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Exponentiation of a Jordan matrix



4 0 0 0 0 0 0 0 0 0
0 4 1 0 0 0 0 0 0 0
0 0 4 1 0 0 0 0 0 0
0 0 0 4 0 0 0 0 0 0
0 0 0 0 3 −2 0 0 0 0
0 0 0 0 2 3 0 0 0 0
0 0 0 0 0 0 3 −2 1 0
0 0 0 0 0 0 2 3 0 1
0 0 0 0 0 0 0 0 3 −2
0 0 0 0 0 0 0 0 2 3





Exponentiation of a Jordan matrix

J :=



Jk1(λ1)
Jk2(λ2)

Jk3(λ3)
. . .

Jk`
(λ`)

0

0

eJt :=



eJk1 (λ1)t

eJk2 (λ2)t

eJk3 (λ3)t

. . .

eJk`
(λ`t)

0

0



Exponentiation of a Jordan matrix

J :=



Jk1(λ1)
Jk2(λ2)

Jk3(λ3)
. . .

Jk`
(λ`)

0

0

eJt :=



eJk1 (λ1)t

eJk2 (λ2)t

eJk3 (λ3)t

. . .

eJk`
(λ`t)

0

0



Exponentiation of a Jordan block

eJk(λ)t = e(λIk+Nk)t = eλtIk eNk t

= eλt
(

Ik + tNk + t2

2 N2
k + t3

3!N3
k + · · · + tk−1

(k − 1)!Nk−1
k

)

= eλt



1 t t2

2! . . . . . . tk−1

(k−1)!

0 1 t . . . . . . tk−2

(k−2)!

0 0 1 . . . . . . tk−3

(k−3)!
. . . ...

...
...

0 . . . . . . 0 1 t
0 . . . . . . . . . 0 1





Exponentiation of a Jordan block

eJk(λ)t = e(λIk+Nk)t = eλtIk eNk t

= eλt
(

Ik + tNk + t2

2 N2
k + t3

3!N3
k + · · · + tk−1

(k − 1)!Nk−1
k

)

= eλt



1 t t2

2! . . . . . . tk−1

(k−1)!

0 1 t . . . . . . tk−2

(k−2)!

0 0 1 . . . . . . tk−3

(k−3)!
. . . ...

...
...

0 . . . . . . 0 1 t
0 . . . . . . . . . 0 1





Exponentiation of a Jordan block

eJk(λ)t = e(λIk+Nk)t = eλtIk eNk t

= eλt
(

Ik + tNk + t2

2 N2
k + t3

3!N3
k + · · · + tk−1

(k − 1)!Nk−1
k

)

= eλt



1 t t2

2! . . . . . . tk−1

(k−1)!

0 1 t . . . . . . tk−2

(k−2)!

0 0 1 . . . . . . tk−3

(k−3)!
. . . ...

...
...

0 . . . . . . 0 1 t
0 . . . . . . . . . 0 1





Exponentiation of a Jordan block

M :=
(

a −b
b a

)

eMt = eatR, R :=
(

cos(bt) − sin(bt)
sin(bt) cos(bt)

)

J :=



M I2 0 . . . . . . 0
0 M I2 . . . . . . 0
0 0 M . . . . . . 0

. . . ...
...

...
0 . . . . . . 0 M I2
0 . . . . . . . . . 0 M


.
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eJt = eat



R tR t2

2! R . . . . . . tk−1

(k−1)!R

0 R tR . . . . . . tk−2

(k−2)!R
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Algorithm for computing Jordan form

δ` := δ`(λ) := dim ker(A − λI)`

ker(Jk(λ) − λI)` = ker N`
k

δ` =
{
` for 0 ≤ ` ≤ k,
k for ` > k.

# k × k Jordan blocks for λ =


2δ1 − δ2 for k = 1,
2δk − δk+1 − δk−1 for 1 < k < n,
δn − δn−1 for k = n.
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Algorithm for computing Jordan form

ker(A − λI) ⊆ ker(A − λI)2 ⊆ ker(A − λI)3 ⊆ . . .



Algorithm for computing Jordan form


λ 1 0 0
0 λ 1 0
0 0 λ 1
0 0 0 λ



Ae1 = λe1, Ae2 = e1 + λe2, Ae3 = e2 + λe3, Ae4 = e3 + λe4.

(A − λI)e1 = 0
(A − λI)e2 = e1

(A − λI)e3 = e2

(A − λI)e4 = e3,
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