
Day 22

Learning Good
.

Categories , functors, and natural transformations
. Yoneda lemma

categories : objects tmorphisms
Functors : morphisms between categories
Natural transformations : morphisms between functors !

(The hierarchy continues
, leading to

"

higher category
theory

"

- n- cats
,
N - cats , etc .

Ve'll stop here !)
12¥ A functor F : C → D is an assignment
X- FX of objects of c to objects ofD t

f- Fy it! f taking morphisms to morphisms
such that FCfg) -u tf)Tfg) and
Flidx) i idfx

.

←YI → tf
X - Z FX→ FZ

Fg Flfg) : FfFg



Now suppose we
have parallel functors C D

.

Ther- is only one rrasonable way to relate

the data FX FY namely with vertical

G X Ff GY
'

Fx FY such that the diagrammorphisms y× I try
GX G1

FX FY commutes tf
. Formally :

Kt try
GX - Gy

Gf

Deff A natural transformation y from F:c →D to

G :c-D consists of y× : FX→ GX a morphism
in D for each Xeob C at . tf e CCX

,
H )

,

y y Ff
= Gf y× Line . , the above diagram commutes)

.

We write y
: F⇒ G

,
and we let Nat ft,G) denote

all natural transformations from F to G .

It yx is an isomorphism the ob C, then we call

y a natural isomorphism .



F

thorn notation : A
c fly D

(something 2-dimensional
✓ about this

. - u )
G

Eze There are functors O, C : Topor- set
with OCX) : I open sets of Xf, CH)

-

- {closed sets ofXf
and Ff i Stsf 's for f c- Top (X, Y) and F- O or C .

" A in

for Fy FX
=

Define y×
: OH) → CK)

.

Then
u→ x- u

ft
Oth) → O CX ) commutes a y is

my t fix a natural isomorphism
Cly) ft CK )

between open and closed

sets functors .

E.ge For sets A , B, C ,

A- x (BHC ) E (AxB) H (Axe)

(A x B)
'
E Ac x Bc

AB HC E AB x AC

(AB)
C
E ABx c

and all these isos are natural (exe ! )
.



Restri sting to finite sets and taking cardinality ,
we get the familiar relationships between
addition

, multiplication, and exponentiation . Thus
Finsen is a catagorification of arithmetic on IN

via l l : FinSetia → IN
.

I lob IN
cardinality identity morphisms only .

Read for X E ob C have

the representable functor
a -

,
X) : EE set

Y - ay , X)
Y

cat ¥? If µ.im . yoneda 11930-96 )

Yoneda Lumina For X e ob C and F : cop → set a

functor
,
thorn is a bijection

=

E : NatlCC - , X) , F ) → FX
.

y '→ yxcidx )
This bijection is natural in X and F .



Ff -of bijeetivty We construct an inurn function
it : Fx→ NatLce - ,x) , F )

CH
,
X)"-

yeah, I
7. Ff (x) -

For naturally of NIKI , given fecal,Z) consider
the diagram

2-Ex-

I
*

si÷¥
Cle, x) → Ceyx ) -

⇒z t ¥ny*¥jtij"¥¥ '
FZ → FY

✓ Ff H

Fglx) "

#

Han Fz ¥× )

Ffftgcxl)

(equal since

F.cop→Set a functor :

which commutes
.

Ffgfl -- (Ff)Eg) )

Remains to show E-and Earn inverse .

Wehave ETI Cx) = NICA
×
lid
×) = Fidget = id* ( x)

-

- x
.



Moreover
, IETy) ,

= I Lnxlidx) )
*
if he FfCy× lid .

(for f e Cly , X))
By naturally of y , the square

CK
,
X) ay , X)

nxt In
FX→ Fy

Ff

commutes
,
so IE-(g) y tf ) =

qy If
*
id
x ) -- yy (f)

VFECCY
,
X)
,
i.e . IET g) =p .

This proves E , I are inverse bignations .

tf of Naturally moral exo) of. Riwhlpp .

58-59
.

We get the Yoneda embedding as a corollaryofnaturality :

y
i C → set - category of functors

cot→Set t

X vs Ct , x) natural transf'ns .
ft i- H
Y te CL-

, y)
a full and faithul embedding of categories !



See Riehl
pp .
60 -61 for how to deduce the following

from Yoneda '

-

t

army row operation on amatrix arises from lift
multiplication by an elementary matrix

° Egley's Thin Any group G is isomorphic to
a subgroup of 6,61 .


