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Fundamental theorem of calculus

For those missing last Wednesday’s class:

Carefully read the lecture notes for that day. Start by reviewing the
definition of the integral and the statement of the mean value
theorem in the Addendum.

You should be able to understand every step.
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First example

Let y = y(t) be a function of t and consider the second-order
differential equation

y ′′(t)− y(t) = 0.

If y(t) is the position of a particle on the real number line, what is
the interpretation of the equation?

Most general solution:

y = aet + be−t (1)

where a and b are constants. (There is a two-parameter family of
solutions, the parameters being a and b.)

Check solution on board.
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First example

Differential equation: y ′′(t)− y(t) = 0
General solution: y = aet + be−t

The parameters a and b can be adjusted to handle initial
conditions. For instance, we may specify an initial position and
velocity: y(0) and y ′(0).

What do expect the behavior of the particle to be for various initial
conditions?
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First example
Differential equation: y ′′(t)− y(t) = 0
General solution: y = aet + be−t

Initial condition: y(0) = 0, y ′(0) = 1.

Solution:
y = 1

2(et − e−t).
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2(et − e−t).
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Second example

First-order equation: t y ′(t) = 3y(t).

This equation is separable: using algebra, we can get all of the ys
on one side of the equation and all of the ts on the other. We can
then solve using integration.

Separate:
t y ′(t) = 3y(t) ⇒ y ′

y = 3
t .

Integrate: ∫ y ′
y dt =

∫ 3
t dt.
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Second example

First-order equation: t y ′(t) = 3y(t).

General solution (assuming t 6= 0):

y = Kt3.

Since the differential equation is first-order, we only need one
initial condition to specify a solution.

For instance, suppose y(1) = 1. Then

y(t) = t3.
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