
DayI
learning Goats

° Tychonoff ⇒ Heine -Borel
° Extreme value theorem

a Tube lemma

. uneountabih.by of nonempty apt Hausdorff spaces w/o isolated pts
The ftychonoff] Arbitrary products of compact spaces
are compact .

Ff via ultrafilters in 2-3 weeks.

Cos [Heine-Borel them) A subset of
Irn is compact iff it is closed and bounded. Ty, honoff

1906-933
PI suppose KENT is compact . The open
corner N -

u l B lo
,
r) ( r > of has a finite suborner,

u k is bounded
.

Since U2" is Hausdorff, K is also closed

Now suppose
KENT is closed and bounded. Then

by boundedness , K E la , , b, ] x . - - x Lan, bn) for some
ai , bi . By Tychonoff, K is a cloud subset of a compact



set
,
so k is compact .

But wait
.
- -
do we know [a

,
b) EIR is compact ?

Let U be an open corner of Ca, b ) and sat s
-

rays
C

for C = { cela, b] l U has a finite subcover for la, c) f .

Clearly a c- C so se la,b) .

Take U eU with sell
.
Picks > O sik . Is- e

,
Ste] E U .

By the defn of s, we may take
ee- C with s-see

Thus there is a finite snbeomr U' EU of la
,
c]

.

Then U ' u {Uf is a finite tubeover of la, c'] for

c
'
' mint b

, stet . Cheek that U ' v{Uf ka finite Subaru

of la
,
b)

.

Coe (Extreme Value Them ] If Kira compact space
and f : K→ IR is at

,
then f attains a global man

and min
,

tf fk EIR is compact and hence closed and bounded .

Let s - sup fk
< a

. Suppose for Ox that selfK .
Then s is in the

open set IR
- fk so 3- E>0 sit .

( s -e, Ste) E IR-fk . But then s - e isa smaller



upper
bound of f-K K . Edm for int fk .

setup for tube lemma :

,

lemme [tube ] For
any

UEXx 4 ,

KEX compact, yo Y F open
V ER

,

W E Y with K x ly ) E VxWE U .

II t cays e kTy l F open Vx EX , Wx EY with

(x.y)
c- Vxxw

,
E U .

Then I Vx Ix e k f is an open corner

of K which thus hes a finite a.bearer IV , ,m, Unf .
Then V = V

,
u - r - u Vn

,

W -

- W
,
n - - - n Wn work

(see Minkus them 26.7 for how to use the tube lemma

to prove the finite product version of Tychonoff's thin .
)

Defy C E 2X has the finite intersection property
(or FIP ) uhun Ffinite subcollections 19, . . . , en f EC,
C

,
n r r- n Cn ¥0

.

The X is apt ⇒ all collections C of closed sets
in X satisfying FIP have checc ¥0 .



Cos If 9242 - - -

is a nested sequence of
closed nonemploys snbsetrof X, then⇐n -40 .

r

compact!

PffT_hm Given A E 2x
,
let Cy {KAI AEAlf.

Then i ) A consists of opens iff ca consists of closed
sets

.

try it covers X iff n c =0
.

CEC

b) IA
. . . . . . Anf EA covers X iff
C
,
n - - - nCn =0 far Ci -X-A ; u

Mord exe Finish the proof by taking
th contrapositive of the statement and complements
of sets !

Dufy Call x ex isolated when {x ) EX is open .

This If X is a nonempty compact Hausdorff space
with no isolated points , then X is uncountable .

tf Stapf Show that VOEUEX open and any
point x eX 30¥VEX

open
with VE U and

x4F
.



T"-
.

.
UTake you , yetx : % .

if xe U , x is not isolated -
-

so U 't txt ; if xKU , U -40 .

Use H 'ness to take U , ,
W
, disjoint open nbhds of x,y .

-
-
-

-

ii. i:*: :
any fn f

: IN→X is not surjective Iso X is uncountable
.

Apply step 1 to U --X and x --Ho) to produce
Vo EX with To 4 f-Lol

.
Given Vn- i open nonempty ,

choose Vn t0 open
with Vn c- Vm , and VI of flint .

Got th rested sequence I
z VI e - - -

of nonempty closed sets . Since X is apt, Fxenon
and x ffly theN since x.EVI and flat is not.

%Iu!÷÷ X

cog closed intervals [a, b] ⇐ IR are uncountable
Fac b

.



TPI Every cts fu fix→ Y b/w metricspaces, if X is
apt then f is unit ets .

i.a . He >O IS>O Sh . fxo
,
X, TX ,

dlxo
,
X.) LS ⇒ dlflx . ) , flat) - e .

Note 8 independent of Xo , x , ?


