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Learning Goals
• Seifert - van Kampen for IT ,
- Seifert - van Kampen for it ,
. Pushouts in Gp .

- Examples
Recall pushout in Top : A f→B

gd
'
-

t

c → B "-4fcaj~g(a) '

If ✗ = U u V for open sets U,VEX, then

unv → u

• i
✓ - ¥

.

This [Suk for IT , ] suppose ✗ = Uu V for open
sets U

,
V. Then applying IT ,

to ⑧ yields
a pushout diagram in Gpd , the category of
groupoid i TT

,
(unV1 → Till
I

*

IT, V
→ IT?✗ .



Pfizer Given a commutative diagram ofgroupoid
THUN ) → Till define

⑧ t Jf §✗ = {
ft) if ✗ e-U

¥V- IT
,✗ glxl if xev

7¥ on objects

and given it]
c- IT

,
✗ ( x,y) do the following :

z

I.e. use compactness of I to write IV] as a

concatenation of paths With] with k.CI/EUorV
for all i. Let fi = {

f it VIII ) c- U

& if Vik] c-✓
and then

define § IN :-. fnlrid.fm ,
-18m , ] " ' filth .

It remains to show that E is well-defined and
is the

unique
functor making the diagram commute .

For well-def 'n , suppose 8=8 and choose a htpy
h: V'⇒8 . Use compactness to subdivide I✗I



into rectangles with images completely in U or V :

U V

This supplies hometo pies b/w Pi , 8; for each i

whence fitri] = fit;] ⇒ well -defined .
E-makes the diagram commute ble f.

g agree
on pts + paths in Unv .

The form of É
is mandated by the commutativity of the
outer triangles in ⑧ .

Thm_ [Svk for it, ] Suppose ✗ = UUV for U
, VEX

open and suppose xo
c-Unr

.
If UNV is path

connected
,
then

it
,
(UNV

, xo) → Ti, LU, xo )
d

'
-

t

it
, (V, xo ) → it

, (X, ×.)



is a pushout in Gp .

II. Ide first replace U
,
V
,
X with US V. X

'

,

the path components of ×. in each space .

Then have the same *, l - , ×.)
.

The diagram
⑧ restricts to a pushout the connected component
of ✗o and - since UnV is path connected -
the inclusions it, I UNV, × . ) c- IT fun V1

Ti (U
'

,
xo) c- IT

,
U
'

Ti
(Vs xo) E TI , V

'

it
,
IX
'

,
xo) c- IT

,
X
'

are equivalences of categories . By abstract nonsense,
the corresponding it 1-, × . ) diagram is a putout
in Gp .

Note Tha theorem land proof ) fail for Unv
U

not path conn 'd . Consider

V



pus-wowt.in Ep.
K f- G

gf
1-

for HGH groups ,

I f.y homomorphisms ,
It → 6*11-1^1 6*1-1 = free product of G. It

g- = coproduction Gp ,

amalgamated Ne normal subgp of G*H
free product gen'd by ruins

the)=gCk) FKEK
i.e- by flklglk)

"

fleek .

northExa_mpks_ pole ,
south pole

① ✗ = 52
,
6=5 - =D

'
= *

§ V = Shs ED
'
= *

Unv = 5h4m,s1 =D
'

-0=5
'

g. By Suk ,
2g → e

t
r

t
e → qLS±

, 1) = e*e% . =e

(Think about thegeometric meaning of this . Can you
give a geometric proof ? )



③ ✗ = S
'
vs

' U@ V

U -~V=s
'

un v = ☒ = *

By Suk , e → z

t
"

t
z→ Tnls 'v5 ) ± z*z

This is the free
group

on two generators .

③ ✗ = S ' ✗ S '

V -- X- { pls
sirs .

Unv = disk - Ipl U= small open
disk containing

= 51
, p> to

By Suk , 8 2481 → e

I 1
'
-

I
xp a-

'

p
- ' 2134*2%1→ IT

,
(X
,
to)

⇒ it
, IX. to) ± FK.pl/yapgip.y--BxZ.=E


