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category of pointed top spaces Top*
- Smash - home adjunction in Top*
• Suspension and loops

Defn_ The category of pointed spaces Top*
has objects pairs (X, x) for ✗ a top space, ✗ c-✗

and morphisms f:(X, x) → ( Y, y) cts fns
f :X→ Y at . flx) =p

- call such anf based .

A homotopy in Top* is a map

H : I ✗ ✗ → 7 basepoints x§X, yo c- Y )
at . hit , xo) = go V4 EI

.
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,
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The associated htpy category in htop,
and ve denote htopolx, 4) by IX. Y]* or Exit].
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" ' th basepoint e, -11,0,9.→ 0) .

The functor hTop*(5, - ) : top* → Set
(4×0)↳ [5

,
X]

is called the n-th homotopy set laterally group
for n> 1

,
Abelian group for n> 2) .

*
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If]↳ path e.pt of ✗ containing ft)t→ • n it
,
IX. x) = fundamental group of ✗ based
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Have an adjunction
11+ : Top F- Top* : U

*

✗ ← 14×1

7→ 7+4711-1*1 , *
g%÷

Since U is a right adjoint , it preserves limits ,*
limits of diagrams of pointed spaces have the same
underlying space as the limit of the corresponding
diagram in Top .
E# (X, x ) + ( Y , g) = (✗ ✗ Y

,
K
, y)) ,

co limits might be different ! 4¥
Defy The wedge sum of ptd spaces is

(a) v ( Y ,g) := ✗HY/✗
my { categorical•product

in Top*D. v D. = ÷
Defy The smash product of ptd spaces is

categorical✗ in :=
✗ ✗Yay }Y÷÷euet in



Top*where ✗v4 is identified with

(1×1×4) u (✗ ✗ { got ) .
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Thm_ For ✗ locally compact Hausdorff,
the functors Xn -

,
( H form an adjunction

✗ n - : Top. Top* :( Y .

(Here it,zo§× ' ") consists of based maps
✗→ 7-

and is pointed by the constant functional
at Zo

tfida Descend from product -hoon adjunction in Top .

f : y → 2-
✗
band ⇒ ftp.J-wnstzo .

Top#
"¥+7M ⇒ tflyol] 4) = zo the✗

⇐Topos tcyl based Kyey ⇒ (fly) / In) = to Hye Y .

Thus I :X ✗y →2- is constant on#✗4) ulxxlyi ) .



Defy The reduced conn and reduced suspension
of IX. %) are

CX :=XnI and [✗ i= Xns
'
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Let ✗

* denote the 1-point compactification of
a spare X, ptid by * = • .
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The based loops functor is R= 1)
s
'

.
Since

E ± S
'
n -

,
we get th suspension

- loop adjunction
[ : Top* F- Top. :R

IX = ✗
S
'

This descends to htop, so that
v1

[[×, y] ± [ X, RY] . ⑧
In particular.

ToRX
Tint , X = [5^+1

,
✗I

± IT
,
✗

E [[5
,
×]

± [5.RX]

= In SLX
.

Cos an X is a group for n> 1
.

tf Induction + Tint, ✗ ± *nRX .

Note Tin✗ is Abelian for n>2

(not necessarily for n= 1 ! /
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opens in ✗
*
are :

① opens in ✗

③ complements of closed compact subsets of✗
✗
*
- K = (X- K) v14

for K C- ✗ compact closed .

= Riemann sphere
Ri =✗ I ①P

'
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