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Learning Goats
• Adjoint, to the forgetful functor U : top →Sat
• stone - Each compactification
wt u : top → Set be the forgetful functor .
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Which functions f:X- Iy are cts ? Just need

f-
"

0=0 and f-" y a X open in X , so all functions
into IY are cts

.
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so U : Top Iset : I is an adjoint pair :

U admits both left and right adjoint !

Top
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This has nice implications for ko ) continuity of U :

Thy Ff L:c→D has a right adjoint, then L is
cocontinuous

. If R :D→C has a left adjoint, then
R is continuous .

Cos U : Top →Set is cts and coats
.
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Ftth Supper L admits a right adjoint . Then
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⇒ 4 whim F) satisfy th univ prop of colin tf .

By uniqueness of aline, L(whim F) = colin F
.

Other case similar
.

Take-y It was no coincidence that the setunderlyingproduct , quotient , pullback , etc of spaces

matched the corresponding Gold limit of sets :

U preserves (co) limits . ✓ going to give
the big

ideas but not all
stone- Each coinpontification details !

Let CH denote the category of compact Hausdorff
spaces and ets firs Cine

.

at the tuk subeat of Top
w/ objets cptttff spacesI .
We have a forgetful functor U : CH↳ Top

X- Xwhich is the embedding of f ne f
CH in Top - Yuu

,
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the U admits a left adjoint p : Top → CH
.

the

stone- Each compactification .

Let's explore the implications i



CHIPX , Y ) = Top ( X, Uy) = Top (X.Y) .

for X
any space

and Y compact H
'
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.

So ifuadmihaleftadjn.nl p is determined

since we know the maps out of BX (Yoneda ! )
.

Two paths forward :

✓
see 5.4

① Use an adjoint functor theorem to

prove such an adjoint exist
② Connsfruit p .

e- we'll do this !

ex is the space of ultrafilters on X

For a at X , let px = IF IF an ultrafilter on Xf
(forgetting the previous meaning ofp ) .

Give ex a topology with basic open sate of the
farm f : = { Fep X l A e Ff for A E X .

We actually have ATF = Ants so this is a basis
.

Far f : X→ Y a function
,
we have pzf if :pX→pY .

Morrow
,
(pf (5) = ftp. Tpushforward

to pf is its . along f



There is a function
p;
X→ pX

x - pxlx) : fAEX Ix eAl
th principal af for x .

Prof p× is injective and p×
(X) E PX is dense .

tf Injnutivity is clear since the singleton sets containing
x.y lxtyl distinguish pxlxl , pxlyl .

For density , must show that every open in pX contains
a principal uf . Suffices to do so for basic opens it ,
A E X

.
If I c- I

,
the A and hence Fx e- A

.

Thus A e
px
(x) ⇒ palm e- it

.

Thin For
any
set X

, pX is compact Hausdorff .
tf H

'ff : Take distinct F
, G EpX .

Than

F A EX,
A e F , A KG . Since G is max

'L
,
X-A EG .

Then it
,

Xia are disjoint opens containing 4,6
rasp .

Compact : (challenging? ) moral exercise .

Recall X HFf E ufs here at most own limit
X cts ⇐ ufs have at least one limit



X opt H'ff ⇐ afs here exactly one limit .

so for X cpt H 'ff, get a function

ex:pUX
→ X

F ↳ him F

trop For X cpt HFf, ex is ok .

By taking n× =p×
: X → UpX .

it turns

out that y ,
e are the unit and aunit for the

adjunction U : CH F- Top :p !


