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' Diagrams as functors
° Comes overfunder a functor oar diagram as

natural transformations to/from a constant functor .

. Limits (w limits as universal cones orurlwndar

a diagram .

R.ec# the universal properties of product and
coproduct z

÷:
z:

= terminal X Y diagram
cone over 1 I f I
diagram µ÷µ come under diagram

map b/w conesTW[ co limit of diagram
= initial cone under

diagram .

We want to take Kol limits of more general
"

shapes
"

which leads us to
"

diagrams in a category ?



Ide A diagram X→ Y in C
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Z→ W

• - ⑥is a functor

f↳.¥ - C
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small categoryDwith indicated obj 's , morphisms ,
diagrams commuting

Defy Let D be a small cat. A diagram of shapeD
in a categoryC is a functor D→ C .
A morphism from one diagram to another
(necessarily with same shape D , in same eat c )
is a natural transformation of functors D→c :

ye Nat (F, G ) for D= ' ¥33 is

Z

X -Z
F → ye commuting in C .
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For
anyD,

C
,
and Ae ob C

,
there is a

constant diagram D C
• I- A
• A

ft t id
a

• A .

By abuse of notation , we write A for cons ta .

Defy Given a diagram F :D→C ,
a map from

A to F

line . an elf of Nat (constf , F ) ) is called a cone

over F (or com from A to F)
.

A
map from

F to A is called a cone under F Car cone from

F to A)
.

Thus a cone over F is an object A sf C and maps
In. : A- F. I • c- doDl such that

7. A no commutes V f ED( o , o ) .← →
Foo - Fo

Fp

¥ A w our "
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that commutes
.



A cone under X→Z is X - Z that
"W n .

,

commutes
.

A

Defy A limit of the diagram F:D→C is a cone

y from an object l im 't to F which is terminal

among
cones over F : tf cone x : Ba T F

oh C
F ! h:B- tint at . L

.

-

-Moh the e obD
.

B

%
th

line F

F. Go
In other words

, every cone over
F factors through

the cone
y
i Iim 't ⇒ F

.

Define A co limit of the diagram F :D →C is a cone

[if ⇒ colinF e ob C which is initial
among cones

under F : trona a: F⇒ BE obe F! h: colin F→ B
s. t . 2

.

= he
.
to e ob D
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tf ko) limits of diagrams might fail to exist !

t.ge Product = l im l . •)
,
coproduct = colin ( • • ) .

XxY = line (X Y ) X HY a olim (X Y)

j Pullbacks

Take D= . → .← .

. Diagrams of shape D
look like ? Jt'tX or If

y → 2-
.

g

When it exists
,
a limit of such a diagram is

called a pullback and is denoted

X EY or X fight .

(comes with maps to x.TIL morn
"honest

"

but less common
notation

.

When P -- X £4 we draw P → ×
,

I + If
y → z
g

which has the universal property
QI

p→ ×
i.e. t ! Q→ P making the

f , If diagram commute whenever

y→g z
the outer square commutes .



In C: set or Top ,
we claim

X EY - { (x,g) e- Xx Y Ifk) -ugly))
(topdogized as a subspace of Xx Y for Ci Top ) .
This is a cone our XFt via ax , Ty Imjin
maps

(check ! )
.

If joy
is
Xf

commutes
,
we

may
take hcg) : lilql.jp)

"
c- KEY and this formula is in facty→ Z

&
mandated by commutativity
of Q

,
so his unique .

Xxzy → X¥
Y

Fact when they exist , ko) limits are unique up to

unique isomorphism .

We will prove this and see

more examples Monday !


