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a1x2 + axxy + azx + a4y2 + asy +as =0

aix? + arxy + azxz + a4y2 + asyz + 3622 =0
Aai1x? + Aapxy + Aazxz + Aaay® + Aasyz + \agz> = 0
(a1, a2, a3, a4, a5, a) € P°

{conics} = P®



Stability of equilibrium point

Definition. An equilibrium point xp for a system x’ = f(x) is
stable if for each open neighborhood U of xg, there exists another
open neighborhood W of xg such that if p € W, then ¢(t,p) € U

for all t > 0.



Stability of equilibrium point

Definition. An equilibrium point xp for a system x’ = f(x) is
stable if for each open neighborhood U of xg, there exists another
open neighborhood W of xg such that if p € W, then ¢(t,p) € U
for all t > 0. Otherwise, xg is unstable.



Stability of equilibrium point

Definition. An equilibrium point xp for a system x’ = f(x) is
stable if for each open neighborhood U of xg, there exists another
open neighborhood W of xg such that if p € W, then ¢(t,p) € U
for all t > 0. Otherwise, xg is unstable.

We say xp is asymptotically stable if it has an open
neighborhood W such that lim;_, ¢+(p) = xo for all p € W.



Liapunov functions

Theorem. Let f € CY(E) and f(xp) = 0. Let V: E — R also
be C! (continuously differentiable). Suppose that V(p) >0
and V/(p) = 0 if and only if p = xo.



Liapunov functions

Theorem. Let f € CY(E) and f(xp) = 0. Let V: E — R also
be C! (continuously differentiable). Suppose that V(p) >0
and V/(p) =0 if and only if p = xg. Then:
1. If V is negative semidefinite (V/(p) < 0 for all p € E\ {x0})
then xp is stable.



Liapunov functions

Theorem. Let f € CY(E) and f(xp) = 0. Let V: E — R also
be C! (continuously differentiable). Suppose that V(p) >0
and V/(p) =0 if and only if p = xg. Then:
1. If V is negative semidefinite (V/(p) < 0 for all p € E\ {x0})
then xp is stable.
2. If V is negative definite (V(p) < 0 for all p € E\ {xo})
then xg is asymptotically stable.



Liapunov functions

Theorem. Let f € CY(E) and f(xp) = 0. Let V: E — R also
be C! (continuously differentiable). Suppose that V(p) >0
and V/(p) =0 if and only if p = xg. Then:
1. If V is negative semidefinite (V/(p) < 0 for all p € E\ {x0})
then xp is stable.
2. If V is negative definite (V(p) < 0 for all p € E\ {xo})
then xg is asymptotically stable.
3. If V is positive definite (V(p) > 0 for all p € E\ {xp}),
then xg is unstable.
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Example

eigenvalues = 0, 4-1/2/ (origin is nonhyperbolic equilibrium point)

Look for Liapunov function of the form V = ax? + by? + cz%:

V = 2axx’ + 2byy’ + 2czZ'
= 2ax(—2y + yz) + 2by(x — xz) + 2cz(xy)
=2(—2a+ b)xy + (a — b+ c)xyz.

Take a=c =1 and b = 2. (Sage demo)



