
DayI

teaming Gods
° Define filters

-examples
- convergence

° Hausdorff spaces , closed sets , and continuity
are detected by fi Hans.

Motivating Exempt
but X -

- co,D
'""

,
the set offunctions toit co , it

with the product topology . Open nbhds of
the zero function z64=0 txt to, I] have

half open intervals
"

infinitely many words
"

and to
,
l ) in others :

a
.



let A EX be the set of "sawtooth functions
"

winner
.

with finitely many height 1 spikes
Given a

nbhd of z , we can find a pt in A

not equal to z inside the nbhd :

*n
This z is a limit point of A ⇒ z e A-

.

But no sequence in
A converges to z :

If Cfn) → z then the Co, D
,
Cfn (x))→ 0

but fns in A all take value 9 somewhere !

ooo { When X is not first countable
,
need to

probe w/ something more refined than sequences .



Defy A filter on a set X is F E 2x that is

(1) downward directed : A,B eF ⇒ Ice of

sit . C C- AnB

H nonempty : F -40

(3) upward closed : A e F , A E B ⇒ Be F
.

A filter is proper when FF II the improper filter
TPI show that filters are closed under finite intersections .

let 2 = {OEI} as a pout and define ing
-

= infljjf
Note that far A.BE 2x

,
An B -- An B .

Imeet

Prof suppose f : 2
"
→ 2 is a monotone function

( A EB⇒ HAKHB)) preserving mute I HAND)
-

-HAHAH
Thr t

- '

Ill is a filter . Moreover
,

the assignment

If:#211kg!-Fanning / → Hitters on H
f- f

- 'H
is a bij 'n .



Ez H F
-

- IX ) is called the trivial filter
.

(2) For kn) a sequence in K ,
its eventuality

filter is Eun, :{ A
EX / xn et for n>sod .

G) Th Fricke f.Hur on X is { A ENKA finite
.

Nong .

For x ex
,

let Ta = {U EX Ix e U openly .

This is a violet base of x and it is downward directed
and nonempty , but not linger'll upward cloud .

(This makes Tx a filterbase and its upward
closure is a filter

. )

Duff A filter F on a space X converges to x EX

when Tx E F
,
write F→ x

.

Prod A sequence
(xn) → x iff Eun,→ x .

Ff Tx E Eun,
⇒ tf U' x open , xneU for nxso .

Ez 2
"
→
x tixEX- thus we will only care about

proper filters !

Motivating example , ctd A e- Co
, Dj"Id consisting of

sawtooth functions . Ket B -

- funA l U e Tz )
.

This is

a filterbase generating a filter F l the upward



down of B ) which contains A -

- Xn A
. Also

un A to Hu e- Tz ble t is a limit point of A .

It follows that F is proper (
in fact a filter is proper

iff 04 F )
.

We have Tz = It since

U nA E U true Tz .
Thus F is a proper filter

containing A converging to z .

Thin Er A EX a subset of a space , xet iff
F proper filter For X s. t . AEF and F→ x .

TE Ce ) Follow the motivating example .
(⇒) If F is a proper filter , F→ x. AEE

,

then B = fun At u e Tz}
.

E F ⇒ 0 KB ⇒ xet
.

The X is Hausdorff ⇐ limits of convergent proper
filters are unique .

PI See 3.8
.

To examine continuity with filters, we need a defn :



Defy Given a filter F on X and function f:X→ Y
,

that { FAI Ae Ff is a filterban on Y . The

Altun f. F generated by this ban is the

pushforward of F wrt f . Explicitly ,
£ F = { Be y l FAEF sit . FA E B f

.

t.gs ft E (xn)
" Elf Hn )) °

The A function f :X → y is ets iff FfiHur F on X
,

if F→ × then f* F → Hx)
.

FE (⇒ I suppose f cts, F→ x . WTI Tf# C- f.Fire
. for B E Tf,×, F AEF with FA E B .

Choon A = f-
"

B
. By continuity , f

- '

Tf E Tx

↳ A E Tx . Know Tx EF so At F
.

⇒ Suppose FF, F
→x ⇒ fat → fix)

.

Let

F be the Altar gen 'd by Tx .

Than Fix so

fat → f-Cx)
,
so Tfa, E ft F .

Thus VB c- Tfw ,

FA E Tx sit . FA EB
. This condition is equivalent

to continuity of f .


