
Day 'I

Learning goads
•

Sequences in top spaces
•T

,
Ed constant sequence

(x) converges to x and only x
o Hausdorff ⇒ atmost one limit

'

sequences
in A converge to points inA.

fix → 7 its
,
(xn) → x EX ⇒ (fan)) → fix) e y

' first and second countability

Defy A
sequence

in X is a function x : IN→ X
n re kn

write x - (xn)
.
A sequence

(xn) converges
to ze X when V UEX open containing z, FN C- IN

S- t . n>N ⇒ an e U .

When (xn) converges to z,
write "⇒

→÷;x¥+
Ni4



E.gg Ca) (D → 42,3

(b) Roof;n ,
Cnd →m and only m : IR- Imf

open nbhdrof Ltm containing no ptoftfh
sequence

(b') In Kufra
,
(n) = (o, 1,2, . . - ) → in YmEB i

take Unbhdofm , B-U finite so for

N -- max (Z-U ) t I , have ne U fer n> N .

Recall To : f
-

Fi g-i

T : ⇐ pts closed

Tr : ( Hausdorff

Thnx X is T, s⇒ Vnx EX
,
(x) → x and only x .

toffs) Cx) → x V

let ye x .
Then I Uay open , x4U, so G)Hy .

⇐) suppose X not T, . Fxty EX sit. xyelfpen⇒ xEU



so (x) →y .

The X Hausdorff ⇒ seq 's in X have at most one
limit

.

I suppose X Hausdorff and Gul
y

Ff Hy , take disjoint open ¥, Vg
FN at . xn EU for n>N

FK s -t . xn e V for n> K
.

for no
, max IN, KJ

,
xn e Un V E

.

Three Ex
n) a sequence in A EX , (xn)→ x
then x E t

.

Recall I -- n e = smallest closed at
-

c?A cloud containing A
= A ultimate of A)

.(
moral exe every open containing

x contains a pointPfthm If is eventually of AYN .

constant at x
,
then xe A

. Assume in) is not constant
at x far n>so . If U ax open , then Us xn for
nss 0 ⇒ U contains points of A other then



x for my0 .

The f : X→ Y its
,
(xn)→ x in X then

Cfkn)) → flat in Y .

tf If Hx) e U E Y open ,
then x e f

- '
U E X

open .

For nss 0
, xn e f

- 'U ⇒ fkn ) E f (f' U) E U ,

the converses are false : seq 's do not detract
Hausdorffness

,

closed sets , or continuity in genk.
Read Ex 3.4

,3.5
,
3.6 for specific examples .

They involve spaces line Rwww.nfaff , 191319"
with " lots

"

of opens around each point .

ooo {controlling # opens around each point might
make

sequences sufficient
to probe these

properties .

Defy X a space . A collection of open sets B is a

neighborhood base for xEX when Itopen Osx, FU EB

with xe U E O
.
A space is called first countable

when
every point has a countable nbhd base .



A space is called second countable when it has

a countable basis

Eq Every metric space is first countable with
{ Bk

,
D
,
Bex
,
K) , Bex, 431 , . . - f forming a nbhd

base of x .

Thin For X first countable , X is Hausdorff
⇐ every sequence

has El limit
.

§ Just need t check ⇐
.

For contraposition, suppose
X is not Hausdorffand take x,y not separated by
open sets . Take U

, , Un , . - nbhd ban ofx,
Y
,
Vr
, . . .
nbhd ban of

. y
. Replacing Un with

U in - -- nun and sin for Vn
, we may assumeU

,ZU, Z - -
- and V

, 2 K Z - - - -

.

Now for each n take xn eUn Nn -40 .

Claim (xn)→ x and y
.

If Utx open ,
then FUN E U and Un EUN for

iii.N
.
This

.
.
. E Unh , E UN E U so * EU form,N .

" % E
Hh xin Sim far V*y open.



The far X first countable , xe A ⇐ 3- (xn)→x
,

x
n
E A

.

The Fu Xiifirst countable, fix→ 4 its

⇐ (*→ x ex ⇒ (feat) → the Y ) )
.

We will use filters instead of sequences to detect
these properties for non- first countable spaces .


