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learning Goals
< Cylinder - free path adjunction and homologies
- Def'n of fundamental groupoid IT , and group it. .

Write Y
×

Top LX, 4) exponential
when XY are spaces

such that Top IX. Y) admits a Cunogue!) exponential

topology . Recall that this is the can for X Ioe apt
Hausdorff.
Let I' lo, it with Std topology Csabqaaof IR ) .
There is an adjunction

Ix - : Top 7- Top : ( II

since I is compact H
'

Ff.

Recall that a htpy Hv f.g :X→ Y is

H : Fxx → y at
.
It to
, -1 if, All, - I -g .

This corresponds to
Tt : X → YI where

w

paths in y
Ik) is a path fix) rn>glx) .



Alternatively , the compact - open top is splitting , so
we have an ing 'm

Top (XXI , Y ) - Top CI, Top Hideo )
H→ a path from f tog

If X is la opt H'tf this is a bijh .

Recall that spaces Xii are homotopy equivalent
when I f :X → 7

, g
: Y- X with fgiidy , gf- idx .

Alternatively, X- Y iff XEY in

htop.lwhruhtaplx.nlTop Hilfe ) .
then Thai map x : XI→ X and i :X→XI

8- H1) x- const
are homotopy inverses .

tf in :X → XI
.

Define H :XIXI- X
't

✓ re contra Htt'll 't"r¥nThin HH
,
O) -- V and HN

,
1) ⇐ const

ya, a

ft : id# t in .
Furthermore

,
ti (x) -- x so tie idx

.



Ths Thr
maps ii II.¥ ;; and p : XxI

-'X
(x, t ) Nsx

are htpy inverses .

If pi - id× .

i
p
lat) - Cx. It . TPI Find a htpy

ip-idx.az .
A H : (Xx I ) x I → XXI

(x, t
,
s )-(X

,
Ll- s ) t t s )

tdea Think about paths in X up to homotopy .

Defy A groupie is a category in which every
morphism is an isomorphism .

Recall Groups correspond to groupoisds w/a single
object . Grorupoids =

"

groups with many objects:

Defy Two paths f.g
: I→ X from x toys are

path hometopic when Fhtpy It : IxI→x from f tog
s.- t . hlo.tl -u x , hlbtt .y

Kt
.
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Defy the fundamental groupor'd IT,X of a spaceX

is the category with objects pts of X, morphisms
path htpy classes of paths x ms y , composition
Iffo Ig) i Ffg)
w OE te Yz
concatenation f.guy .. { 8Gt

)

f tht- D '

KE EE I

HEE
.

÷
Note tou should check that (const ] - idx

,

comp
'
n well-defined, associative; inverses by

running paths in reverse.
We in fact get a functor

Tl
,
: Top → Grpd
X- IT

, X H)
ft i- t ITif I
Y - TIM H )



Note In any cat
C
,
for x Gob C , Aute Cx) =

{ ft CK. x) I f iso f is a group . If C is a
groupor

'd
,

Auto (x) -- C Cx,x) .

Defy The fundamental group of X based at xoEX

is it, (X, xo ) : = Autry
,
×
( xo) .

= path htpy classes of paths xomsxo
= based htpy claws of maps
(s '
,
Li,ol ) → (X, no) .

How do we
"

multiply
"

two loops in X band at xo ?
- concatenate : do one and then the other
t

.
or
-

? Tfw 8 ×

S
'
vs ' g

TPS suppose xo , x, are in the same path component
of X . Prone that a ,

CK
,
a) = NT H, x , ) .

What is the categorical version of this ?


