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hazings goats
. Ultrafilters = maximal proper filters
° Ultrafilter, = prime filters
° Zorn's lemma ⇒ every proper filter

e ultrafilter

. Compact = every prime fitter converges

Our ultimate goal with filters is to give an elegant
proof of Tychonoff's Fhm :

every product of compact
spaces is compact . To do so

, we need acharacterizationof compactness in terms of ultrafilter .

Defy A proper filter on a set is an ultrafilter
when it is not properly contained in any other
proper filter .
I.a . ultrafilters = maximal

proper filters.

Props A filter F on X is an ultrafilter iff
FA E X

,
A CfF iff T BEF with An B -c8 .

Ft C⇒ I Lat F be an ultrafilter . Then A etF iff
the filter gen'd by fussAJ is 2x

.



Claim The filter gen'd by FulAf is

{ CEXl B n A EC for some B e F ) .
(True since this is the upward closure of
the closure of FOIA} under finite int 'n u )
Thus A ElF iff B AA =p for some Bef , as desired.

(E) Suppose F satisfies the condition, and suppose
F E G , G some filter . NTS g

-

-2x .

Know 7 A c-Go.
t.AE/F .

Thus 2-BeF s. t . 13nA --0 .

But thru 0 EG so G -
- 2X

.

E.ge For any x
EX
,
the principal filter at x is

PLAY A EX I xe Af . This is an ultrafilter :

A ¢ PCx) ⇐ x 4A so txt n A = 0 and fxftpcxl
so PCx) is principal .

Defy A filter F on X is prime iff F is proper
and FA s B EX

,

Au B e F ⇒ A EF or Be F .

Thin A filter on X is maximal iff it is prime .

NI for filters in posits other than (2x
,
e)
,
maximalby

and primality are distinct !



my way of e

tf (⇒ I suppose F an ultrafilter and BWC assume

t not prime . Take A,B EX with Au B EF but
A
, B HF

.

Then FA' , B
'

EF with AnA
'
=0 -

- B n B
'

.

Furthermore
,
A
'
n B

'
E F and (AV B) n LA 'n B ') I0

⇒ Au B f-F , contradicting AuBETTY
Fy typo in book'sproof .

E) Suppose F prime and Bwoc assume F not maximal .

Than F EG E 2x
, g a filter . Take 0¥AtG

with A ¢ F
.
If X- A E F then X-A EG ⇒

0 = An (x- A) e g , contradicting papermss .

Thus

X-A ¢F
.
But not X -- Au ex-A ) e F with A

,
X-AFF

contradicting primality of F.

NI We can now interchange maximally and primality
for ultrafilter in proofs.

Zoran's lemme If every
chain in a nonempty poset P

has an upper bound,
then P has a maximal alt .

(Equivalent to the axiom of choice ! )

Ultrafilter lamina Every proper filter is contained in
an ultrafilter.



PI Any set of filters I Fa I atAf is bounded above

by the upward closure of the filterbase of finite
int 'ng of elk of the Fa

.

when I Fal 2e AJ is a chain

of proper filters , this upper bound is itself proper
(check this )

. Thus chain of proper filters

containing a fixed proper filter hair upper bounds .

By Zorn , 3- max 'l filter containing F .

Inot necessarily unique !
All atrafilters contain 1×1

.

Other Zoey Facts
. All vector spaces here bases

u Every ring has maximal ideals .

Cos Every infinite set has a non- principal ultrafilter .

E consider the Frichit filter #A EX INA finite .

Extend to an ultrafilter U . If U =PCx), then
{xfelt .

But then X- six l e F EU n 0=14 n (X- fat )
c- U

.
So M T 2

× I
.

Final !

The X is compact iff army prime filter converges .

o
,
e { Converse to Bolzano - Wrinrsfrasz i

X got ⇒ army sequence
has a convergent subsequence



Herr subsequence th ultrafilter containing
the eventuality filter

I
{

of th sequence .

tf suppose F prime , Fix the X .
Then theX

F Ux e Tx-F
. The set { Ux ( x eXf is an open corner

By compactness , choose finite suburb /Ux , , . . .
, Uxnl .

Then Ux
,

U - - - U Uxn -- X EF . By primality
some Ux

;

e F I
.

Now
suppose X

not cyst. Choon V collection of closed
sets with FIP and empty int

'

a-
Than the X F theV with .

FIP : finite int'n property
+ ¢N× . By ultrafilter lemma, way finite out 'm ¥0

hi:: "II
"

: Iii:":*.
be. oh V× n VI =0 e U X with FIP has

nonempty int
'

n

and U improper E --

Coe A space is compact Hausdorff iff envy prime filter
converges to exactly 1 pt .

The U an ultrafilter on X , fn f : X- y ⇒
f.U an ultrafilter on Y .



Thus get a functor

p : set → Set

X i-pX :
-

- l ultrafilters on X )

X

tty
'→ Ifaf Y

fan

For X got H'f, the map a :pX
→ X plays

runs himU

a distinguished role .
See text for more .

We
'" see

this again when we study stone- tech compactification .


