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» Examples involving the definition of the integral.
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An upper sum U(f, P) for some function f.
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Definition of the integral

As we vary the partition P we get lots of upper sums.
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Definition of the integral

As we vary the partition P we get lots of upper sums.

The upper sums are over-estimates, so the smaller an upper sum
is, the better.

Each upper sum is a number. Collect these numbers in a set:

{U(f,P) : P is a partition of [a, b]}.

Define the upper integral to be the greatest lower bound of this set:

b
U/ f =glb{U(f, P) : P is a partition of [a, b]}.



Definition of the integral

As we vary the partition P we get lots of lower sums.



Definition of the integral

As we vary the partition P we get lots of lower sums.

The lower sums are under-estimates, so the larger a lower sum is,
the better.



Definition of the integral

As we vary the partition P we get lots of lower sums.

The lower sums are under-estimates, so the larger a lower sum is,
the better.

Each lower sum is a number. Collect these numbers in a set:

{L(f,P) : P is a partition of [a, b]}.



Definition of the integral

As we vary the partition P we get lots of lower sums.

The lower sums are under-estimates, so the larger a lower sum is,
the better.

Each lower sum is a number. Collect these numbers in a set:

{L(f,P) : P is a partition of [a, b]}.

Define the lower integral to be the least upper bound of this set:

b
L/ f =lub{L(f,P) : P is a partition of [a, b]}.



Definition of the integral

We always have

b b
L/ng/f.
a a



Definition of the integral

We always have
b b
L/ f< U/ f.
a a

If the lower and upper integrals are equal, we define the integral of
f on [a, b] to be their common value:

b b b
/f::L/f:U/ f.
a a a
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» Partition of a close interval [a, b]:

P={ty,...,tn}
with
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» The subintervals of the partition P:

[t07 tl]) [t17 t2]7 LR} [tn—17 tn]

The i-th subinterval is [ti_1, t;]. It's length is t; — t;_1. You
should think of each of these as a base for a rectangle.



Definition of the integral

» Partition of a close interval [a, b]:

P={ty,...,tn}

with
a=tyg<t; < <ty,=b.

» The subintervals of the partition P:

[t07 tl]) [t17 t2]7 LR} [tn—17 tn]

The i-th subinterval is [ti_1, t;]. It's length is t; — t;_1. You
should think of each of these as a base for a rectangle.
» The y-values for f on the i-th interval:

f([ti—1, ti])-

This is the set of heights of the graph of the function sitting
over the interval [ti_1, tj]. .



Definition of the integral

>
M; = lub f([t,'_]_, t,']) and m; = glb f([t,'_]_, t,']).

These are the heights for the best over-estimating rectangle
and under-estimating rectangle, respectively.
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Definition of the integral

>
M; = lub f([t,'_]_, t,']) and m; = glb f([t,'_]_, t,']).

These are the heights for the best over-estimating rectangle
and under-estimating rectangle, respectively.

» Upper sum and lower sum for f with respect to P:

U(f,p) = Ml(tl — 1.‘0) + Mz(tg — l’1) + -+ Mn(tn — tn—l)
= ZM — ti— 1
L(f,P)=my(t1 — to) + ma(to — t1) + - - + mp(tn — th—1)

:Zml i tl].

These are over- and under-estimates for the integral.



Definition of an integral

» Upper and lower integrals:

b
U/ f:=glb{U(f,P) : P a partition of [a, b]}
a

b
L/ f :=1lub{L(f, P) : P a partition of [a, b]}.



Definition of an integral

» Upper and lower integrals:

b

U/ f:=glb{U(f,P) : P a partition of [a, b]}
a
b

L/ f :=1lub{L(f, P) : P a partition of [a, b]}.

> If U2 f =L[PF, the f is integrable and

b b b
/f::L/ f:U/ .



Example |

Graph of f(x) =2 —|x — 2.

a\



Example |

Using elementary geometry, what is the area?
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Using elementary geometry, what is the area?




Example |

Using elementary geometry, what is the area?

1 1
Exbasexheight:§-4~2:4.



Example |

Compute the upper and lower sums for f for the partition

P =1{0,1,3,4}.

Graph of f(x) =2 —|x —2|.



Example |

N

1 2 3 4

Overestimate U(f, P).



Example |

N

1 2 3 4

Overestimate U(f, P).

U(f, P) = My(1 —0) + My(3 — 1) + M3(4 — 3)
=1-1+2-2+1-1
= 6.
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Example |

d

1 2 3 1
Underestimate L(f, P).

L(f,P) = my(1—0)+ mo(3 —1)+ m3(4—3)
—0.141-240-1
= 2.



Example |

Compute the upper and lower sums for f for the partition

3
= 1,-,3,4;.
Q {07 72737 }

Graph of f(x) =2 — |x —2|.
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1 2 3 4

Overestimate U(f, Q).



Example |

N

1 2 3 4

Overestimate U(f, Q).

U(f, Q) = My(1 — 0) + Ma(3/2 — 1) + M3(3 — 3/2) + Ma(4 — 3)
31 3

=1-14+2.242.241.1
+5 T2 s+
3 23

=5-=— =575
4 4
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d

1 2 3 4
Underestimate L(f, Q).



Example |

1 2 3 4
Underestimate L(f, Q).

L(f, @) = mi(1 —0) + m(3/2 — 1) + m3(3 — 3/2) + my(4 —3)

1 3
—0-14+1-241-2+40-1
+1o 1o+

=2.



Example |

1 2 3 4

Underestimate L(f, P).

N

1 2 3 4

Overestimate U(f, P).

AN

1 2 3 4

Underestimate L(f, Q).

N

1 2 3 4
Overestimate U(f, Q).

L(f,P) < L(f,Q) < actual area < U(f, Q) < U(f,P)

2<2<4<L575<6.



Example |

Which partition gives the worst upper estimate? worst lower
estimates?

1 2 3 4

Graph of f(x) =2 —|x —2|.
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Let S = {0,4}.



Example |

Let S = {0,4}.
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Overestimate U(f, S).

U(f,S) = My(4—0)=2-4=8.



Example |

Let S = {0,4}.

1 2 3 4

Overestimate U(f, S).

U(f,S) = My(4—0)=2-4=8.

L(f,S)=my(4—0)=0-4=0.



Example |

Describe the set of real numbers consisting of all possible upper
sums for f. (What is the worst estimate? What is the best
estimate?)
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Describe the set of real numbers consisting of all possible upper
sums for f. (What is the worst estimate? What is the best
estimate?)

Solution. (4,8] ={x e R:4 < x < 8}.



Example |

Describe the set of real numbers consisting of all possible upper
sums for f. (What is the worst estimate? What is the best
estimate?)

Solution. (4,8] ={x e R:4 < x < 8}.
Describe the set of real numbers consisting of all possible lower

sums for f. (What is the worst estimate? What is the best
estimate?)



Example |

Describe the set of real numbers consisting of all possible upper
sums for f. (What is the worst estimate? What is the best
estimate?)

Solution. (4,8] ={x e R:4 < x < 8}.
Describe the set of real numbers consisting of all possible lower

sums for f. (What is the worst estimate? What is the best
estimate?)

Solution. [0,4) ={x € R: 0 < x < 4}.



Example |

Describe the set of real numbers consisting of all possible upper
sums for f. (What is the worst estimate? What is the best
estimate?)

Solution. (4,8] ={x e R:4 < x < 8}.
Describe the set of real numbers consisting of all possible lower

sums for f. (What is the worst estimate? What is the best
estimate?)

Solution. [0,4) ={x € R: 0 < x < 4}.

4 4
L/ f = lub[0,4) = 4 — U/ f = glb(4,8].
0 0



Example Il

Consider the function the constant function f(x) = 2. Here is a
graph:

N

Graph of f(x) = 2.

Use the definition of the integral to prove that f14 f=6.



Example Il

Consider the “coarsest partition”—the one containing only the
endpoints of the interval P = {1,4}.
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Example Il

Consider the “coarsest partition”—the one containing only the
endpoints of the interval P = {1,4}.

U(f,P) =M, -(4—1)=2-3=6.

L(F,P)=m-(4—1)=2-3=6.
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Why is it true that

4
U/ f < U(f,P) = 67
1
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U(f, P) is a particular upper sum.



Example Il

Why is it true that

4
U/ f < U(f,P) = 67
1

Answer. Uf14f is a lower bound for the set of all upper sums, and
U(f, P) is a particular upper sum.

Why is it true that

4
6= L(f,P) < L/ £2
1



Example Il

Why is it true that

4
U/ f < U(f,P) = 67
1

Answer. Uf14f is a lower bound for the set of all upper sums, and
U(f, P) is a particular upper sum.

Why is it true that

4
6= L(f,P) < L/ £2
1

Answer. Lf14f is an upper bound for the set of all lower sums, and
L(f, P) is a particular lower sum.
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What can we conclude from the string of inequalities:

4 4
6:L(f,P)§L/ fgu/ f < U(f,P) = 6?
1 1



Example Il

What can we conclude from the string of inequalities:

4 4
6:L(f,P)§L/ fgu/ f < U(f,P) = 6?
1 1

Answer. We have

4 4
L/ f:U/ f=6.
1 1



Example Il

What can we conclude from the string of inequalities:

4 4
6:L(f,P)§L/ fgu/ f < U(f,P) = 6?
1 1

Answer. We have . A
L/ f= U/ f=6.
1 1

By definition of the integral, this means

4
/ f—6.
1



Example Il

f:10,1] — [0,1]
{1 if x is irrational
X —

0 if x is rational.
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Our notes show that all upper sums are 1, no matter which
partition is chosen.
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Example Il

f:10,1] — [0,1]
{1 if x is irrational
X —

0 if x is rational.

Claim: for this function f, then integral [y f does not exist.

Our notes show that all upper sums are 1, no matter which
partition is chosen. Therefore, Ufab f=1.

Similarly, all lower sums are 0, and hence, Lfab f = 0. Thus,

b b
L/ :0§1:U/ f,



Example Il

f:10,1] — [0,1]
{1 if x is irrational
X —

0 if x is rational.

Claim: for this function f, then integral [y f does not exist.

Our notes show that all upper sums are 1, no matter which
partition is chosen. Therefore, Ufab f=1.

Similarly, all lower sums are 0, and hence, Lfab f = 0. Thus,

L/ U/ f,

So the integral does not exist.



