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Idea that generalizes to give a proof of the lemma
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twice:
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An interesting sum

A proof by picture:

1 + 2 + 3 + 4 + 5 + 6
6 + 5 + 4 + 3 + 2 + 1
7 + 7 + 7 + 7 + 7 + 7

+
= 6 · 7



An interesting sum

Lemma. For each n > 0,

1 + 2 + · · · + n = n(n + 1)
2 .

Proof. Do the sum twice:

1 + 2 + · · · + (n − 1) + n
n + (n − 1) + · · · + 2 + 1

(n + 1) + (n + 1) + · · · + (n + 1) + (n + 1)

+
= n · (n + 1)

The total is n · (n + 1). Divide by two to get the result. �
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First integral

Last time, we were considering a way of finding upper- and
lower-bounds for the area under the graph of f (x) = x/2
from x = 0 to x = 3.
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Graph of f (x) = x
2 .



First integral

Divide the interval [0, 3] into n parts, each of size d = 3/n.

1

0 · d d 2d 3d · · ·

(n − 1)d
nd = 3

Graph of f (x) = x
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We have seen that
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