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teamingGoals
Exponential/compact - open topology

Motivation Wn harm the product - hour adjunction
set L xx z, Y ) = set It , Seth,Y)) .

g res ng : 2-→ set2x, y)
2- - gC- , z) :X→ y

Is there a functor Top IX, - ) : top→ Top
sit . Top (Xx Z, y ) = Top (Z, Top l X, Y ) ) ?✓ °

gang as fns X→ Y
w/ a topology
(function space )

Desiderata . Top (X , Y ) coarse enough for ng to beats
. But if Top (X,Y ) too coarse , then

Top (Z, top IX, y ) ) will be too big !

Call a topology on Top (X, 4) splitting if gets ⇒gets

conjoining if gets ⇒guts .

exponential it gets⇐gets .



Fact If there is an exponential topology on Top Lx, Y )
then it is unique . (Every splitting top is coarser

than
exery conjoining topology . )

Based on

"

adjoint functor theorems
"

,
it's critical that

Xx - i Top → Top preserves
colimitts .

True in Set (which has product -hour adjunction ) but
not fr all X c- oh Top ! ( Top is not

"

Cartesian closed:)
Coinpet

- epee topology
Defy let X. Y be spaces . For each compact K EX and
each open U E Y , define SCK,U) IfeTop (X, Y) / fkeUf

.

Then form a subbasis for a topology on Top (X, Y)
called the compact -open topology .

Note Sub basis for prod top on TopLxii ) is formed by
sets US

,
F finite

. I.a . prod top a

"

finite -open top
"

and compact open top is finer than this since

finite ⇒ compact .
X a space ,

Y a metric space
REIN A sequence Hn) in Top (XM) prod
converges to f iff it converges pointwise .



gompatThin X a space ,

Y a metric space
A sequence Hn ) in Top 247 t.pt- open

converges to fiff it converges uniformly
In fact

,
in this case

, Top Hill is metrizod by
dlf,g) -

- qq.pxedllfkl.glxD .

( see Them 5.4 . )
The tix, n , Toph, 4) co is splitting .

Ffs 2- a space , g:X
''Z→ 7 cts

. For g : 2-
→ TopLxii)

at
,
need to show (g)

"

SCR
,
u) i Iz eZ f g CK,e) EUI

is omen in Z
.

Take a c- (ng)
"

sCk, u) , so z e Z
, glk,z)EU .

Thy guts , g-
'
U :

'

flat) I g kit) 'Uf EXx -2 open, and

contains Kxlzt
. By the Tube Lemma, I open YW

with KEV
, zewvithkxlzf E VxWE g-

' U

⇒ zeWE left'sK, u) as needed .

Thx If X is locally apt Aff and 4 is any space,
then Top LX, 4) co is exponential .



Read Locally opt H'ff ⇒ toper UEX containing
some x

,
3- VEX open with F got and

×
⇐ V E T E U

.

Lemme A topology on Top H , y ) is conjoining iff
eval : Xx Top IX , y ) - Y is cts .

tf 5. I in book .

Pfthm Only need to check TopHill .. is conjoining
i.a. and :X ' Top IX. 4)w→7 is ets

.

Let (x
,f) e

Xx Top ex, y) and let UET open containing
eval (x,f ) - FK) . Since f cts, f

"

U EX
open containing

×
. Since X Ioc got H'ff, F VEX with kief opt
and x e V E KE f

"

U . This implies
ft ) E f-K E U

.

Then Vx SCR,u) a- TopH,y )
co

is open with

ix.He Vxsck,u) and ever (WxSCR,U )) EU .


