. Our next step is to consider this situation a little more generally. Let X be
a space in which convergence makes sense, and consider a mapping 7: X — X. We
would like to know conditions under which iterates of a point xy € X under T will
converge to a point & € X that is fixed under T, i.e., such that 7'(z) = z.



Week 6, Friday: Existence and uniqueness for non-linear sys-
tems

THE CONTRACTION MAPPING PRINCIPLE

Let (V,|| ||) be a normed vector space over F' = R or C. Recall this means that for
allv,w eV and a € F,

1. |jv]| > 0 with equality if and only if v = 0;
2. Jlawl = [edfjv]l;

3. v+ wl| < flvfl + [Jwl]].

If every Cauchy sequence in V' converges (in V'), then we say V' is complete, and in
that case (V|| ||) is called a Banach space. We have already used the fact that R™
and C" are Banach spaces, for example, when considering the convergence of e“t.
We will soon need to consider a Banach space whose elements consist of potential
solutions to systems of differential equations.

Definition. Let (V.|| ||) be a Banach space, and let X C V. Let T: X — X.

1. A point u € X is a fized point for T'if T'(u) = w.

2. The function T is a contraction mapping if there is a constant ¢ € [0,1) C R such
that
[T (u) = T(v)[| < clu—]

for all u,v € X.

Theorem. Let (V.|| ||) be a Banach space, and let X C V be a closed subset of V'
(hence, it contains all of its limit points). Suppose that 7': X — X is a contraction
mapping and fix a constant ¢ € [0,1) C R so that

17 (u) = T)|| < cfu = vl
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for all u,v € X. Then T has a unique fixed point u € X. Let ug € X and consider

the sequence of iterates
Ug, T(UO), T2<U0), Tg('LLO>, e

(For example, T%(ug) = T(T(T(ug))).) We have, for all m > 0,
N - ™
@ =T (uo)|| < :HT(UO) — |-

In particular, the sequence of iterates converges to the fixed point, .

Proof. We first show uniqueness. Suppose that T'(u) = v and T'(v) = v. We have
lu = wf| = 1T(u) = T()|| < cllu—vl],
which implies
(1—=¢)|lu—0|] <0.
Since 1 — ¢ > 0, it follows that |[u — v|| = 0, and hence, u = v.
Now take ug € X, and define uyy := T(ug) for k > 0. Thus, up = T*(ug) for
all £ > 0. For all pairs of natural numbers m < n,
[t — vl = [T (tn—1) = T(tm-1)|
S CHunfl - umle

= cHT(un_2> — T(um—2)H

S CQHUn—Z - um—ZH

< ™[t — uo|

= "[[(u1 — o) + (ug — ur) + (uz — ug) - -+ + (Un—m — Up—m-1)||

< ™ (flur = wol| + [Juz — w || + [[us — wall + -+ - + [[ttn—m — Un—m-1l])
< ™ (lur — woll + cllur — uol| + € Jur — woll + - 4+ ™ Hlug — uoll)
="lui —uol| (L +c+c+--

1 _ cn—m
= le—_C”Ul — UOH

Cm

—1-c

HU1 - Uo||‘
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Given any ¢ > 0, we then see that by choosing N sufficiently large, it follows
that if m,n > N, then ||u, — u,|| < €. So the sequence of iterates, (uy)r>o is
Cauchy. Since V' is a Banach space, the sequence converges to some , and since X
is closed, & € X. Since T is a contraction mapping, it’s continuous (exercise), and
therefore commutes with limits:

lim 7T'(ug) = T(lim w) = T(a).

k—oo k—o0

On the other hand, by definition of the u;, we have

lim T(ug) = im wpy = lim ug = .
k—o00 k—o00 k—o00

This shows T'(4) = @, i.e., 4 is the unique fixed point of 7.

Finally, in our calculation above, we saw that for all m < n,

m m

C

mn m C
et = | = ([T () = T™ (uo) | < T—[lur — woll < 17 (uo) = woll-

—c 1—c¢

Since the norm function and 7" are continuous, they both commute with limits. There-
fore, taking the limit as n — oo on both sides of the above inequality yields

m

- m c
G =T (uo)ll < [T (o) — wol.
O

Method of successive approximations. We are interested in applying the con-
traction mapping principle to the operator

t

T(u)=wzo+ [ [f(u(s))ds,

s=0

discussed in the previous lecture. So we need to find the appropriate Banach space
and find conditions under which 7" is a contraction mapping.

Definition. If I C R is a closed bounded interval, let C'(I) denote the R-vector space
of continuous functions on I — R™ (where n is fixed). For each u € C(I), define

= t)| = ).
lull := sup Ju(®)] = max fu({)

(The last equality is due to the fact that the continuous image of a compact set is
compact—a generalization of the extreme value theorem of one-variable calculus.)
Geometrically, ||u|| is the maximum distance from the origin reached by wu(t).

Proposition. (C(I),]| ||) is a Banach space.
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Proof. Math 321. [
Thus, the method of successive approximations is an operator
T:C(I)— C(I)

on the Banach space of continuous functions on /. Under what conditions is it a
contraction mapping? We have

(Tu)(#) — (To) ()] = (xo+:ZTOfQKSD6k) —-(xo+1l¢ofuwﬁ>ds)]

S

=(/ﬂf@@»—f@@»ﬁ

< [ 1) = o) ds

< t max{|f(u(s)) — f(v(s))|}.

s€[0,t]

From this, we can see two things that will help to control the size of |T'(u) — T'(v)]:
first, restrict to a small enough region around zy so that f does not vary much on
that region, and second, make the interval in which ¢ varies small. We address the
first problem below by considering the derivative of f.



Week 7, Monday: Existence and uniqueness for non-linear
systems

FUNDAMENTAL EXISTENCE AND UNIQUENESS THEOREM

Our goal is to apply the contraction mapping principle to the operator
T:C(I)— C(I)
t
U To +/ flu(s))ds
s=0

in order to prove the fundamental existence and uniqueness theorem for ordinary
differential equations.

Derivative review. Let £ C R" be an open set. Recall from vector calculus that
the derivative of a function f: E — R" at a point p € E is a linear function

Df,: R" = R"
approximating f near p:

f(p+h)=f(p)+ Dfy(h)

for small h. Its corresponding matrix is the Jacobian matrix for f at p, whose j-th
column is the j-th partial of f (measuring how f is changing in the j-th coordinate
direction):

o (p)
of . ngi (p)
8_:1:]- () =

- (p)

We say f: E — R" is continuously differentiable if it is differentiable at all points
in £/ and the mapping

E — L(R")

108
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p— Df,

1S continuous.

Explanation: First, £L(IR") denotes the vector space of linear functions from R™ to
itself. Second, to talk about continuity we define a norm on L£(R"): for L € L(R"),
let

IL]] = max|L(z)].

lz|<1

This is the same as ||A]| if A is the matrix representing L. In that case, since L(z) =
Az, the inequality |Az| < ||Al||z| can be written as

IZ(@)[| < L]} ]x].

A theorem from calculus says that f is continuously differentiable if and only if all
of its partials 0f;/Ox; exist and are continuous. (Also, it turns out that continuity of
the partials guarantees that f is differentiable.)

Notation. For an open subset F C R", we denote the R-vector space of continuously
differentiable functions on E by C'(E).

Lipschitz condition. We now introduce a condition on vector fields that will allow
the application of the contraction mapping principle to 7.

Definition. Let £ C R" be an open subset. Then a function f: E — R" is Lipschitz
if there exists a constant K such that

|f(x) = f(y)| < K|z -y

for all z,y € E. On the other hand, f is locally Lipschitz on E if for each zq € F,
there exists € > 0 and a constant K, such that

[f(2) = F(y)] < Kol =y

for all
2,y € Ne(xg) :={z € R" : |[x — x| < £}.

Proposition. If f € C'(E), then f is locally Lipschitz.

Proof. Let xo € E. Since FE is open it contains an open ball about z, i.e., there
exists n > 0 such that N, (x¢) C E. Define € := /2 and consider the closed ball

B := B.(zg) := No(xg) = {x € R" : |z — x| < €}.
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Let
T LA

The constant K, exists since we’re assuming D f is continuous (f € C'(FE)). Thus,
x — Df, — ||Df:||, being the composition of continuous functions, is also continuous.

Since B is convex, given z,y € B, the line segment joining x to y is contained
in B. Hence, it is OK to stick these points into f. Parametrize the line segment
by ¢(s) =x + s(y — x) for s € [0,1] and consider the composition

F:=fo¢::[0,1] > R"
s = (e +s(y — ),
a curve in R™. By the chain rule,

DF, = Dfd)(s) OD¢S'

Since F'is a curve in R”, its Jacobian matrix at s is a single column vector—the
tangent or velocity vector F’(s)—and

DF,(t) = tF'(s),

a linear function of ¢ (for fixed s). Similarly ¢ is a curve in R, so its Jacobian matrix
is its velocity at time s. It’s easy to compute: since ¢(s) =z + s(y — x), its velocity
is constant. At any time s, we have ¢/(s) = y — x. Thus,

D¢s(t) = t(y - "L‘)

By the chain rule,
LF'(s) = DEL(t) = D foo (t(y — )
Setting t = 1, we get
F'(s) = Dfats-a)(y — ) € R,

Since F(0) = f(z) and F(1) = f(y),

[f(y) = f(2)] = [F(1) = F(0)]
/OF’(s)ds

1
< / F(s)|ds
s=0

1
_ / D fiosstan(y — )| ds
s=0
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< / IDf(a + sy — 2) |y — o] ds
s=0

1
SKwo/ |y—l’|d8
s=0
= Kzo‘y - :U‘

We’ve shown that f is locally Lipschitz. O

Theorem. (The fundamental existence and uniqueness theorem for non-
linear systems.) Let F be an open subset of R™ containing xo, and let f € C*(FE).
Then there exists a > 0 such that the initial value problem

v’ = f(x)
x(0) =z
has a unique solution z(t) on [—a, a].

Proof. Since f € C'(F), there exists an € > 0 such that N.(z¢) C F, the open ball
of radius € centered at xy, and there exists a constant K, such that

[f(x) = f(y)| < Kaplz =y

for all z,y in N.(x¢). By replacing ¢ by £/2, we may assume

|f(z) = f(y)] < Kaplz =y

for all z,y in

B:= N.(zp) :={z e R": |x —x¢| < e} C E.
(The point here is to get the Lipschitz condition to hold on a closed bounded ball
rather then on the open ball, N.(zy), in preparation for an application of the extreme
value theorem, below.)

Let I = [—a,a] where a > 0 is a constant to be determined later, and define
X ={uelC(): |u—mx <e},

considering zy € C([) as the constant function ¢ +— ¢ for all ¢ € I. This means that
for u € X, we have
t) — <e.
r?ealx\u( )— x| < e

In particular, u(t) € B C E for all t € I. Note that B is a subset of £ C R" and X
is a subset of the function space C(I) of continuous functions I — R". If u € X,
then u(t) € B for all t € 1.
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Our goal is to show that a can be taken small enough so that (i) T'(u) € X for
all u € X, ie., so that T: X — X, and so that (ii) 7: X — X is a contraction

mapping.
For (i), since B is closed and bounded, we can define

M = max | f(z)].

z€B

Suppose that 0 < a < 7. Then for u € X and ¢ € I,

T (u)(t) = xo| = (:co + / ;f(u(s))ds> — 2

_ /:Of(U(S))dS

< / F(u(s))] ds

If s is in the interval between 0 and ¢ and v € X, it follows that u(s) € B, and
hence, |f(u(s))| < M. Therefore, continuing our calculation,

)0 =0l = | [ |futs))] ds

t
= / M ds
s=0

= [t M

<aM

Hence,
I1T'(w) = ol| := max [T(u)(t) — wo| <e.

Therefore T'(u) € X. In sum: if 0 <a <e/M, then T: X — X.
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We now work on (ii): we can take a small enough so that 7: X — X is a contraction
mapping. Let u,v € X. Then, using the Lipschitz property,

T =T = | [ fus) = fos) ds

<

[ 1) = s ds

sxm/;wwww@n@

t

< Ky, . max lu(c) —v(c)| ds

t
:Kxo/ lu = o]l ds
s=0

= Ko [1] lu = ]|

< aKyllu—v]|.

To ensure T is a contraction mapping, take a = (so that aK,, = % <1).

1
2Kz,
In total, we have now shown there exists and interval I = [—a, a], a closed ball X C
C(I) centered at the constant function xg, such that 7: X — X and T is a contraction

mapping. It therefore has a unique fixed point z € X. So z = T'(x), i.e.,

z(t) =T(x)(t) := xo + /:0 f(z(s))ds.

By the fundamental theorem of calculus and the fact that z(0) = x, it follows that =
is a solution to the initial value problem

o' = f(x)
z(0) =z

on I. For uniqueness, recall that any solution x on I will be a fixed point for 7"

t /

T = (wut [ () ds) = flal0) =0
s=0

so T'(z) and x differ by a constant. However T'(z(0)) = zo = x(0), so that constant

is 0. Since every solution is a fixed point of 7" and contraction mappings have unique

fixed points, we are done. n



Week 7, Wednesday: Linearization

Definition. An equilibrium point for a system of differential equations in R™

is a point p € R™ such that f(p) = 0.

The reason for the terminology is that if p is an equilibrium point then a solution
(the solution if f is continuously differentiable) with initial condition z(0) = p is the
constant solution z(t) = p.

We hope to get a qualitative sense of the solutions to our system near an equilibrium
point p by replacing the system with a linear approximation:

¥ =1Jf,
where J f, is the Jacobian matrix for f at p.

Consider the system of equations

o' = (2 — 1)y
y=0-v) (:H%y) :
So in this case f(z,y) = ((2* — Dy, (1 —y?) (z + Sv)).

Problem 1. Find all equilibrium points for the system and plot them in the plane.

Problem 2. Compute the Jacobian matrix J f(, ;) for our f at an arbitrary point (z,y).

Problem 3 For each equilibrium point p, analyze the linear system

(v)=(3)
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by looking at the eigenvalues of Jf,. Do you get a saddle? A stable focus or node?
An unstable focus or node? A center? (See the last page for a quick guide.)

Problem 4. What does the vector field look like along the line x = 1 and along
the line z = —17 What can you say about the special behavior of solutions with an
initial condition (41, y)? Interpret this geometrically.

Problem 5. What does the vector field look like along the line y = 1 and along the
line y = —17 What can you say about the special behavior of solutions with an initial
condition (xg,£1)? Interpret this geometrically.
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EQUILIBRIUM POINTS FOR LINEAR SYSTEMS IN R?

Let A € My(R). Let 7 be the trace of A, and let ¢ be the determinant of A. The
characteristic polynomial for A will factor as

p(x) = (M —2)(A2 — 2)
= 1’2 — (/\1 + >\2)I + )\1)\2

=2’ —T12+9

where A\; and Ay are the eigenvalues of A. Setting p(x) = 0 and solving gives an
alternate description of the eigenvalues:

TE VT2 —46
5 )

Tr =

If 0 = 0, then at least one of the eigenvalues is zero, and we have a degenerate
system.

degenerate.

real eigenvalues, opposite signs = saddle.

§ >0, 72 — 45 > 0| real eigenvectors, same signs = node.

7 < (0 = stable node
7 > (0 = unstable node.

§ >0, 72 — 45 < 0| nonreal eigenvectors = swirling vector field.

7 < 0 = stable focus
7 > (0 = unstable focus
7 =0 = center.

stable unstable
focus focus

unstable
node

stable
node

contor
CCIIvCr

saddle



Week 7, Friday: Dependence on parameters, maximal inter-
val. Begin stable manifold theorem

DEPENDENCE ON PARAMETERS, MAXIMAL INTERVAL

Here we mention a couple of fairly immediate refinements of the fundamental existence
and uniqueness theorem. Consider our usual initial value problem:

' = f(x) (21.1)
z(0) =z

where f: EF — R" is continuously differentiable on the open subset £ C R™ and
xo € E. The first refinement (dependence on parameters) says that if we deform f
smoothly and move z( slightly, then the solution deforms smoothly. The second
refinement says that the solution z(¢) to our initial value problem exists on a uniquely
determined maximal interval about ¢ = 0.

Theorem. (Dependence on parameters.) Let E be an open subset of R**™ contain-
ing the point (zg, tp) where xy € R™ and py € R™, and assume f € C'(E). Then
there is a neighborhood! N(xy) C R™ of g, a neighborhood N(ug) € R™ of pg, and
an a > 0 such that for all y € N(z¢) and for all u € N(pg), the initial value problem

z' = f(l', M)
2(0) =y
has a unique solution z = z(¢,y, ) with z € C*(R) where R := [—a,a] x N(zg) x

N (po).-

Example. Let A € M,(R) and xy € R". Then the solution to the system z’ = Ax
with z(0) = x¢ is z(¢, 79, A) = ey, which is a smooth function of ¢, A, and z,. In
this case, m = (g), and we identify a point ;1 € R™ with a matrix A, whose entries,
read from left-to-right, top-to-bottom form p. Thus, f(z,p) = A,x.

LA neighborhood of a point is any set that contains an open set containing the point.

117
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Theorem. Consider our initial value problem with f € C*(F) and initial condi-
tion xg. There is an interval J = (o, ) with «, f € RU {00} and a solution x(t)
defined for ¢ € J such that if y(¢) is any other solution defined on an interval I,
then I C J and z(t) = y(t) on I. Further, if § € R, ie., if B # oo, then given
any compact (closed and bounded) subset K C FE, then there exists ¢ € J such
that z(t) ¢ K.

The interval J is called the mazimal interval of existence and is clearly uniquely
determined.



Week 8, Monday: Stable manifold theorem

Last lecture, we started investigating the effect of replacing f(x) with Df,, in (1)
at an equilibrium point xg, i.e., at a point where f(zy) = 0. The first theorem we’ll
consider which makes this comparison precise is the stable manifold theorem. To state
the theorem we need to formally introduce the flow of a vector field, and the idea of
a manifold.

Flow. For each zg € E, let I(x) be the maximal interval of existence of the solution
to (1) with initial condition xo. Then let

Q:={(t,zg) ERX E:teI(xg)}.

For each (t,z9) € Q, let ¢(t,x¢) be the solution to (1) with initial condition zg
evaluated at time t € I(xg). This defines a mapping

¢: Q—>R"
called the flow of the vector field f: E — R". For each t € I(zg) we define
o(o) := &(t, o).
Our text (Section 2.5) establishes the following properties for the flow:
1. ¢o(x0) = x0
2. ¢s(e(w0)) = Psse(wo)
3. 0—i(¢(x0)) = w0
wherever these expressions make sense.

Example. Consider the case of a linear system, in which f(z) = Az for some
A € M, (R). Here E = R", and for each zy € R", the solution is

de(wo) = x(t) = e,
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and the maximal interval of existence is I(zy) = R. So Q = R™"!' and the above
properties for the flow are easily verified in this special case. For instance,

¢s(¢t(l’o)) = eAs(eAti"o) = eA(s+t)33o = Pstt(0)-

Manifolds. Roughly speaking, a manifold is a object that can be constructed from
a collection of open subsets of R™ and a set of instructions for gluing these open
sets together. A quintessential example is given by an ordinary world atlas. Each
page consists of a flattened out map of a piece of the earth. There will be pairs of
pages that overlap along boundaries representing the same regions. The drawings
of features of the earth on these pages implicitly provide instructions for gluing the
pages together. If the pages where made of moldable putty, then it would be possible
to piece these pages together to make a shape. One possible result, among others
would be a sphere, and so we say the sphere is a manifold. It is two-dimensional
since we glue together open subsets of R? to make it. We now move on to the formal
definition.

Definition. A metric space is a set X with a distance function or metric,
d: X x X —>R

that is positive definite, symmetric, and obeys the triangle inequality:

1. d(z,y) > 0 with d(x,y) = 0 if and only if z =y

2. d(z,y) = d(y,x)
3. d(z,y) < d(z,z) +d(z,y).

Every metric space (X, d) is a topological space where a subset U C X is open if for
each u € U, there exists r > 0 such that the open ball of radius r centered at u is
contained in U:

B(u,r) :={zx € X : d(u,z) <r} CU.

Definition. Two subsets A, B of a metric space X are homeomorphic if there exists a
continuous bijection f: A — B with continuous inverse. The mapping f is then called
a homeomorphism from A to B. (More generally, two topological spaces U,V are
homeomorphic if there is a continuous bijection f: U — V with continuous inverse.)
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Definition. An n-dimensional differentiable manifold is a connected metric space’ M
and an open covering {U,} (so for each « in some index set, U, is an open subset
of M and M = U,U,) such that:

1. for all «, there is a homeomorphism
he: U, — V,
where V,, is an open subset of R", and
2. if U, NUg # 0, the mapping
hgoh': ho(UyNUg) — hs(Uy N Up)
is continuously differentiable.

Each pair (h,U,) is called a chart, and the collection of charts is called an atlas.
The mapping hg N h, ! are transition functions.

To go back to the rough description we made earlier: each chart (h,, U,) represents
a page ho(U,) in the atlas. The set U, is a piece of the manifold (earth), and the
mapping h, is the rendering of that piece of the earth onto a flat piece of paper.
On overlaps U, N Uz on the manifold the corresponding pages of the atlas have
overlaps ho (U, NUg) and hg(U,NUg). We can glue these together with the transition
function hg o h!.

Theorem. (Stable manifold theorem.) Let £ C R"™ and let f € C'(E). Suppose
that f(0) = 0 and that Dfy has k eigenvalues with negative real part and n — k
eigenvalues with positive real part. Then there exists a k-dimensional differentiable
manifold S tangent to the stable subspace E* of the linearized system 2’ = D fy(z)
at 0 and there exists an (n — k)-dimensional differentiable manifold U tangent to the
unstable space E" of the linearized system. Further

i 9rlo) =0
for any xy € S and

lim ¢(zg) = 0

t——o0

for any xg € U.

'More generally, M could be a second-countable Hausdorff toplogical space.



Week 8, Wednesday: Stable manifold theorem

STABLE MANIFOLD THEOREM

Review of stable, unstable, and center subspaces. Consider the linear sys-
tem 2/ = Az for some A € M,(R). Suppose that the generalized eigenvectors
and their corresponding eigenvalues for A are u; + iv; and \; = a; + ib;, respec-
tively, for j = 1,...,n. Thus, putting these vectors as columns in a matrix P,
we have P~'AP = J where J is the Jordan form of A. The generalized eigenvec-
tors u; + iv; for which b; # 0 come in conjugate pairs since A is a real matrix. Then
the stable, unstable, and center subspaces for the system are, respectively,

E® := Span{u;,v; : a; <0}

E" := Span{u;,v; : a; > 0}

E¢ = Span{u;,v; : a; =0}.
Recall that up to a change of coordinates, the solution to the system is e’! and
that for a Jordan block corresponding to \; = a; + ibj, we can factor out e¥! =
e%*(cos(b;t) + isin(b;t)), leaving a matrix that is polynomial in ¢:

tQ tf—l

1ot B

te—?

0 1 =

0 0 1 ... .. =

eJ[(}\j)t — 6)\jt (e=-3)!
0 t
0 1

Thus, it is the signs of the a; that determine the long-term behavior of the system.

Theorem. (Stable manifold theorem.) Let £ C R"™ and let f € C'(E). Suppose
that f(0) = 0 and that Dfy has k eigenvalues with negative real part and n — k
eigenvalues with positive real part. Let ¢ be the flow for the system z/ = f(z).
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Then there exists a k-dimensional differentiable manifold S tangent to the stable
subspace E?® of the linearized system x' = D fy(z) at 0 and there exists an (n —
k)-dimensional differentiable manifold U tangent to the unstable space E" of the
linearized system. Further

Am ¢u(p) = 0
for any p € S and
lim ¢(p) =0
t——o0

for any p € U.

Remark. To apply this theorem to an arbitrary equilibrium point xg, make the
change of coordinates z — x — x¢, find the stable and unstable manifolds at the
origin, and translate back x — x + .

Example. The system

v = —x —y?

y =y+a’

has an equilibrium point at the origin. The Jacobian for f(x,y) = (—x — 3%,y + 2?)

is .

JF(0,0) = ( oY )

Therefore,

and the linearized system is

(The linearized system in this case is easy to read off of the original system in this case
since the equilibrium point is the origin and f has components that are polynomials
since f is it’s own Taylor expansion at the origin.)

The main thing that concerns us, though, is that the eigenvalues for D f(y ) are %1.
The eigenspace for —1 is spanned by (1,0), i.e., the x-axis, and the eigenspace for 1
is spanned by (0, 1), the y-axis. So a stable manifold for our original system should
be tangent to the x-axis and an unstable manifold should be tangent to the y-axis at
the origin. Here is a picture of the flow of the vector field f:
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From the picture, we can see that the vector field is not tangent to the stable and un-
stable spaces for the linearized system at the origin everywhere. The stable manifold
theorem is a statement about what is happening locally, very close to the equilibrium

point. Below, we zoom in on the origin:
)\

f”)))ﬁ\\\ - W
) '@ @5 N2

Sketch of proof of the stable manifold theorem. The proof of the stable manifold the-
orem, like the proof of the fundamental existence and uniqueness theorem can be
done by the method of successive approximations.
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We start with some “pre-processing”: As mentioned above, if the equilibrium point xq
is not the origin, first replace x by x — xy. Suppose that has been done. Second, write

v = flx) = Jf(0)z + (f(x) = Jf(0)z) .
Defining F(x) := f(z) — Jf(0)z, our system becomes

~

Third, choose an n x n real matrix P such that

Prsor=(y 5 )
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where A has k eigenvalues with negative real parts and B has n — k eigenvalues with
positive real parts. Finally, make the change of variables y = P~'2. Then

=Jf0)x+ F(x) = Py =Jf(0)Py+ F(Py)
= 3y =P 'Jf(0)Py+ P 'F(Py).

Define G(y) = P~'F(Py) to get the system

y = ( 61 g )y+G(y)- (23.1)

Each step we've made is reversible. So solving this system is equivalent to solving
the original system.

We now find stable and unstable manifolds through the method of successive approx-

imations. Define
eAt 0 0 0
= (00w o= (1 5)

0 B) = U@ + V).

For t € R and a € R", define an operator T on R"-valued functions v with domain
in a region near the origin in R x R™ by

so that

[SES

o

(Tu)(t,a) :=U(t)a + /:0 Ut — s)G(u(s,a))ds — / V(t—s)G(u(s,a))ds. (23.2)

=t

Now use the method of successive approximations starting with
u(t,a) =0 € R™.

Calculations like those we did for the proof of the fundamental existence and unique-
ness theorem show the approximations u(™(t,a) converge to a fixed point u(t) of T
for ¢t in a small interval about the origin and for a restricted to a sufficiently small
neighborhood of the origin in R".

A stable manifold for equation (23.1) is given as the set of points
(a1,...,ag, ugs1(0,a1,...,a5,0,...,0),...,u,(0,aq,...,a;,0,...,0))

as (ay,...,a;) varies in a neighborhood of the origin in R¥. We get a stable manifold
for the original system by applying P to these points, since y = P~1z, then translating
back z — x + xg, if the original equilibrium point was not the origin.
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To find an unstable manifold, replace ¢t by —t to get the system

y’z—(é1 g)y—G(y),

since (y(—t))" = —y/(—t). However, now note that —A has k positive eigenvalues
and — B has n — k negative eigenvalues, so to apply the above argument, we need to
swap coordinates ¢: y — (Yet1, - Yn,Y1,---,Yk) to get the system

o= ) e - s,

apply the method of successive approximations, then swap back by applying ¢! to
the points in the resulting manifold. ]

As evidence for the reasonableness of the method presented in the sketch above sup-
pose that y(t) is a solution to equation (23.2) with (i) initial condition y(0) close
to 0 and such that (ii) y(¢) is bounded as t — co. We will show that y must satisfy
equation (23.2) (and thus will be a fixed point of the iterative process). Let

v (1)

y' = My + G(y).

so that the system becomes

Then

y = My+G(y) e My = e MMy + MG (y)
efMty/ — Me*Mty+ efMtG<y)
e—Mty/ _ Me—Mty — B_MtG(y)

e My) = e MG(y)

R T

—~

[ Gt as

=
o
~—~
Ct)l
S
@»
<
—~
V)
~
~—
I8
»
I

S e My () — y(0) = / L VG(s) ds

= y(t) —eMy(0) = /_0 eM(t_S)G(y(S)) ds
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= =)+ [ a0
= (0 = W0+ VO

" / U=+ V(= 5)Cly(s) ds

To see that the integrals here are all bounded, first note that since y is bounded as
t — oo (by assumption) and G is continuous, we have that G(y(s)) is bounded as
s — 00. Next note that since the real part of the eigenvalues of B are positive, V (t—s)
is bounded as s — oo (recall that V(t — s) = () - )). Continuing,

) = WO+ Va0 + [ Ult=s)Gu(s) ds

+/°O V(t—s))G(y(s))ds—/oj V(t—s))G(y(s))ds

=0

o

= 4(0) = U0 + V() (50)+ [

=0

v<—s>G<y<s>>ds> %)

o0

N / Ut — )G (y(s)) ds — / V(t—$)Gly(s)) ds

=t

Consider the above equation. On the left, we have y(t), which is bounded as t — oc.
One the right, considering the eigenvalues of A and B we see that first, third, and
fourth summands are bounded as ¢ — oo. This implies that

v (w0 + [ vicace)ds)

=0
is bounded as ¢t — oco. But recall that
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where B has n — k eigenvalues, each with positive real parts. Since

v+ [ TV (—8)Gy(s) ds

=0

is bounded (in fact, constant), this means that

vio (s + [~ VG as) =0
s=0

(Note that the above equation is a product of two matrices. So we cannot conclude

that either of the factors is the zero matrix.) From equation (%), above, it follows

that

o

) = U0 + [ U =96 ds— [ Vie= )G ds

=t

as we wanted to show.



Week 8, Friday: Hartman-Grobman theorem

GLOBAL STABLE AND UNSTABLE MANIFOLDS

Let E be an open subset of R™ containing the origin, 0, and let f: £ — R" be
continuously differentiable. Consider the system of differential equations 2’ = f(z).
Suppose 0 is an equilibrium point and that D fy has k eigenvalues with negative real
part and n — k eigenvalues with positive real part. By the stable manifold theorem,
in a neighborhood of 0 there exists a k-dimensional stable manifold S and an n — k-
dimensional unstable manifold U. The manifold S is tangent at 0 to the stable
space E° for the linearized system 2’ = D fy(x). Similarly, U is tangent at 0 to the
unstable space E* for the linearized system. Further, if ¢;(x) is the flow for the
system, then

lim ¢:(p) =0
t—o00
for all p € S and
lim ¢(p) =0
t——o00

forall p e U.
Define the global stable and unstable manifolds at the equilibrium point 0 by

WS(O) = Utgoqbt(S)

and
W*(0) := U090 (U),
respectively. Here, for any subset X C F,
O (X) :={y(x): x € X}.

It turns out that these manifolds (i) do not depend on our choice of local stable and
unstable manifolds S and U, (ii) are invariant under ¢, and (iii) for all p € W*(0),

tlgilo Cbt(p) =0

129



130 CHAPTER 24. WEEK 8, FRIDAY

and for all p € W*(0),
lim_6,(p) = 0.

t——o00

Remark. There is also version of the stable manifold theorem that applies to equi-
librium points where the linearization has eigenvalues with real part equal to zero. It
states that if the linearization has k eigenvalues with positive real part, j eigenvalues
with negative real part, and m = n — k — j eigenvalues with zero real part, then
there are manifolds W* W* and W€ tangent to stable, unstable, and central spaces,
respectively, of the linearization having dimensions k, j, and m, respectively. These
spaces are invariant under the flow of the system. See our text, Section 2.7.

HARTMAN-GROBMAN THEOREM

We again consider a system ' = f(x) as above with equilibrium point zq = 0. (For
an arbitrary equilibrium point zy, just replace = by =z — xy.) We again assume the
linearized system has no eigenvalues with real part equal to 0. These equilibrium
points are called hyperbolic equilibrium points. Roughly, the Hartman-Grobman the-
orem says that in a neighborhood of xg, the system 2’ = f(x) and the linearized
system ' = D f, () are qualitatively the same, in a way to be made precise below.

Theorem. (Hartman-Grobman) Let £ be an open subset of R” containing the origin,
and let f: E — R™ be continuously differentiable with Jacobian matrix Jf. Suppose
that 0 is a hyperbolic equilibrium point of the system z’ = f(x). Then there exist
open neighborhoods U and V' of the origin and a homeomorphism (i.e., a continuous
bijection with continuous inverse)

H:U—=V

with H(0) = 0 having the following property: for all zg € U, there is an interval I C R
containing the origin such that for all ¢t € I,

H(¢i(wo)) = ™7 O H (o).

The theorem says H maps trajectories of the system 2’ = f(x) to trajectories of the
linearized system 2’ = J f(0)x in a neighborhood of the origin. (Nonzero equilibria are
handled by translating to the origin, as usual.) The proof of the theorem is outlined in
Section 2.8 of our text and goes, again, by the method of successive approximations.
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Example. Consider the system

/
r = —

y =y+a’,

The origin is a hyperbolic equilibrium point, and the linearized system there is

Our text shows how to apply the method of successive approximations to find the
homeomorphism

1
H({L‘,g) = (xay+ 512) .

The effect of the mapping is illustrated below with the stable manifolds in blue and
the unstable manifolds in red:

N

1.

w

=

0.

w

o

w

N
N

T T T T T T T
2 -1.5 -1 -0.5 0 Q.5 1 15 2 0

The nonlinear system can be solved using the methods we covered during week five
of the semester, and the solution with initial condition (xg, yo) is

2(t) = zoe"

1 1
y(t) = (yo + 5373) e — 595(2)6_2t~
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To find the stable manifold, we find the points (zg,yo) such that the solution with
that initial points converges to (0,0) as t — oo. For the unstable manifold, we do the
same but with ¢ - —oco. We find

W*(0,0) = {(x —%ﬂ) e R}

W*(0,0) = {(0,y) : y € R}.
The solution to the linearized system is
x(t) = zpe”"
y(t) = yoe'

with stable and unstable spaces

E° ={(z,0): z € R}
E*={(0,y) :y € R}.

Applying H to the solution of the nonlinear system gives

H(ouo) = # (et (4 gt ) o = o)
3 3
= (xe‘t, (y + %xz) et>
(et 0 re
L0 € (y + s2%) e

= /1O H (2, ).

The stable and unstable manifolds for the nonlinear system are mapped by H to the
stable and unstable spaces, respectively, for the linear system:

and



Week 9, Monday: Stability and Liapunov functions

Liapunov functions and stability

Definition. An equilibrium point x, for a system 2’ = f(x) is stable if for each open
neighborhood U of z(, there exists another open neighborhood W of zy such that
if p € W, then ¢(t,p) € U for all t > 0. Otherwise, ¢ is unstable. We say zg is
asymptotically stable if it has an open neighborhood W such that

lim ¢.(p) = o
t—o0

forall p e W.

Facts.

1. Surprisingly, an equilibrium point can be both unstable and asymptotically stable!
We’ll see an example in the homework.

2. Suppose zq is a hyperbolic equilibrium point, i.e., it’s linearized system has no
eigenvalues with real part equal to 0. To analyze the stability of xg, we use
Hartman-Grobman to replace the system 2’ = f(z) with its linearization 2’ =
Df,.(x) at zo. If all eigenvalues of D f,, have negative real part, then x, is stable
and asymptotically stable, and the approach of a trajectory to xy is exponential
in time. Otherwise, some eigenvalue has positive real part, and z( is unstable.

3. In any case, it turns out that if an equilibrium point g is stable, then no eigenvalue
of Df,, has positive real part (even in the non-hyperbolic case).

Liapunov functions. Let xy be an equilibrium point. Suppose there is a way to
assign a smoothly changing “temperature” to each point in E such that: (i) the
temperature at o is 0, (ii) the temperature at every other point is positive. Could
we determine stability only knowing the temperatures along trajectories? This is the
idea behind the notion of a Liapunov function. (Below, we label the temperature
function by V.)

133
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Given V: EF — R and p € F, we define

d

Vip) = 2V(ep))

t=0

Thus V(p) tells us how fast the temperature is changing along the solution trajectory
as it passes through p.

Theorem. Let f € C*(F) and f(xg) = 0. Let V: E — R also be C' (continuously
differentiable). Suppose that V' (p) > 0 and V(p) = 0 if and only if p = xy. Then:

1. If V is negative semidefinite (V(p) < 0 for all p € E'\ {xy}) then z is stable.

2. If V is negative definite (V(p) < 0 for all p € E '\ {z0}) then z, is asymptotically
stable.

3. If V is positive definite (V(p) > 0 for all p € E'\ {x}), then z; is unstable.

Definition. A function satisfying the hypotheses of the previous theorem is called a
Liapunov function.

Happily, thanks to the chain rule, the conditions on V in the theorem can be verified
without solving the system:

Proposition. With V' as above,

Vip) =VVi(p) - f(p).
Proof. Let 1(t) := ¢¢(p). Apply the chain rule:

J(V o4h)(0) = JV(4(0))J¢(0)
= JV(p)J(0)
¥1(0)
=(2m .. 20) :
¥,,(0)
= VV(p)-¢'(0).

Now, 1 is the solution to the system 2’ = f(z) with initial condition p. There-

(
fore, ¥/(t) = f(¢(t)), and ¢'(0) = f(¢(0)) = f(p). The result follows. O
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Example. Consider the system

T =y

y/ — 1‘3.

The origin is a non-hyperbolic equilibrium point and
V(z,y) =a"+y'

is a Liapunov function for that point. (Clearly, V' is smooth and V(z,y) > 0 with
equality only at the origin.) For any trajectory (z,vy) = (z(t),y(t)), we have

Vi(z,y) = 422’ + 4’y = 423 (—®) + 49 (2®) = 0.

Hence, the origin is stable. In fact, our calculation shows that V(¢:(p)) is a constant
as a function of ¢. In other words, trajectories (solutions) sit on level sets for V', as
seen in the following:

////, -
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Proof of theorem. We may assume xq = 0 € R” is the equilibrium point.

(1) Suppose that V(p) < 0 for all p € E \ {zo}. Choose ¢ > 0 such that the open
ball B.(xg) of radius e centered at zg is contained in E. Let

B.(zg) :={z € R": |z — x| < £}
Replacing € by €/2, if necessary, we may assume B.(zg) C E. Let

a = min V (z),

|z|=¢

the minimum of V on the boundary of B.(zy). The function V' achieves its minimum
on the boundary since V' is continuous and the boundary is compact (closed and
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bounded). Since the minimum is achieved at some point on the boundary and V is
strictly greater than 0 away from the origin, we have o > 0.

Define
W= {x € B.(x9) : V(x) < a}.

We think of W as the set of points in B. whose “temperature” is less that «, the
minimum temperature on the boundary of B.. Then W is an open' neighborhood
of the origin, and no solution starting at a point in W can leave W since V is
nonincreasing on solution curves. Thus z is stable.

(2) Suppose now that V(p) < 0 for all p € E\ {z0}. As in the proof for part (1), we

choose € > 0 so that B.(xy) C E. We let

o= |HT1_I] V(z),
and take
W :={z € B.(z9) : V(z) < a}.

Since V(p) < 0 for all p € E\ {z0}, we saw in the proof of part (1) that solution
trajectories starting in W never leave W. We would like to show that lim; o ¢4 (p) =0
for all p € W. Pick any sequence t; < ty < ... such that ¢, — oo, and consider the
sequence

{¢(tn7p)} .

By part (1), this sequence never leaves W, and hence it is contained in the closure W C
B.(x), which is compact. So by the Bolzano-Weierstrass theorem, there exists a
convergent subsequence. This means that there is a subsequence ¢, such that

lim ¢(t,,.p) =q
k—o0

for some ¢ € W. For ease of writing, replace our original sequence with the subse-
quence {t,, },. We then have

lim ¢(t,,p) = q.
n—oo

We would like to show that ¢ = xq = 0, and we will do this by contradiction. Suppose
that ¢ # 0. Then V(gq) > 0. Also since V' is strictly decreasing along trajectories, we
have

Vi(g) > V(e(1,q)).

Since lim,, ., ¢(t,, p) = ¢, by continuity of solutions with respect to both time and
initial conditions, and by continuity of V', there exists an integer N large enough so

IThe set W is open since W = V~1((—o0, a)), and by definition of continuity, the inverse image
of an open subset under a continuous function is continuous.
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that ¢(tx, p) is close enough to g so that V(¢ (1, ¢(tn, p))) is close enough to V(¢(1, q))
so that

V(op(1+tn,p) = V(e(1, ¢(tn, p) < V(g).

Since t, — oo, we can find M such that ¢, > 1 + ty. Then, since V is strictly
decreasing along trajectories, we have

V(g) > V(gp(1+tn,p)) > V(¢(tar,p))

This is a problem: since V stricty decreases along trajectories and V' is continuous,
we have that the sequence {V(é(t,,p)} is strictly decreasing and converges to V' (q).
So in contradiction to the inequalities displayed above,

V(é(ta, p) > V(g).

We have shown that ¢ = 0 and that there is a sequence {t,,} such that lim,,_,., ¢(t,,p) =
g = 0. We now need to show lim;_,, ¢(t,p) = xo = 0. If not, there exists an n > 0
such that for all n, there exists s,, > n such that

|¢(sn,p)| 2 0 > 0. (25.1)

We may assume that the sequence s, is increasing. However, by Bolzano-Weierstrass,
there again exists a subsequence {s,, } of {s,} such that ¢(s,,,p) converges, and as
we have seen, it must converge to 0. But that’s impossible in light of (25.1).

(3) Finally, now suppose that V(p) > 0 for all p € E \ {z}. Choose ¢ > 0 such
that B.(0) C E. We'll show that given any point p € E, we have that ¢(p)
leaves B.(0) at some point, i.e., there exists ¢ > 0 such that |¢;(p)| > . Hence, zy is
unstable.

Given p € E \ {0}, since V is strictly increasing on trajectories,

V(ge(p)) > V(do(p)) = V(p) >0

for all t > 0. Thus, ¢:(p) is bounded away from 0. Say |¢(p)| > n > 0 for all t > 0.
If n > €, then we are done since |p| = |¢o(p)| > 1 > &, which says p is already out
of B.(xg). Otherwise, define _

m:= min V(y),

yn<|y|<e )

which exists since V is continuous and y is restricted to a compact set. In fact, for
that same reason, m = V'(q) for some point in the set over which we are minimizing,.
Therefore, m > 0. Supposing for contradiction that ¢;(p) stays inside B.(o) for
all £ > 0, we have V(¢(p)) > m for all ¢ > 0. Hence,

V(6u(p)) = V(p) = V(6u(p)) — Vido(p)) = / V(o) ds = mt = o
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as t — oo. But since V' is continuous, it achieves a maximum on B.(z()—a contra-
diction. n

Example. Consider the system

7= 2y+yz
Yy =x—12
2 = xy.
The Jacobian at the origin is
0 -2 0
JO)y=(1 0 0
0 0 0
The characteristic polynomial is
- =2 0
det 1 —xz 0 = 2% - 20 = —x(2? +2).
0 0 —=x

So the eigenvalues are 0, 4++/2i. So the origin is a nonhyperbolic equilibrium point.
To determine stability, we look for a suitable Liapunov function. We guess a function
of the form

V = ar® + by® + ¢z

with positive constants a, b,c. We have

V = 2azxx’ + 2byy’ + 2cz2’
= 2ax(—2y + yz) + 2by(xz — x2) + 2cz(zy)
=2(—2a+b)zy+2(a—b+ c)ryz.

Take a = ¢ = 1 and b = 2, and we get V = 22 + 22 + 22 with V = 0. This means
that trajectories stay on the ellipsoids that are level sets of V. [



Week 9, Friday: Liapunov functions

LIAPUNOV FUNCTIONS

Theorem. Let f € C'(F) and f(zg) = 0. Let V: E — R also be C' (continuously
differentiable). Suppose that V(p) > 0 and V' (p) = 0 if and only if p = zo. Then:

1. If V is negative semidefinite (V(p) < 0 for all p € E'\ {xy}) then z is stable.

2. If V is negative definite (V(p) < 0 for all p € E\ {z}) then z, is asymptotically
stable.

3. If V is positive definite (V(p) > 0 for all p € E'\ {z0}), then z; is unstable.

Proof. As before, we may assume zy = (0,0) is the equilibrium point. Part (1) was
proved in the last lecture.

(2) Last time, we were in the midst of proving part (2). Using the notation from
last time, so far, we have shown that for every sequence t; < t5 < --- such that
lim,, 0 t,, = 00, there exists a subsequence {t,, } such that limy_,, ¢(t,,,p) =0 € R™.

We now need to show lim; ., ¢(t,p) = zo = 0. If not, there exists an n > 0 such that
for all n, there exists t,, > n such that

|¢(tn, )| 2 0 > 0. (26.1)

We may assume that the sequence ¢, is increasing. However, by Bolzano-Weierstrass,
there again exists a subsequence {t,, } of {t,} such that ¢(t,, ,p) converges, and as
we have seen, it must converge to 0. But that’s impossible in light of (26.1).

(3) Finally, now suppose that V(p) > 0 for all p € E \ {zo}. Choose ¢ > 0 such
that B.(0) C E. We'll show that given any point p € B.(0) \ {0}, we have that ¢;(p)
leaves B.(0) at some point, i.e., there exists ¢ > 0 such that |¢(p)| > .

Given p € B.(0) \ {0}, since V is strictly increasing on trajectories,

V(pe(p)) > Vigo(p)) = V(p) >0

139
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for all t > 0. Thus, ¢;(p) is bounded away from 0. Say |¢(p)| > n > 0 for all t > 0.
Since n < |po(p)| = |p| < &, it follows that n < €. Define
m:= min V(y),
ym<ly|<e
which exists since V is continuous and y is restricted to a compact set. In fact, for
that same reason, m = V(q) for some point in the set over which we are minimized.

Therefore, m > 0. Supposing for contradiction that ¢;(p) stays inside B.(zo) for
all t > 0, we have V(¢,(p) > m for all ¢ > 0. Hence,

V(d(p)) = V(p) = V(ee(p)) = V(do(p)) = /0 V(¢(p)) ds > mt — oo

as t — 0o. But since V' is continuous, it achieves a maximum on B.(xy)—a contra-
diction. 0

Example. Consider the system

¥ =-2y+yz
Yy =x— a2
2= y.
and the Jacobian at the origin is
0 -2 0
JO)y=11 0 0
0 0 0
The characteristic polynomial is
- =2 0
det | 1 -z 0 =—2° - 22 = —x(2* +2).
0 0 —=x

So the eigenvalues are 0, 4+/2i. So the origin is a nonhyperbolic equilibrium point.
To determine stability, we look for a suitable Liapunov function. We guess a function
of the form

V = az® + by + c2?

with positive constants a, b, c. We have

V = 2axz’ + 2byy’ + 2cz2’
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= 2ax(—2y + yz) + 2by(z — x2) + 2cz(zy)
=2(—2a+b)zy+ (a — b+ c)zyz.

Take a = ¢ =1 and b = 2, and we get V = 22 + 242 + 22 with V = 0. This means
that trajectories stay on the ellipsoids that are level sets of V.



Week 10, Monday: Planar systems

EQUILIBRIUM POINTS FOR PLANAR SYSTEMS

Consider a general planar system

v’ = P(z,y)
Y = Q(z,y).

By translating, we can assume that any equilibrium point we are interested in sits at
the origin.

Here are some types of equilibrium points.

1.

The origin is a center if there exists 0 > 0 such that every trajectory with initial
condition in Bs \ {(0,0)} is a closed curve containing (0, 0) in its interior.

. Let r(t,rg,00) and 0(t, ro, 0y) denote the solution to our system in polar coordinates

and with initial conditions 7(0) = o and 6(0) = 6. The origin is a stable focus
if there exists § > 0 such that 0 < 7y < 0 and 6y € R imply r(¢,ro,6y) — (0,0)
and |0(t,79,6p)] — oo as t — oo. It is an unstable focus if the same holds
as t — —oa.

. The origin is a stable node if there exists 6 > 0 such that for 0 < rg < ¢

and 0y € R, we have r(t,ro,0y) — (0,0) as t — oo and limy;_, 0(¢, o, 6y) exists.
In other words, the trajectories approach the origin with a well-defined tangent.
It’s an unstable node if the same holds with ¢ — —oc. A node is called proper
if every ray through the origin is tangent to some trajectory.

. The origin is a topological saddle if it is locally homeomorphic to a saddle for a

linear system.

. The origin is a center-focus if there exists a sequence of closed solution curves I',

with T',41 in the interior of T',, such that T'y, — (0,0) as & — oo and such that
every solution with initial condition between I',, and I, spirals toward either I,
or I'y4q as t — Fo0.

142



143

Summary of results for hyperbolic equilibria.

Let zp = (0,0) be a hyperbolic equilibrium point and assume that P and ) are
continuously differentiable. Then

1. The point z is a topological saddle if and only if the linearized system has a saddle
at the origin. (This follows from Hartman-Grobman.)

2. If the linearized system has a center, then x is either a center, a focus, or a center-
focus. The case of a center-focus cannot occur if P and @) are analytic at xq, i.e., if
they can be expressed as power series that converge in some disc about the origin.

3. If xg is a node then the linearized system it’s a node or a focus for the nonlinear
system. Similarly, if it’s a focus for the linearized system, then its a node or focus
for the nonlinear system. If f has continous second partials, then if x4 is a node
for the linearized system, it is also a node for the nonlinear system, and similarly
for foci. (See our text, Example 5, Section 2.10.)

Example. Here is an example of a center-focus:

. 1
I‘l = -y —+ T/ 2 —+ y2 Sin <— m)

1
"=x+yVat+yPsin | —— |-
/«T2+y2

for 22 +y* # 0, and with f(0,0) = (0,0) where f is the right-hand side of the above.
(In particular, it turns out that f is not analytic at the origin.) Changing to polar

coordinates gives the system
1
r’ = r?sin <—>
,

0 =1
for r > 0, and ' = 0 for r = 0. So 6 =t + 6y, and if sin(1/r) = 0, i.e., if r = = for

any n € Z~q, we have ' = 0. So the circles of radius % are trajectories. If

1
nt < — < (n+ 1),
r

ie., if



144 CHAPTER 27. WEEK 10, MONDAY

then " < 0 if n is odd and 7/ > 0 if n is even. Which means the trajectories will
either spin inwards or outwards towards one of the circular trajectories. A partial
picture appears below:

0.4+
0.39

0.2 9

piiiizey
IR

0.2 4

031

0.4
T T T T T T T T
0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4

Nonhyperbolic equilibria. Please set our text, Section 2.11 for a description of
possible behaviors for a nonhyperbolic equilibrium point for a two-dimensional sys-
tem. In particular, please learn the meaning of the following terms: sector, hyperbolic
sector, parabolic sector, elliptic sector, saddle-node.

Note the comment on p. 150: if the linearized system is nonzero, the only types
of equilibrium points that can occur beside those already mentioned for analytic
systems are saddle-nodes, critical points with elliptic domains, and cusps. The book
gives examples of each of these:

saddle-node (two hyperbolic sectors, one parabolic sector):

=2

,_

critical point with elliptic domain (one elliptic sector, one hyperbolic sector, two
parabolic sectors, four separatrices):

=y
y = —2® + dxy
cusp (two hyperbolic sectors, two separatrices):

=y

y,:$2



Week 10, Wednesday: Global theory for nonlinear systems:
index theory

GLOBAL THEORY FOR NONLINEAR SYSTEMS: INDEX THEORY

A Jordan curve C is the injective continuous image v: S' — R? of a circle into
the plane. Equivalently, it is the continuous image of an interval : [0,1] — R?
that is injective on [0,1) and such that 7(0) = 7(1). The Jordan curve theorem
(first conjectured by Bolzano) states that a Jordon curve divides the plane into two
connected components. We will impose the further condition that v be piecewise
smooth (continuous derivatives except at a finite number of points).

Let f(z,y) = (P(z,y),Q(z,y)) be a smooth vector field in the plane, and let C
be a Jordan curve. A critical point for f is a point (xg,yo) where f(xg,yo) = 0.
(Thus, a critical point would be an equilibrium point for the corresponding system of
differential equations.)

Definition. The index I;(C') of C relative to f is

N

T o

[f(C) .

where A# is the change in angle of f(z,y) as (x, y) travels around C' counterclockwise.

Exercises.

1. For each of the following vector fields, (i) draw the flow near the origin and draw
a circle C' containing the origin; (ii) pick some points on C, and draw each point
as a vector (with tail at the origin) on a separate picture of R?; (iii) compute the

index:
(@) f(z,y)=(-1,-1) (b) flz,y) = (—=z,—y)
(C) f(x,y) = (-y,l‘) (d) f(a?,y) = (—ZL‘,y).

2. How does the index change in (a)—(d) if f is replaced by —f7
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3. How would the index change if C' were replaced by an ellipse?

Calculation of the index. Let v(t) = (z(¢),y(t)) be a parametrization of C'. By
translating, if necessary, we may assume the origin is in the interior of C'. Consider
the composition of mappings

0,1 % R L R2.
[

We are interested in the change in the angle of f o~ as t goes from 0 to 1. Write f o~
in polar coordinates:

P(z,y) =rcos(d) Q(x,y) = rsin(f)
where x,y, r, 6 are functions of £. Then

P =1"cos(f) — rd sin(0)
Q' = r'sin(0) + r0' cos(0),

and it’s easy to check that
7"20/ _ PQ/ _ QPI
where 7?2 = P? + Q2. Therefore, the change in angle is

_ [t pQ—er . [ Q' P’ [ PdQ —QdP
= dt‘/t:o(P’Q)(PuQ?"PuQQ) = S

So the index is A | PO — QdP
; A9 1 _
1(©) 2 27w Jo P24+ Q7

To convert to the language of differential forms, let

rdy —ydx

w =
x2+y2

y x 2 :
el z2—+y?> on R*. Then the index

is calculated by integrating the pullback of w along f over C:

1
Yy

be the “fow form” for the circular vector field <—
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Example. Let f(z,y) = (—y,x), and let C be the unit circle centered at the origin
parametrized by ~(t) = (cos(t),sin(t)) for ¢t € [0, 27]. Then

F(y(#)) = (=sin(t), cos(t)).

A0 1 [ PdQ—QdP
_277_27]- C P2+Q2

I;(C)

o PP P 1O
1 ! it cos(t)) - — sin(t) B — cos(t)
= 55 ) (7sin(),cos®)) ((—sin(t))2 +eos®?  (—sm(D)? + cos(t)2) dt
L [a

Theorem. If there are no critical points on C or in its interior, then I;(C') = 0.

Proof. Step 1. Suppose C' = C + C5 as shown below:

The curves C'; and C5 share the vertical middle line. In the calculating of the sum
of the indices of f relative to C and to Cy, the contribution from the middle line
cancels (imaging traveling along both C} and C; in the counterclockwise direction).
Thus, If(C) = [f(Cl) + [f(CQ)

Step 2. Next, divide C' into a sum of lots of tiny closed curves:

.

So C'=Cy+---+ C,. It suffices to show that I;(C;) = 0 for all i. Some details and
a reference are provided below, but the main idea is that since f # 0 on or inside C,
by taking C; small enough, the vector field’s angle cannot change much along C;:
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N

Let X denote C union its interior. Since X is compact, and the component func-
tions P and @ of the vector field are continuous, it follows that P and () are uniformly
continuous. That means that given any € > 0, we can make the widths of the Cj si-
multaneously small enough to that P and () change by a value less then € on each Cj.
Also, since X is compact and f is continuous and nonzero in X, the value of |f(x,y)|
attains a nonzero minimum on X. This means that it is possible to take the widths
of the C; simultaneously small enough so that the angle of f on X varies by only a
small amount (less than 27 is sufficient). Some details appear in our text, Problem 2,
Chapter 3.

The result then follows from Step 1: I;(C) = >, I;(C;) =>_,0=0. O

Corollary. Let C' be a Jordan curve. Suppose there are no critical points on C' but
that there may be critical points in its interior. Let C” a Jordan curve in the interior

of C, and suppose there are no critical points on C’, and there are no critical points
in the region between C' and C’. Then I;(C) = I;(C").

Proof. Referring to the diagram below, let A and 9B be the Jordan curves forming
the boundaries of the closed regions labeled A and B. So both 0A and 9B are the
boundaries of deformed rectangles. Imagine traveling counterclockwise along these
curve, computing their indices. You should see that

[;(A + 0B) = I;(C) — I;(C").

However, since there are no critical points in A and none in B, using the previous
theorem, we have

~—

It(0A+0B) = I;(0A) + 1;(0B) = 0.

The result follows.
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A

9
N

B

]

Corollary. If C and C’ are Jordan curves containing the same finite set of critical
points in their interiors, then I;(C) = I;(C").

Proof. Let D be a Jordan curve containing all the critical points and contained in
the interiors of both C' and C’. Then by the previous corollary,

I;(C) = I;(D) = I;(C").
Il

Definition. Let p be an isolated critical point of f. Define the index of x relative
to f to be

If(p) == I;(C)
where C' is any Jordan curve containing p as its only interior critical point. (This is
well-defined from the previous corollary.)

Theorem. Let pq,...,p, be the critical points inside C'. Then

1(C) =3 1),

Proof. The proof is similar to that of our first corollary:

C
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We have

n

0=1;(0A+0B) = I;(C) = Y Is(pi).

=1



Week 10, Friday: Global theory for nonlinear systems: index
theory

Problem 1. Compute the indices for all the critical points pictured below.
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In the remaining problems, all vector fields should be smooth and with isolated sin-
gularities.

Problem 2. Draw three vector fields on a sphere: one containing a sink, one con-
taining a center, and one containing a saddle. In addition to the prescribed critical
points, your vector field may contain other critical points. Calculate the indices for
all critical points. What is the sum of the indices in each of the three instances?
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Problem 3. Draw four vector fields on a torus, calculating the indices for all critical
points. What is the sum of the indices in each instance?
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Problem 4. Draw a vector field on a two-holed donut, calculating the indices for all
critical points. What is the sum of the indices?

Problem 5. Draw a vector field on an n-holed torus. Calculate the indices of the
critical points, and find the sum of the indices.
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Problem 6. Suppose each of the vector fields in Problem 1 was draped over a sphere
with the origin at the north pole. Complete the vector field to one on the whole
sphere, adding only one more critical point—at the south pole. What would the
critical point at the south pole look like? What would its index be? It the type of

critical point unique?



Week 11, Monday: Global theory for nonlinear systems: index
theory

Our goal now is to formally define the index of a vector field on a surface besides R2.
Let S be a 2-dimensional manifold. So S = N;U; where the U; open sets and with
homeomorphisms
hi: U; — V; C R?

which allow us to think of each U; as an open subset V; C R? of the plane. On
overlaps U; N Uj, the change of coordinates mapping h; o h; ' is differentiable. Recall
that the pair (U, h;) is called a chart and the collection of charts is an atlas . Suppose
that S C R"™. A vector fieldon S is a C'-mapping f: S — R™ such that f(p) is tangent
to S, so there is a curve y: (—1,1) — S such that v(0) = p and 7/(0) = f(p).

To calculate the index of a critical point p of f, i.e., at a point where f(p) = 0, we
first pick U; such that p € U;, and we use h; to identify f with a vector field on R?
with critical point h;(p). In detail, if ¢ € U;, we pick a curve 7 in S passing through ¢
at time 0 and such that 7/(0) = f(q). To find the corresponding vector on R? we use
the composition

(-1,1) 5 U; 25 r2.
The vector in R? at the point ¢ will be (h; o )'(0).
The next thing we need to define the index of a critical point of a vector field on S
is an orientation. An orientation is a choice of charts so that the Jacobian of each
change of coordinates has positive determinant wherever defined. In other words, for
all 4, j and for all p € U;NU;, we assume det J(h;oh; ") > 0. Then, to define the index
of a vector field at a critical point p, first choose a chart (U;, h;) with p € U;. Use h;
to translate the vector field f to a vector field h;.(f) on V; = h;(U;) as described
above. Then define the index I¢(p) to be the index of h;(p) for the vector field h; .(f)
ie, Ir(p) = In, .(p)(hi(p))-
Not all 2-dimensional manifolds are orientable, for instance, a Mobius strip is not
orientable, nor is the projective plane P? (which contains a Mdbius strip).

We now assume that S is compact and oriented. It turns out that in this case, we can
take S to be a g-hold donut embedded in R®. We will take the orientation to be the
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one determined by the outward-pointing normal vector for S: for a chart at a point p,
just take a sufficiently small open piece of the surface containing p, and “flatten is
out”. We take “counterclockwise” to be the direction for which the right-hand rule
gives the outward pointing normal vector:

n

Theorem (Poincaré-Hopf index theorem). Suppose the critical points of the
vector field f on S are pi,...,pg. Then

k
> Ip(S)=2-2g.
=1

Proof. We first consider the case ¢ = 0. So S is an ordinary sphere in R?. Draw a
tiny circle C' around a regular point ¢ (i.e., non-critical point). Call the side of C'
containing ¢ the “inside” of C'. We take C' tiny enough so that there are no critical
points inside C' and f is virtually constant around C"

Now for the hard part: imagine cutting out the inside of C', stretching C' and the
remaining part of S so that this remaining part (containing all of the critical points
of f) sits in R? with C' as its boundary. If you are careful with how the vector field
morphs under this transformation, you should get the picture:
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The vector field now rotates clockwise twice as we go around C'. The critical points
are now inside the circle in the picture above, so it looks like the sum of their indices
should be 2. However, if you are careful, you’ll notice that the orientation has reversed
(the normal vectors from the sphere are now pointing into the page). So we should
flip the picture, to get the usual orientation:

As we travel around the boundary counter-clockwise, the vector field on the boundary
rotates twice, again counterclockwise. So the index is still 2 (as opposed to —2).

Thus, the sum of the indices is

2=2-2.0=2-2g

in the case of S = S2.

Now consider a g-holed donut:

The picture is taken from our text, where p is used instead of g. We will keep using ¢
to denote the number of holes. The cylinders Si,...,S, are chosen so that they
contain no critical points. Next, contract the boundaries of the S;, morphing the S;
into spheres S7,...,S;:
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n (G 2OL ROL

The vector field morphs, too, creating critical points @Q; and @} for ¢ = 1,...,g¢
on the surface S’ pictured above, and corresponding critical points P; and P/ on the
spheres S;. Since the vector field at each P; is the negative of that on ); and similarly
for P/ and @, we have

Ip(F) = 15(Qi) and  Ip(F)) = 1;(Q;)-
Since the S! are spheres, from our previous work it follows that
Ip(Py) + 1p(P}) =2

for all i. The surface S’ is a sphere. Therefore,

If(S’) =2
The result follows:

g
I;(S) = > Qi) + 14(Q))

i=1

p
) =Y (I;(P) + I1(F))

=1

=2—2g.

O

Note: The Poincaré-Hopf theorem also holds for non-orientable manifolds. See our
text for a proof (that builds on the above proof).



Week 11, Wednesday: Critical points at infinity, and global
phase portraits

GLOBAL PHASE PORTRAITS

Consider a planar polynomial system:

' = P(z,y) (31.1)
Y =Q(z,y)
where P and () are polynomials. Our goal not is to look at critical points of this
system “at infinity”.

Induced flow on the sphere. Imagine our plane as being the z = 1 plane in R3,
which we will denote by II,, and then project the flow from the plane to the unit
sphere S centered at the origin using a line through the center of the sphere:

This will produce a flow on the sphere that naturally extends to its equator. We
think of the points on the equator as points at infinity at our plane, and our goal is
to examine the critical points there.
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To project (x,y,1) € II, to the sphere, we scale it by Z € R
Z(x,y,1) = (Zz, 2y, Z) = (X,Y, Z)
to get a point on S. The condition is
(Zx)? + (Zy)* + Z* = 1.

This means

1
J=—
/372 + y2 + 1
Therefore, the corresponding point on the sphere is
1
(X7 Y7 Z) - —(.23, Y, 1)
Vaz+yr+1
Since
X d Y
r=— an ==
Z =7z
we may use (31.1) to get
0=QP— PQ
= Qa' = Py

of3)-+()

'z / 1y N

_Q (XZZQXZ) _p <YZZQYZ ) '

Clearing denominators and regrouping, gives
QZX'—PZY'+ (PY —QX)Z'=0

To think about this geometrically, we’ll write this equation as

(QZ,—PZ, PY —QX) - (X' Y'.Z") =0.
The solution curve v(t) = (X (t), Y (t), Z(t)) has velocity vector

V(1) = (X'(1),Y'(1), Z'(1)),

and the above equation says that this curve is perpendicular to the vector

N = (QZ,—PZ,PY — QX).
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In preparation for taking a limit as Z — 0, we consider the functions

P(,y) = P (% %) and  Q(z,) = Q (g %) |

As functions of X, Y, and Z, these functions now contain powers of Z as denomina-
tors. To clear these denominators, let d be the maximum of the degrees of P and (@),
and multiply through by Z¢ to get new polynomials:

P*:=27P, Q" :=2%, and N*:=Z'N=(Q*Z —P*Z PY —Q*X).
Since we have only scaled N to get N*, we still have
N*-y(t)=(Q*Z,—P*Z,P*Y —Q*X)-+(t) = 0.

What happens as we approach the equator, i.e., as Z — 07 If P*Y — Q*Z 4 0,
then N* — (0,0, a) for some nonzero a. In other words, the vector N* gets closer
and closer to pointing straight up. In turn that means that our trajectory gets closer
and closer to running parallel to the equator. So at these points, the induced flow on
the equator is just a flow along the equator (not across the equator). This says that
the place to look for critical points along the equator are the points (X,Y,0), where

PY —Q*X = 0. (31.2)

Analyzing critical points at co. Suppose that using equation (31.2), we find a
point (a,b,0) of interest. Since the point sits on the sphere, at least one of a and b
is nonzero. Say a # 0. We now use central projection to project our flow onto the
plane x = 1 in R?, which we denote by II,. Taking a point (z,y,1) € IL,, we scale it

to get
1
(17ga_) € Hxv
r T

1
<g,—> € R?.
r T

In other words, we are identifing I, with R? using these coordinates. Let

which we identify with the point

and v :=

Yy
U= =
T

T .
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From (31.1),

) 1\’ ! 1
’ :(;) :—%IP@?@”:P(;’%)
/= (3 =S = = (5.Y).

Projecting our point of interest, (a,b,0) into the plane = 1 gives the point

(1.2.0).
a

So in the wu,v-plane representing II,, our job is to analyze the point

(&)

for the system defined by

Example. Consider the saddle

/
r = —X
Yy =uy.

So P(x,y) = —z and Q(z,y) = y. To find the interesting points on the equator, we

consider
PY—QX:P(X Y)Y—Q(X Y)X

7z Z 7z
X, v Xy
= Zy-LXx=-2"" =0
Z'Z Z

Clearing denominators gives
2XY =0.
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So either X =0 or Y = 0. The corresponding points on the equator are
(0,1,0) and (1,0,0).

Let’s look at (1,0,0), first. We want to project to the = 1 plane. The mapping of

interest 1s
Y 1)

(%?J; 1) ~ (17 T

r T

Let u =% and v = % and substitute into our system. The first equation in the system

says
. (1)/ v/ 1
€T = — = == =0T = ——.
v V2 v

v =".

Therefore,

Continuing with the second equation in the system:

-2y

uw'v — ud’

= since v’ = v
( )

Therefore, v’ — u = u, and so
u = 2u.

Thus, at the point (1,0,0) on the equator, our system looks like the system
= 2u
v =,

which is a source.
Now let’s look at the other interesting point on the equator, (0,1,0). The relevant

mapping is
1
<x7y7 ]-) ~ (27 ]-7 _) .
Yy Yy
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Now let u = 5 and v = % and consider the point (1,0). Plug these into the system:

Thus,
v = —v
Next,
u /
= (3)
v
v —w
= =
u'v 4+ uv , ,
= —F (since v' = —v)
v
v Htu
v
u
= —r = ——.
v
It follows that v’ = —2u. So the system becomes
u = —2u
v = —v,
a sink.

Global phase portrait. To get the global phase portrait for a planar system, project
the flow onto the upper-hemisphere of the unit sphere, using the process described
above, then position yourself way above the north pole, and look down. For the
saddle we just considered this looks like:
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(If we identify antipodal points on the boundary, we’d get a flow on P2, the projective
plane.)



Week 11, Friday: Critical points at infinity, and global phase
portraits

Recall the notation from last time. We are studying a planar system

' = P(z,y) (32.1)
y' = Q(z,y) (32.2)
where P and () are polynomials. We embedded our system in the plane z = 1

in R? and projected the flow along lines centered at the origin onto the unit sphere S
centered at the origin. This flow induced a flow along the equator of the sphere. We
are interested in critical points of this flow along the equator, where z = 0. To find
those we saw that we should ...

STEP 1. Clear denominators in the equation

zZ zZ zZ zZ

and then set z = 0.

The result is several points of the form (a, b, 0) on the equator of the sphere.

STEP 2. To analyze these, we will project the flow on the sphere to either the
plane x = 1 or the plane y = 1. If a,b are both nonzero, then either plane will
do. If @ = 0, then the point in question is (0,1,0), and we’d need to project to the
plane y = 1, and if b = 0, the point is (1,0,0), and we’d need to project to =z = 1.
We’ll consider these cases separately:

Projection to the plane x = 1. We project the point (z,y, 1) along a line through
the origin, i.e., we scale this point, to get a point on the plane x = 1:

1
(l’,y, 1) M (Lga _) .
xr T

Let
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We use the coordinates to identify the plane z = 1 with the ordinary plane R%. It
follows that

Similarly,

N ORCICE

W = (Q (% %) —uP (% %)) (32.3)

The problem is that it is likely this system is not defined where v = 0 (at the equator).
To get the induced flow on the equator, we need to clear denominators (thus, scaling
the vector field but not changing its direction at any point). Define

d := max {deg P, deg Q}
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To clear denominators we scale the vector field in (32.3) by v?~! to get the system

We analyze the point (g, 0), since this is the point corresponding to (a, b, 0) in the u, v-
plane.

Important points: The right side of the system (32.3) defines the vector field whose
trajectories we would like to determine. What effect does scaling that vector field
by v9~! have on the solution trajectories? The vector field gives the tangent vector
for a solution trajectory. So one effect is to scale the speed of the trajectory by
the magnitude |v|?~!. Note that v = 1/2 where x comes from the point (z,%,1) in
the z = 1 plane. As we go “out to infinity” in the z = 1 plane, by taking x larger,
the scaling factor [v?~!| decreases in magnitude. We have chosen d just write so that
the resulting vector field does not blow up on the equator and is also not identically
the zero on the equator.

What about the direction of the trajectory? Since both components of the vector
field are scaled the same amount, there are two choices: (i) if v¥~! > 0, the direction
is the same, and (ii) if v~ < 0, the direction is reversed. Next, what significance
does this have for analyzing critical points at the equator? Suppose we are interesting
in a trajectory corresponding containing a point (x,y, 1) in the original z = 1 plane.
If 2 > 0, then since v = 1/x > 0, it follows that v~ > 0, and the direction does not
change. On the other hand, if x < 0, then v = 1/z < 0. If d is odd, then v¢~1 > 0,
and if d is even, then v?~! < 0. So in the latter case, in which d is even, the direction
of the vector field and hence the direction of it solution trajectories is reversed.

Projection to the plane y = 1. By a similar analysis (which will be assigned for
homework), if b # 0, we can project to the y = 1 plane and derive an analogous
system of equations:

We are interested in the point (%, 0) in this plane.
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Global phase portrait A couple of lectures ago, we introduced the global phase
portrait of a planar system. It is the central projection of the flow of the vector field
onto the top half of the sphere. In order to compute it, find and analyze all critical
points of the planar system. Next, find all critical points of the system at infinity.
These come in antipodal pairs: (a,b,0) and (—a, —b,0). Without loss of generality,
suppose a > 0. Then we analyze the scaled system, scaling by v?~! with v = 1/z
in the plane x = 1 at the point (g, O). At the antipodal point, we analyze the same
system but scaled by (—1/x)?! and at the point (:—Z,O), i.e., at the same point.
This means the systems at antipodal points are either the same when projected to
the x = 1 plane up to a possible reversal of directions (which happens exactly in the
case d is even.
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Exercises

In the following exercises, we will analyze the critical points, both finite and at oo for
the system

=24yt -1 (32.4)
y = 5zy — 5.

Problem 1. Find all critical points of the system, including critical points at oo.

Problem 2. Analyze each point at oo by projecting to the plane x = 1. Draw the
flow in the plane z = 1.

Problem 3. Try to reconcile your results from Problem 2 with the flow of the original

ﬁ//\\ \

—IO*I

v

T
o] 10

Try to draw a global phase portrait.



Week 12, Monday: Critical points at infinity, and global phase
portraits

Today we will do more examples of global phase portraits. First we recall the method.

We are studying a planar system
' = P(z,y) (33.1)
¥ =Q(z,y) (33.2)
where P and @ are polynomials. Embedded the system in the plane z = 1 in R? and
project the flow along lines centered at the origin onto the unit sphere S centered at
the origin. This flow induced a flow along the equator of the sphere. We are interested

in critical points of this flow along the equator, where z = 0. The correspond to critical
points at infinity in our original planar system.

STEP 1. Let d := max{deg P, deg Q}. Clear denominators in the equation
x x
yP <_7 g) - :L'Q <_7 g) = Oa
z' z z2' z
and then set z = 0. Note: we clear denominators by multiplying the above expression
through by 2.

The result is several pairs of antipodal points of the form (a,b,0), (—a, —b,0) on the
equator of the sphere. The critical points occur among these.

STEP 2. Projection to the plane x = 1: If a # 0, to analyze the pair of antipodal
points (a,b,0) and (—a, —b,0), we may assume a > 0. To determine the behavior of
our spherical system at (a,b,0), analyze the point (%, O) for the system

(o) e (1))
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The behavior at the antipodal point (—a, —b,0) will be the same except if d is even,
the direction of flow is reversed. (See the previous lecture for an explanation.)

Projection to the plane y = 1: If a # 0, then if (a,b,0) = (0,b,0) is to be on the
sphere, we must have b = +1. The behavior at (0,1, 0) is determined by the behavior
of the point (0,0) in the system

The behavior at (0,—1,0) is the same except d is even, the direction of the flow is
reversed.

Global phase portrait. Imagine looking down from a point way up on the z-axis at
the flow we projected to the sphere. Below us, we see a flow on a disc whose boundary
is the equator of the sphere. That’s the global phase portrait: the projection of the
flow on the upper hemisphere of the sphere down to the z = 0 plane. By analyzing
the behavior of our planar system at all of its equilibrium points, including those at
infinity, we show get a good qualitative understanding of the flow of the system from
its global phase portrait.

Exercises from last time. Consider the system
=2+ 1yt -1
y = 5zy — 5.

Problem 1. Find all critical points of the system, including critical points at oo.

Solution. Find the critical points at infinity:

o (20 - (2 = () + () 1)+ () () )

22y 4y — y2? — bty + Sxz?
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= 0.
Clear denominators:
—4x?y + 1 — y2? +5xz? = 0.

Set z =0 to get
—42?y + 1 = y(—42® +y*) = 0.

So the points (z,y,0) at infinity (along the equator of the sphere) occur where y = 0
or where y = +2x. So we need to consider the three points

1
1,0,0), —=(1,42,0),
(1,0.0), —=(1,42,0)

and their antipodes. In this case, since d = max{deg P,degQ} = 2 is even, the
behavior of a pair of antipodes is the same except that the flow is reversed.

Problem 2. Analyze each point at oo by projecting to the plane x = 1. Draw the
flow in the plane = = 1.

Solution. We consider the system

5 1 2
u':UQ(—u—5—u(—2+u—2—1>):4u—5v2—u3—|—uv2
v v

1 u?
v = —03 (—2+—2—1) = —v—ulv+ 3
v v

We are interested in the critical points (0,0) and (£2,0) for the system

= 4du — 50% — u® + u?

v = —v —ulv+ 03,

The Jacobian matrix for the right-hand side is

Jf = 4 —3u?+v®2 —10v+2uv
T —2uv —1—uw?+ 3% )

We have
4 0

J£(0,0) = ( 0 —1 ) and J(£2,0) = ( _08 _05 )

Thus, we get a saddle at (0,0) and a sinks at (£2,1).
Here is the flow given by this system in the z = 1 plane:
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Problem 3. Try to reconcile your results from Problem 2 with the flow of the original

i
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Try to draw a global phase portrait.

Solution. Notice in the original system, the almost parallel trajectories heading off
to the northeast as a slope of about 2. If we consider draping the plane over an
underlying sphere, these trajectories will converge to the critical point (1,2,0) on
the equator. Similarly, the trajectories heading to the southeast with a slope of
approximately —2 will converge to (1,—2,0). The trajectories streaming in on the
left from the northwest and southwest are coming from the antipodal points (—1,2,0)
and (—1,—2,0).
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Global phase portrait:

original system x = 1 plane projection

————————————

We finish with a couple more examples of global phase portraits.

Example. Consider the system

The flow is
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To find the interesting points at infinity (along the equator of the sphere) we compute
x x
yP <_7 y) - IQ <_a g) = Oa
z' z 2z

then clear denominators and set z = 0 to get
0= —22%y — 22y® = —2ay(2® + 7).

There are no points on the equator for which 22 + 4% = 0, i.e., for which 2 = y = 0.
So the solutions occur when on of z and y is 0 and the other is nonzero. That gives
two pair of antipodal points to check: +(1,0,0) and £(0,1,0). To check (1,0,0) we
project to the x = 1 plane. The system is

u = 2u + 2u®

v = —v + 3uv

Linearized at the point (0,0), the system becomes
u = 2u

v = —v,

which is a saddle. Since d = 3 is odd, the behavior at the antipodal point (—1,0,0)
is the same.
For the point (0,1,0) we project to the plane y = 1. The system is
v = —2u—2u?
v =v—3uv
Linearized at the point (0,0), the system becomes

u = —2u
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v =,
another saddle. The antipodal point (0, —1,0) is similar.

The global phase portrait is:

The flow is

————————————

To find the interesting points at infinity (along the equator of the sphere) we compute
x x
yP (_7 y) - l’Q (_7 y) = Oa
2z z 2z’ z
then clear denominators and set z = 0 to get

3

0=—2%—ay* = —2(2® + %)
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So we need x = 0. That means we are interested in the points £(0,1,0) on the
equator. Projecting to the plane y = 1, we get the system

u=—u—v—ut—uv

/
v = —utv — w?,

which looks like

Note the line of critical points in the planar flow diagram and how those transform
when that flow is projected onto the sphere and then onto the plane x = 1.



Week 12, Wednesday: Resolution of singularities

BLOWING UP CRITICAL POINTS

We would like to describe the process of blowing up a singularity in an algebraic curve.
Consider the nodal cubic curve C'

="+ =2*(x+1)

in the plane. By this we mean the set {(z,y) € R?: y* = 23 + 22}:

0.5 1

T T T T T T T
0.8 -06 -04 02 0.2 0.4 0.6

054

To blow up the singularity at (0, 0), we embed the curve in the z = 0 plane in R3. Next
consider the “corkscrew” surface B in R? defined by the equation y = zz. Intersecting
this surface with the plane z = m for each constant m, we get the line y = max with
slope m:

181
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Define the cylinder over the curve C"
Cyl(C) := {(z,y,2) € R*: (2,y) € C},

and imagine the intersection Cyl(C') N B of this cylinder with the corkscrew surface:

Algebraically, the intersection is the set of solutions (z,y, z) to the equations
v =2+ 2% and y= 2z

Substituting y = zx into the first equation. We see that either the solution is the z-
axis, and the curve on the surface y = zx satisfying 22> = x + 1. The z-axis is called
the exceptional divisor and corresponds to the singularity of C. Project the curve on
the corkscrew surface to the y = 0 plane to get the curve 22 = x + 1, a parabola:



183

This parabola is the blow up of the nodal cubic at the origin. In intersection of
the cylinder over the nodal cubic C' with the corkscrew surface, each point of C'
besides the origin get raised to a height according to the slope of the line between it
and the origin. The singularity at the origin gets separated into two points on the
corkscrew surface according to its two tangent directions, resolving (desingularizing)

the singularity:.

We would like to extend this technique to analyze critical points of planar polynomial

systems of differential equations. For example, consider the system

=y

The phase portrait is

\
e C@,’
S
NN
By inspection, the linearization at the critical point (0,0) is the system

(v)-(u)(h):

o
R
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which clearly doesn’t tell us much about the shape of the flow around the critical
point.

We blow up the critical point using the equation y = zx for the corkscrew surface.
We get v/ = 2’x + 22/, which implies

, oy =z
z =

T

_ =2t — 2 (wy)

(221‘2 _ I4> _ 22332

X

= —2
Notice that by canceling x in the calculation above, we have an equation that is defined
at x = 0. We've filled in a hole that way. (Recall that in the blow up process, we
threw away the z-axis in the intersection of the cylinder with the corkscrew surface).
Next,
v =y =1z (22) =22

So our system at this point is defined by the vector field f(z,z2) = (222, —2?):

2

%/
///

0.5

Again, the linearization of this vector field at the origin is given by the zero matrix.
However, scaling the vector field by 1/z? at points where z # 0 gives the vector
field (z, —z), which is also defined at z = 0: Our final system is

=z

/
7 = —zx,

which is a center:
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-2 -1.5 -1 -0.5 0 0.5 1 15 2

To get back out original vector field, imagine this center wrapped along the corkscrew
surface, before projecting to the z,z-plane. Take the flow we would get on the
corkscrew surface and project that back down to the x, y-plane:




Week 12, Friday: Hamiltonian systems

HAMILTONIAN SYSTEMS

Let £ C R?" be an open subset, and let H: E — R be a function in C*(FE), i.e., a
function whose second partials exist and are continuous. We will write H = H(x,y)
where z,y € R™. The system

o (o om)
oy \9y T Oy

oH 0H 0OH
"=y, Y = —Hy = e = — [, —
y (y17 ) yn) x 8513 (8:61 ) ) (%cn) )

is called a Hamiltonian system with n degrees of freedom. The function H is called
the Hamiltonian or total energy of the system.

Theorem 1. (Conservation of energy.) For a Hamiltonian system, the total energy H
is constant along trajectories.

Proof. Consider a solution trajectory v(t) = (z(t),y(t)) in R?". By the chain rule,

d
o —VH-~
SH((0) = VH A
_OH |, 0H
~or " dy Y

OH 0OH O0H O0H

This result means that the solutions lie on level sets for H.

186
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Example. Let H(x,y) := ysin(x), and consider the Hamiltonian system with one
degree of freedom

where the  and y subscripts on H denote partial derivatives. We find the critical
points:

=y =0 = sin(x)=ycos(zx)=0 = z=nmandy=0,

for n € Z. Letting f(z,y) = (sin(x), —ycos(x)), the linearizations at these critical

(L 70) y

(7 )=rremo ()= (ol o)

or(d2)(5)

Therefore, the critical points are all topological saddles. Here are pictures of the flow
of the system, a contour plot of H (which shows the level sets), and a graph of H:

O

C

f
&
f%
Critical points. The critical points of a Hamiltonian system z' = H,, v = H,

occur where where all of the partials of H vanish, i.e., at the critical points for the
function H. These are the points where the graph of H,

8

(

)

A

IS

)

graph(H) := {(z,y, H(z,y)) CR*"*" : (z,y) € E},

has a “horizontal tangent space”, i.e., where the tangent space is given by setting the
last coordinate equal to zero. (To parametrize the tangent space, imagine the Jacobian
of (x,y) = (x,y, H(x,y)). Tt is the 2n x 2n identity matrix with an appended row
consisting of the partials of H. The columns of this matrix span the tangent space.)
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At a critical point p, the geometry of H is determined by its second partials (if these
don’t also vanish). For the purpose of determining this geometry, by translation,
we may assume p = 0, the origin, and H(0) = 0. Then the second-order Taylor
polynomial for H will be

10°H 9 0’H 10°H 9

Qx,y) = 58—36%(0)331 + m(o)xlaﬁz +- 4 2 0y2 (0)y,-

By completing squares and making a linear change of coordinates (or appealing to the
spectral theorem for real symmetric matrices), we can transform () into a function of
the form:

A2 2 2 2
Q=0+ F V= Vpyy — - — 0

where the new coordinates are vy,...,v,,...,vs,. The number of pluses and minuses
turns out to not depend on the choice of change of coordinates and is the crucial
geometric information.

Example. In our earlier example, H(x,y) = ysin(x), the critical points were found
to be (nm,0) for n € Z. To compute the second-order Taylor polynomial at each of
these points, we first compute

H,, = —ysin(z), H,, = cos(x), H,, =0.

So the second-order approximation of H is
1 1
T(x,y) = H(nm,0) + éHm(mr, 0)(x — nm)* + Hyy(nm,0)(z — nm)y + §Hyy(n7r, 0)y?

= (=1)"(z —nm)y.

Letting

U= % (y+ (x —nw)) and v:= %(y — (x — nm)),

we get
u—v=x—nm and u-+v=y.

Using this change of coordinates, the Taylor polynomial becomes
T = (—1)"(u —v)(u+v) = £(u? —0v?),
and the graph of T is a saddle.

Corollary. Let p € R?". Suppose there is a solution (t) = (x(t),y(t)) such
that v(0) # p but such that v(t) — p € R*" as either t — oo or t — —oco. Then p is
not a strict minimum or maximum of H.
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Proof. Suppose lim;_,, y(t) = p. Using Theorem 1, we know that H(~(t)) is constant.
Therefore, for all ¢, we have H(v(0)) = H(v(t)). Taking the limit at t — oo and using
the fact that H is continuous, we get

H(~(0)) = lim H(y(t)) = H(lim 7(t)) = H(p).

t—o00 t—o00

Thus, in any neighborhood of p, there is a path along which H is constant with
value H(p). A similar argument holds in the case v(t) — p as t - —o0. O

Theorem 2. Consider a Hamiltonian system with one degree of freedom and total
energy function H(z,y). Suppose that H is analytic (i.e., it can be written as a con-
vergent power series at every point in its domain). Then every nondegenerate critical
point of the system (points where the linearization has two nonzero eigenvalues) is
either a topological saddle or a center. It’s a topological saddle if and only if its a
saddle for H and it’s a center if and only if it’s a strict local minimum or maximum

for H.

Proof. We classified possible nongenerate critical points earlier in the semester. The
above corollary rules out all possibilities except for those listed above. In detail, the
linearization of

is

The trace of A, i.e., the sum of its eigenvalues is 7 = tr(A) = 0, and the determinant
of A, i.e., the product of its eigenvalues is 0 = det(A) = H,,H,, — H;,. Recall our
earlier analysis of linear systems in R%:
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stable unstable
focus focus

unstable
node

CCIIver

saddle

In our case, 7 = 0, and we see that if §(A) < 0, the linearized system is a saddle. By
Hartman-Grobman, the critical point in the original system is then a (topological)
saddle. In the case det(A) > 0, the linearized system is a center. As presented earlier
in the course, that means that the critical point in the original system is either a
center or a focus. However, the corollary to conservation of energy, proved above,
rules out the latter case: by the second derivative test, if det(A) > 0, then H has a
strict local maximum or minimum. So the critical point cannot be a focus. n

Newtonian system with one degree of freedom. Consider the equation

2" = f(z)
where f € C(I) for some open interval I. We can think of z” as the acceleration of
a particle of mass 1 moving along a line under a force given by f. We can change this
into a planar first-order system with the substitution y = x':

=y

y = f(x).
To see that this is a Hamiltonian system, we need to find a function H(x,y) such
that H, =y and H, = — f(z). Integrating the first equation with respect to y gives

1
H(J},y) = 5?/2 + U(ﬁ),

for some function U. Taking the partial with respect to = then gives

Ho(a,y) = - U() = ~f(2),
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and hence,
Ux) = —/ f(s)ds.
7o
We call
T(y) = 55" = 5 )
Y=ol Ty

the kinetic energy and U(x) the potential energy, and we see the total energy is the
sum of the two:

H(z,y) =T(y) + U(x).

Theorem 3. The critical points of this Newtonian system lie on the z-axis. The
point (z9,0) is a critical point iff z is a critical point of the function U(x), i.e.,
iff U'(z9) = 0. Suppose that H is analytic. Then,

1. If xg is a strict local maximum for U, then (zo,0) is a saddle for the system.
2. If zy is a strict local minimum for U, then (x,0) is a center for the system.

3. If xq is a horizontal inflection point for U (which means its first nonzero derivative
at o of positive order is of an odd order), then (zo,0) is a cusp (i.e., two hyperbolic
sectors and two separatrices).

Proof. Exercise. O]

Example. Consider the case of the undamped pendulum:

" = —sin(x).

The corresponding first-order planar system is
=y
y = —sin(z).

The potential energy function is

Ulx) = /Ox sin(s)ds = 1 — cos(z).

On the next page, we have pictures of both the potential energy and the phase
portrait. Try to see how they reflect Theorem 3. Also note the physical meaning of
the phase portrait. The z-axis shows the motion of the pendulum. The y-coordinate
gives the velocity. The critical points are nm for n € Z and occur when the pendulum
is balanced vertically or hanging straight down. If the velocity is high enough, the
pendulum is continuously spinning around in a circle.
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Week 13, Monday: Gradient systems

GRADIENT SYSTEMS

Let £ C R™ be an open subset, and let V: E — R be a function in C*(E). The
system
' = —gradV(z) = —VV(x)

is called a gradient system.

The critical points of a gradient system occur where VV'(z) = 0, i.e., where are the
partials of V' vanish. Hence, they are exactly the critical points of the real-valued
function V. A point that is not a critical point of V' is called a regular point of V.

Example. Let
V(z,y) = 2*(x — 1) + 92
The corresponding gradient system is
==V, =-2x(x—1)2zx—-1)
y ==V, =2y

The critical points are
(0,0),(1/2,0),(1,0).

Here is a picture of the flow with a contour diagram for V' superimposed:

0.4 4

0.2 4

0.2 1

0.4

T T T T T T T T
-0.2 0 0.2 0.4 0.6 0.8 1 1.2
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Proposition. At a regular point p of V', any trajectory of the gradient system passing
through p is perpendicular to the level set V' (z) = V (p). If ¢ is a strict local minimum
of V', then it is a stable equilibrium point for the gradient system; if, in addition, q is
an isolated equilibrium point, then it is asymptotically stable.

Proof. Suppose that y(t) is a solution curve of the gradient system and that () = p.
We need to show that /() is perpendicular to the level set V(z) = V(p). So take
any curve A(t) sitting in the level set and such that A\(0) = p. Since it sits in the level
set, we have V(A(t)) = V(p) for all ¢. It follows that

0= %V(A(t)) = VV(AD) - X (2).

Evaluating at ¢t = 0, we get
0=VV(p) - X(0) = —(to) - X'(0),

and hence, X' (0) is perpendicular to +/(to) at p.

Next, suppose that ¢ € E is a strict local minimum of V. In particular, this implies
that all of the partials of V' vanish at ¢, and hence, ¢ is a critical point of the system.
Define V(z) := V(z) — V(g). Then in an open neighborhood U of ¢, the function V'
is positive except at g, where it is 0. Thus, Visa Liapunov function for the system
in a neighborhood of V.

Let v(t) be a solution trajectory in U. Then,

V() = SV ()
— V(1) A ()
= VV(y(t) -+ (1)
= YV (1) YV ()
<0

with equality if and only if VV(y(¢)) = 0. From our earlier discussion of Liapunov
functions, we see that ¢ is a stable equilibrium point. If ¢ is an isolated equilibrium
point, then there exists a neighborhood of ¢ on which VV' # 0 and hence a neigh-

borhood on which V < 0. It follows that q is an asymptotically stable equilibrium
point. 0
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Cautionary example. Let V': R — R be given by
fom e /5" (1 +sin (1/5%)) ds if z # 0
0 if x =0.

V() =

Then V is C* but VV = V'’ has a zero besides the origin in any open neighbor-
hood of the origin. Hence, the origin is a strict local minimum for V' but is not an
asymptotically stable equilibrium point for the gradient system corresponding to V.

Duality between planar Hamiltonian and gradient systems. Consider the
following two systems:

' = P(z,y) (36.1)
y, = Q(x,y)
Y = Q) (36.2)
y'=—P(z,y).

By construction, the flows are perpendicular since (P, Q) - (Q,—P) = 0. The critical
points are the same. So centers of one correspond to nodes for the other, saddles of
one correspond to saddles of the other, and foci correspond to foci. If one is a Hamil-
tonian system, then the other is a gradient system. For instance, suppose (36.1) is
Hamiltonian, then there exists H(z,y) such that H, = P and H, = —Q. Then (36.2)
is a gradient system with V(x,y) = H(z,y).

Example. In the previous example, we considered the gradient system with V' (z,y) =
2?(z — 1)> + y*. The corresponding dual system with Hamiltonian H(z,y) = V(z,y)
is

¥ =H,=2y

y =—H,=—2z(r—1)(2z — 1).

The flow of this system appears below:
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Example. Let H(z,y) = V(z,y) = —2* + 2y — 3*, and consider the Hamiltonian
system

¥ =Px,y)=H,=x—2y (36.3)
Y =Qz,y)=—Hy =2z —y.

The dual gradient system is

v =Qx,y) =V =20 —y (36.4)
Yy =—P(x,y) = -V, = —x +2y.

Here are the flow diagrams for systems (36.3) and (36.4), in order and then combined:

= A\
Y \\\
///@ // N R0

F

1.5 -1 0.5 0 0.5 1 15 2 2 -1.5 -1 -0.5 0 0.5 1 15 2

1

7

-2 -1.5 -1 -0.5 0 0.5 1 15 2

Using duality, the following theorem is a consequence of the corresponding theorem
for Hamiltonian systems given in the previous lecture.

Theorem. Let p be a nondegenerate critical point for a gradient system in R? for
which V' is analytic. Then p is either a saddle or a node. If p is a saddle for V' then
it’s a saddle for the system, and if p is a strict local minimum (resp. maximum) of V/,
then its a stable (resp. unstable) node for the system.
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