
Day I

Learning Goals- -
° Basis of vector spares and the free - forgetful adjunction
° Adjunctions in general
. unit r wunit of an adjunction
- Product - horn adjunction .

Recall from linear algebra that linear transformation,
are determined by their action on a basis
Ahora precisely , take V.W vector spaces , B a buns of
V
. Given tin trans f : V→W , get a function

ftp. : B→w by restriction . And given g:B
→V

a function, we can extend g linearly to
a l in trans g : V- w

Eti bin Etiglbi ) .

Diagrammatically,
B Es w

✓
r

§ it ! ng



This is an odd diagram since B is a set, g
is a function, V

,
W us

, of tin Trang .

But
every us has an underlying set and every

tin trans is a function bar underlying sets

satisfying particular properties .

Let U : Vaeth→set be the forgetful finder lying)
functor

.

The above doagram is really
B -8, Uw

two tug
.

Wu thus get a bijection
set(B, Uw ) ± Vedha,W) .

⑧

We can functor ially assign vector
spaces

to sets

via the free functor

F : set→ Vath
B- FB = KOTB = l B - tuples in h with

almost all values of
= kB , formal linear combos of be B



t! - Fg! ÷µ,extended linearly.
Since B is a basis of FB , 80 becomes

Vieth LFB,W) = SetCB, Uw) .

f re ftp.
This iso is natural in B and W :

Ventura ,
W) ± set 't , Uw )

and Vaeth CFB, - ) Est ( B, UI-t ) .

This makes F : set# Vaeth : u an adjnnt pair
of functors :

Defy An adjunction between categories c, D is

a pair of functors L : C→ D
,
R :D→ C together

with a binatural isomorphism
fi : DCLX, Y ) CLX

, KY )
f- I = adjunct off .

He say L is left adjoint to R , this right adjoint
to L , U, R) is an adjoint pair .



Write L-IR or L :C D :R - ftp.z
,

D

Binaural : Natural ios

4.
,

: DC 41,41 Ect , Ry )

Y ×
,
.

: DUX , - I
⇐ CCX

,
RL- j )

for all X E ob C
,
4 c- ob D

.

Egg For F : set # Vaeth : U the natural iso

is f- ftp.
of ← g v

when Y - LX
, get

DCLX, LX) CCX
,
RLX )

id
#
~ idea = : g×

Than assemble into a natural trans

y
: idc⇒ RL

y×
: X → RLX FX c- ob C

called the unit of th adjunction (↳RI .



Similarly , with X -

- RY get

DURY
, Y ) Es CH, y )

- Ey i = idy Tidy

assembling into a natural trans
e : LR ⇒ id

D

Ey : LRY → y t Y e ob D

called the counit of the adjunction U , R) .

Ez For F: set F- Vaeth : U ,

Veith (FB, FB) → Set (B, UFBI

idqps T id 1B =

1B

VaethEruv , VI → set luv,UV )

'f :E÷÷
- inv

(Sun text for how to recover CT from y , e . )



Product - Hom adjunction in Sit
-
- - -

-
-

For XE oh Set
,
consider

LL = Xx - : set → Set

R -- Set (X
,

- ) : set →Set
.

Haru set ( LG y ) = y
MZ

Ifi ft
"# → y

f : z → yxset ez, RY ) -- ""
t

z -

The inverse is given by
af : Xxz → y

µ
Cx, z ) ↳ (gcz)) (x)

g
: 2- → yx

.

Unit y× : X→ RLX - (xxx)
"

.

1- X x
t '

ft Yaa )xxx

eval
C.unit

cy : CRY - X * Y
"
→ Y

.

( x, f ) ms fcx )



Ez In Vertu ,
it is not the case that

Veetfu xnv, w) E Vaeth ( V, Veethen,WI ) .

Must
rap law

× with a new operation :
tensor product U Og V .

' ' f

This leads to the tensor - hom adjunction
in linear algebra .

If Nard dither to construct UFV so it fits in

the adjunction or have some reason why
Veetht - , W)

"

admits a left adjoint .
"


