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Let (V,]|| ||) be a normed vector space over F = R or C. Recall
this means that for all v,w € V and o € F,

L. |lv|| > 0 with equality if and only if v = 0;
2. Nlav]l = lafliv]
3. v+ wl < |lvi[ + [wl.

If every Cauchy sequence in V' converges (in V), then we say V is
complete, and in that case (V|| ||) is called a Banach space.

Definition. A Banach space is a complete normed linear space.
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Definition. Let (V]| ||) be a Banach space, and let X C V.
Let T: X — X.

1. A point u € X is a fixed point for T if T(u) = u.

2. The function T is a contraction mapping if there is a
constant ¢ € [0,1) C R such that

IT(u) = TV < cflu—v]

for all u,v € X.
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Theorem. Let (V|| ||) be a Banach space, and let X C V be a
closed subset of V' (hence, it contains all of its limit points).

Suppose that T: X — X is a contraction mapping and fix a
constant ¢ € [0,1) C R so that

[T (u) = TW)I < cllu—v]
for all u,v € X.
Then T has a unique fixed point & € X.

Fix any ug € X. Then for all m > 0,

m

~ C
16 =T (uo)ll = ——_IIT(u0) — woll-

—C

In particular, limm_oo T™(uo) = . Proof . ..
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functions

up ‘= Xp

t

Uk+1 = X0 +/ f(uk(s))ds, for k > 0.
s=0

Operator on (C(/), || |):

T: C(l) — C(1)

u»—)xo—i—/
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Operator on (C(/), | |):

Definition. If / C R is a closed bounded interval, let C(/) denote
the R-vector space of continuous functions on | — R" (where n is
fixed). For each u € C(/), define

=S t)] = ma t)|.
Jull += sup u(t)| = max u()

Under what conditions is T a contraction mapping?



