Math 322 lecture for Friday, Week 2
V. Method of undetermined coefficients.

We look at one more example of the method of undetermined coefficients. Consider
the equation
y" — 2y +y = tcos(3t).
We guess a particular solution of the form
y = (ap + ayt) cos(3t) + (by + b1t) sin(3t).
Then
y' = (a1 + 3by + 3b1t) cos(3t) + (—3ag + by — 3aqt) sin(3t)

y" = (—9ag + 6b; — 9ayt) cos(3t) + (—6a; — by — 9y t) sin(3t)
So we have

y" — 2y +y = (—8ag — 2a; — 6bg + 6b; — (8ay + 6b1)t) cos(3t)
+ (6@0 - 6@1 — 860 - 2[)1 + (6&1 - 8b1)t) SlIl(St)

Set this equal to ¢ cos(3t) and compare coefficients to get the system on linear equa-
tions

0= —8&0 — 2@1 — 6b[) + 6b1

1= —8(11 — 6b1
0= 6@0 — 6@1 — 8b0 — 2b1
0= 6&1 — 8()1
Solving this system gives the particular solution
1 3 .

The corresponding homogeneous equation, y” — 2y’ + y = 0, has a general solution
ae' + bte'. So the general solution to our inhomogeneous equation is

1 3
y = ae’ + bte' — 220 (134 20¢) cos (3t) — 350 (=3 +5t)sin (31)

Let’s again consider the initial conditions y(0) = 1 and ¢/(0) = —2. Plugging these
into the general solution and its derivative allow us to determine a and b. The result

1S
263 , 7., 1 3 .
=220t et (13 420¢) cos (31) — —— (—3 + 5¢)sin (31).
Y= 350¢ T 3510 T g5p (BT 200 cos(31) = 55 (=34 51)sin (31)



Graph of solution:

VI. A. Second-order. Given a second-order equation of the form
H(t,y,y") =0

i.e., missing a y-term, we can reduce the order of the equation with the substitu-
tion v = /.

Example. Consider the equation
ty" + 4y =12
Substitute v = 3 to get the equation
t' 4 4o = 12,
If t # 0, this becomes the standard first-order equation
U+%v:t
t

Say t > 0. Then the integrating factor is exp ([ 4 dt) = t*. Multiplying through (and
using the product rule), we have

th +att v = (th) =17

Integrate:
1
thv=—t5 ¢
6
Now substitute back v = ¥/’
5 .

2



This is separable:

1 c 1 1 ¢
=22 - = — B _Z. 1)
V=5 TH V=g T3 e T

1 a
= —t3+— +b
18 +t3+

Suppose the initial conditions are y(1) = 1 and y/(1) = 2. Then
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1
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which implies a = —11/18 and b = 14/9. The solution is

1, 111
Y=18" "18B " 9°

Graph of solution:

Solutions defined near ¢t = 07 Our method of forcing the equation into the form of
a standard first-order equation requires dividing by ¢, and hence, assumes that ¢ # 0.
What if we really want a solution defined near t = 07 My approach was to suppose
the solution can be expanded in terms of a power series y = ag + a1t + ast? + ... Plug
this series into the equation ty” + 41’ and set the result equal to 2. Now compare
coefficients and hope we can solve for the a;. If you think about it, we only need to
consider series where a; = 0 for i > 4. So assume y = ag + ait + ast? + ast®. We have

ty" + 4y = t(2az + 6ast) + 4(a1 + 2ast + 3ast®)
= 4a; + 10ast + 18ast>.



Setting the result equal to t? and comparing coefficients gives a; = a; = 0, and a3 =
1/18. The solution is

bl
=ap+ —1°.
Y 07 I3
Graph of solution with initial condition y(0) = 1:
1.4+

1.2 ¢

Note that the only possibly initial condition for y'(0) is 4'(0) = 0 (why?). Since this
is a second-order equation, we’d expect to be able to set initial conditions for both y
and y. We should try to remember to come back to this example when we talk about
existence and uniqueness of solutions.

VI. B. Second-order equation.

Given a second-order equation of the form

H(y,y',y") =0

i.e., missing ¢, we again make the substitution v = ¢/, but then use the chain rule like

SO
y dv  dvdy  dv

T T

Substituting, our original equation becomes

H (y,v,vj—Z) =0.

After we find v as a function of y, we solve for y by integrating, as before.

Example. Consider the equation



Let v = ¢/ and substitute as above to get

dv N
— =0.
v dy + vy
This is first-order linear, but even better, it is separable. Supposing v > 0, the
equation becomes
Ldv
v2dy v
Integrate:
1 1 1
/—de:—/ydy = ——=-—-y*+é
v v 2
N 2
v =
y? —2¢
2
= ov=
Y2 +c
Now substitute back in v =y
/ 2 2 L4
y = = (VP +o)dy=2 [ dt = Zy’+cy=2t+b.
Y2 +c 3

Suppose our initial conditions are y(1) = 0 and y'(1) = 1. Then

1
§-o3+c-0=2-1+b = b= -2
So the equation becomes

1

§y3+cy = 242t

To use the second condition, take derivatives with respect to ¢:
vy ey =2

Plug in y(1) = 0 and /(1) = 1 to find ¢ = 2. The solution, implicitly, is

1
§y3+2y = —2+42t.



Here is a picture of the slope field and our solution:
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VII. Dubh.

If your method of solving a differential equation is not working due to a troublesome
set of initial conditions, consider obvious/trivial solutions.

Example. We just solved the equation
y'+(y)’y = 0.

for a particular set of initial conditions. If you look back at our method solution,
you'll see that we can find a solution satisfying any initial conditions y(ty) = «
and y/(tg) = 3, except for those where 5 = 0. That’s because we divided by v = ¥/
in the course of our solution. What do we do for the troublesome case of g = 07
Applying the “duh” method, we immediately find the solution y = «, a constant
function.

Challenge. Solve
v+ )y =t
with initial condition y(0) = 1 and ¥'(0) = 0.



